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Introduction

Self-similar stochastic processes, that are processes whose distributions are invariant
under suitable scaling, can be used as mathematical models of various physical phenom-
ena. These processes have been used for modeling in hydrology, biophysics, geophysics,
telecommunication, turbulence, cognition, and finance. Typically, these self-similar pro-
cesses exhibit long-range dependence, that is to say, their autocorrelations decay slower
than exponentially.

The family of fractional Brownian motions is among the most studied self-similar
stochastic processes. There are at least two reasons why fractional Brownian motions are
of interest. First, these processes are self-similar, have stationary increments, and exhibit
long-range dependence for 1/2 < H < 1. These properties make them very attractive
for practical modeling and applications. The second reason is the fact that they are
Gaussian processes which make some mathematical models using fractional noise feasible
for analysis.

However, In some practical applications the stochastic processes show Non-Gaussian
properties, these processes have received considerable attention recently because of their
importance in many diverse fields like structural engineering [12](the accurate representa-
tion of material, geometric properties, soil properties, wind, wave and earthquake loads)
and in Finance [1][11] ( Markets dynamics, Option pricing with Non-Gaussian returns,
Portfolio Allocation, Risk management) and also since the non-Gaussian data with fractal
features have been observed empirically. Domanski|9] has shown from the data of some
physical systems that the Gaussian assumption is not always appropriate. In such cases,
it does not seem reasonable to use a Gaussian process like fractional Brownian motion as
a model for these physical phenomena and to use other type of processes like the Hermite
processes as an example. The Hermite processes of order k is an H-sssi process with

0 < H < 1, which is represented with the aid of a multiple stochastic integral called the
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Wiener-1t6 integral. For £ = 1 the Hermite process is nothing else then the fractional
Brownian motion with Hurst parameter H € (0,1). For k = 2 the Hermite process is
not Gaussian and it is known as the Rosenblatt process. In our case the Rosenblatt pro-
cess can provide a useful alternative. A Rosenblatt process with the Hurst parameter
1/2 < H < 1, denoted here as Z#, can arise as a non-Gaussian limit of suitably nor-
malized sums of long-range dependent random variables in a non-central limit theorem.
Unlike the family of fractional Brownian motions, the family of Rosenblatt processes is
not Gaussian.

The Rosneblatt process is not a semi-martingale. So, we cannot apply the classical
stochastic calculus developed by Itd, since It6 calculus is used just for the semi-martingale
cases. Different approaches have been proposed in order to build an integral with respect

to it. The most important contributions which are:

1. Pathwise calculus: the stochastic integral is defined pathwise with Rieman-Stieltjes
methods i.e. path by path integration. Since the Rosenblatt process has an Holder
continuous paths, this approach can be applied naturally on it. For more details

consult Ciprian A. Tudor in 2006 [27].

2. Malliavin calculus: also known as the stochastic calculus of variation . This is the
base of the modern approach to the Skorohod integral with respect to the Rosenblatt
process. This calculus has been introduced also by Ciprian A. Tudor in 2006 [27]
and in 2020 by Petr Coupek , Tyrone E. Duncana, Bozenna Pasik-Duncan [5].

3. A white noise approach: this approach defines a stochastic calculus with re-
spect to the Rosenblatt process by means of white noise distribution theory. The
Rosenblatt process is not diffrentiable but by using this approach we can define its

derivative . This approach was introduced by Benjamin Arras in 2015 [1].

The study of stochastic differential equations driven by the Rosenblatt process with
arbitrary Hurst parameter H € (%, 1) is very limited. There are few works in the literature
done concerning SDE’s with respect to the Rosenblatt process. In this work, we are
interested with the dissipative systems driven by the Rosenbaltt process.

This thesis is divided into three chapters. In Chapter one, we cover some background

and preliminaries about the Rosenblatt process providing its definitions, properties and



CONTENTS 8

representations. In chapter two, we cover the stochastic calculus with respect to Rosen-
blatt processes, we introduce the Wiener integration with respect to the Rosenblatt pro-
cess, then we investigate the different stochastic integration approaches and construct the
different [t6 formula for each approach. Finally we investigate the existence of the local
time and we give its representation. In chapter three, we introduce a dissipative system
driven by the Rosenblatt process and we investigate the existence and the uniqueness of
the solution, then we give an application which is a mathematical model in neuro-biology

(A network model for a neuronal cell).



Chapter 1

(zeneralities on the Rosenblatt

processes

1.1 Basic notions

Definition 1.1.1. Let X = { X, F;,t > 0} be an integrable process, then X is a:
i) Martingale if and only if E(X,;|Fs) = Xsa.s. for0 < s <1t < 0.

ii) Supermartingale if and only if E(X;|Fs) < Xga.s. for 0 < s <t < 0.

iii) Submartingale if and only if E(X;|Fs) > Xsa.s. for 0 < s <t < oc.

Definition 1.1.2. M = {M,, F;,t > 0} is a local martingale if and only if there exists
a sequence of stopping times T, tending to infinity, such that M™are martingales for all
n. The space of local martingales is denotes M., and the subspace of continuous local
martingales is denotes M

c
loc*

Definition 1.1.3. A = (A;):i>0 is a finite variation process if it is an adapted continuous

process whose trajectories is almost certainly have a finite variation with Ag = 0.

Definition 1.1.4. X = (X;,t > 0) is a continuous Semi-martingale if
Xt :X0+Mt+At, (11)

with M s local martingale and A is a finite variation process and My = Ay.
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Remark 1.1.1. If X is continuous Semi-martingale and My = Ay, so the decomposition

(1.1) is unique.

Lemme 1.1. (Kolmogorov’s continuity criterion)/3]
Consider a stochastic process (Xy)ier where T C R is a compact set. Suppose that

there exist constants p,C' > 0 and 3 > 1 such that for every t,s € T:

E|X, — X,|P < COJt — s|°, (1.2)
then X has a continuous modification Y. Moreover for every 0 < v < %

X, - Y, \*
]E( sup M) < 0.

s,teT;s#t |t - 5|7

In particular X admits a modification which is Hélder continuous of any order a €

(0,221,

> op

1.2 Hermite processes

Definition 1.2.1. The Hermite process (X5 (t))ier of order k > 1, k € Z with Hurst
parameter H € (0,1) is defined by a multiple Wiener-Ito integral of order k with respect

to the standard Brownian motion (B(y))yer

(/Ot H(s ) R )ds) dB(y1)...dB(yy), (1.3)

with y, = max(y,0), and the constant c(H, k) to make sure that Var(X{) = 1.

XE () = e(H, k) /

Rk

Remark 1.2.1. If k = 2, we get a Rosenblatt process (Defined below).

Remark 1.2.2. If k > 1, the process X5 (t) is not Gaussian.

1.2.1 Some properties of the Hermite processes
1. X%(t) is H self-similar, so that Vc > 0

XE(ct) £ HXE (1), (1.4)
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with stationary increments and finite moments.

Proof. Let ¢ > 0, we have:

Xfi(et) = c(H,k) / k ( / <H<s—yz->;@+””>ds> dB(y)...dB(ys)

=1
t K L 1IH
= cxc(H, k)/ (/ (f[(cs—cyz);(§+ F ))ds) dB(cyy)...dB(cy)
RF \JO oy
1, 1— t —(341=H)
= c¢cXc k(2+k)c(H,k‘)/ /(1_[(3—y1)+2 * ds | dB(cyr)...dB(cyx)
R \Jo ;3
t -
= cx MR CEe(H k) / ( / <H<s—yz>+‘2*1k)>ds) dB(y)...dB(yy)
RF \JO =y
L CHXE (1)
O
2. The Hermite processes have a null expectation with moments
E(|X5 0D = "E(XED))" p> 1. (1.5)

Proof. The Hermite processes, as we already motioned, is H self-similar process with

stationary increments. By that we get:

(X5 = EQ X))
= PTE(XE)])

3. The covariance of the Hermite processes is
1
Ry(t,s) = 5(t?H + &2 |t — s|?H). (1.6)

Proof. For all t,s € RT and H € (0,1), by using It6 theorem and funbini we have:
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Ry(t,s) = E(X5)X(s)
t s k C(Lpl=H) (L4i=H)
= 2c(H, /f)Q/k / / [Tw=w): 2" =y 2" dudv | dyy...dy,
re \Jo Jo
tors - C(Lpl-H) (1pi=H)
= 2¢(H, k)Q/ / / H(u yi)e 2 P o=y ? F dyr.dyy | dudv
0o Jo \Jrr ] )
t s 1, 1-H _(l,1-H
= 2ttt [ [ =t - )
o Jo L/r
let the beta function be
' T(p)T(q)
B(p,q :/ P =) e = = (p,g>0 1.7
)= [ -t = P s
by using the identity
[ =0 - )ty = Bla 20— Dlu— o (1.9
R
we have
Ry(t,s) = 2c(H k)*p (3 — 2, 2=2 / / lu— o] %) Fdudu
= 2¢(H k,)zﬁ(%_kT 2 (t2H_|_82H It — ‘QH)
’ H(2H — 1) 2
by choosing
-1
B(L = 1=H 2H-2yk
H 1?2 — 2 k' k
o(H, k) ( SH(2H — 1) ’
in order to have E(X¥(#))? = 1. So by that we get:
1
Ry(t,s) = E(tQH + 528 — |t — s,
O

4. The Hermite process has Holder continuous paths of order 0 < § < H.
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Proof. The previous property follows from Kolmogorov’s continuity criterion and

the fact that for any p > 0

E(1X5 () = X5 (s)l") = E(XG(—s)])P
= E(|(t — )" X5(D)]?
= E(IXEODIE - s

1.3 Rosenblatt process

Definition 1.3.1. The Rosenblatt process is a Hermite process with k = 2 and Hurst

index H € (3,1), represented as follows:

. (/Ot(s — ) s - yz)g_lds> dB(y,)dB(ys), (1.9)

with x4+ = max(0,x) and (B(y),y € R) is a standard Brownian motion on R.

Zu(t) = c(H,2) /

R

The constant of normalizing c¢(H,2) is chosen to ensure that E(Zy(1)%) =1, by

c(H,?2) = (%) . (1.10)

[N

1.3.1 Representations of the Rosenblatt process

The Rosenblatt process has other representations which are the spectral representation

and the finite time interval representation.

The Spectral representation of the Rosenblatt process

Definition 1.3.2. The spectral representation of the Rosenblatt process is

Zu(t) = Ag(ar) [ SR BB, (L1




1.3.2 Some proprieties on the Rosenblatt process 14

where

B H(2H — 1) 1/2
A(H) = (2[2r(1 — H) sin(Hﬂ/2)]2> ’ (1.12)

to ensure that E(Z(1)?) = 1.

The finite time interval representation of the Rosenblatt process

Definition 1.3.3. The corresponding representation of the Rosenblatt process is

) oK
ZH(t)iAg(H)/M </ o (1 71) - (u,xQ)du> dB(z1)dB(x,), (1.13)
,t2 x1Vro

with

As(H) ! (2@’2_ 1))%, (1.14)

and K is the self-similar kernel which is defined by: Vx € [0, ]

t ) )
Kt x) = CQ(HO)x%HO/(u—x)HOguH°2du x € [0,1]

T

1 t -3 1
= oyt [ (o) R e o,
0

(1.15)
where .
B(2—2Ho, Hy— 3)\ °
Hy) = 1.1
Calty) ( Ho(2H, — 1) ’ (1.16)
and with
Hy = # (1.17)

1.3.2 Some proprieties on the Rosenblatt process

In this subsection, we will prove some bacis properties on the rosenblatt process but before

we start, we shall intoduce the kernel of the rosenblatt process and give its properties .



1.3.2 Some proprieties on the Rosenblatt process 15

Some proprieties on the kernel of the Rosenblatt process

Proposition 1.3.1. The kernel of the Rosenblatt process defined previously verifies the

following properties:

1. K is a self-similar kernel such that for any a > 0:

K™ (at,ar) = &HO’%KHD(t, x), (1.18)

OK™o (qu, azx) Ho—1 OKHo(u, x)
— = _—

ou u (1.19)

Proof. Let a > 0, we get:

K™ (at,ax) = CQ(HO)(CML‘)%_HO/ (u—x)ﬁuHO_édu

= az 'KH(t, ).
]
2. The kernel K verifies:
/OW agjo ", x)ag(fo (v, 2)dz = Ho(2Hy — 1)|u — v[2H0-2. (1.20)

Proof. In this proof we will use
t
K (t,z) = C2(H0)xé_H0/ (u — z)Ho~2q o2 gy,

and its partial derivative is
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oK™ (u,z) T\ 3 Hy—3
R (1)1 o

by that we get:

uAv aKHO aKHo ) uAv T %—Ho %—Ho T %—Ho %_HO-
/0 50 (u,x) 5 (v,z)dx = CQ(HO)/O (a) (u—2)2 (;) (v—2x)2 a

= CQ(HO)Z/B(2 — 2H(), H() — %)|U — U|2H072
= H0(2H0 - 1)|U - ’U|2H072.

0
3. For any u,v > 0 we have the next relation:
]"I()—l UV 3 3
lu — v|?Ho=2 = 0 (22 H2 y / (u— x)fo 2(v — x)fo 2pt2Hogy. (1.21)
— 2Ho, Ho — 3) Jo

Proof. This relation is a direct consequence of the previous property of the kernel

K by making the change of variable x = "112; , 2 £ 1 we get:

uN\v %—H 3 %—H 3
Ho(2Hy — 1)|u — v[2Ho-2 = @uﬁy/’ @ﬁ Ww—@?z(f) "o — )P 2
0

u v
uAv 1_q 3 1_q 3
- Cy(Hp)? X, 2740 Ho—2 /x\ 2~ Ho Ho_3
]u - UPHO 2 —HO(QQ(H(()))—I) /0 <5) (u - :zj)+0 2 (;> (U B .T)+0 2 du
uAv 1 _FH 3 1_p
. 1 X 0 Ho—= T\ 2 0 0
- 6(2—2H0,Ho—;>/0 <;> (u—a)” * <;> (v—x)y *du

1 1
urv [ u—z>2 53— Ho 5 u—z2\ 2 Ho
_ 1 1—2 (U . ZL‘)HO_E 1—z
B(2-2Ho.Ho—3) |, U + v

Hy—3
(v—12)" 2du
1 1
_ (uv)%—Ho AUy — 22 2 Ho (u B x)Ho*% u— 22\ 2 Ho
- B(2—2Ho,Ho—3) [ 1—2z + 1—2
Hy—3
(v—2)" *du

(uv)%7H0 unv H()-g H()—% 1—2H0
= fmemm-p [, (@) Te—a) He) T
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Basic proprerties of the Rosenblatt process

Proposition 1.3.2. Let Zy be the Rosenblatt process of the Hurst parameter H € (%, 1).
Then:

1. The Rosenblatt process Zy(t) is H-self-similar with 1/2 < H < 1, so that YC > 0:
d ~H
Zu(Ct) = C" Zy(t). (1.22)

Proof. This proof depends on the self similarity of the kernel that we have already
proved in property one of the proposition 1, by using (1.19):

H+1

ct 9K oK™
Zu(Ct) = /&(ﬁp I U Ouaa)dU> AB()dB (1)

1Vz2
H+1

t aKH+1 8[( E
- /[0 ct [” ou (Cu, z1) ou (Cu, x2)0du> dB(z1)dB(z2)
2 RVES

H+1

H+1
_/ /8Z«Mm%u@mM@mewﬁ
()t x1VTo

and let us not forget that we have B(Cz) = C2B(x). So we get finally that:

Zy(Ct) = CHZy(t).

]
2. The Rosenblatt process has zero mean with covariance:
1
Ry(t,s) = E(tZH + s |t — 5P, (1.23)

Proof. In this proof we need to use (1.21):

= E(Zy

K"
= 2A(H,) / / [/xlvm (u xl)T(u,xg)du]
s H+1

H+1

/mm FE n)? 62}
WAL Hil H+1 2
= 2A(H,) // [/ oR > ,x)@}; (U,x)da:] dudv
v

= 2A(Hy)*[Hy(2H, — 1)]2/0 /O lu — v[*2dvdu

= RH(t, S).

(v, xg)du] dxidzs
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3. The Rosenblatt process Zy(t) has a zero quadratic variation .

Proof. By fixing t > 0, let A, = {0 = ¢§ < 7 < ...

< tR = t} a sequence of

subdivisions of [0,t] of lags tends to 0, which means sup;(t} — " ;) —>n—s1+00 0 s0:

IN

n—-+o0o

lim_ Z(ZH(t?) — Zp(t?,))?
lim Y ()7 Zp (1) — (8 )" Zy (1))?

n—>00 4

i S (2" - ()"

lim (Zp(1))? Z((t?)H — (7 y)™)?

(Zu(1))* lim D ()" = ()" = (t,)™)

n—>o00
i=1
N

(Zu(1))? lim D ()" = ()" = ()"

n—so0 4
i=1

(Zp(1)? lim A,

n—aoo

]

4. The Rosenblatt process (Zy(t),t > 0) has Holder continuous paths of order ~, with

0<~vy< H .

Proof. This folows from the Kolmogorov’s continuity criterion, and the fact that for

any v > 0, we have:

E(1Zu(t) — Zu(s))” = E(1Z (1))t — s

(1.24)

The previous result is a direct consequence of the stationary of increments and the

self-similarity of the process, and we have already did this proof for the Hermite

processes (property4 ).

]

5. The Rosenblatt process is not differentiated in mean square for all t € [0,00[ and

H e (3,1) since:
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lim E <ZH(t>>2 = 0. (1.25)

t—0
= lim (¢t)*2
t—0
o 2H -2
N tllno(t)
|
— B (p)2eH
= oo.

Long and Short-Range Dependence.

The notion of long range dependence has, clearly, something to do with memory in a
stochastic process. Memory is, by definition, somemthing that lasts. The Modern real
world can’t be modeliezid by a markovienne model it requires process with long range
of memory , processes with long-range dependence have many applications, such as in
telecommunication, specially in Internet traffic problems. Basically, the notion of long-
range dependence is that the variance of the sum of stationary sequence grows non-linearly

with respect to n.

Definition 1.3.4. A stationary sequence (X, )nen exhibits a long-range dependence if

p(n) = cov(X,, Xiin) satisfies:
im 20 (1.26)

n—oo CN~ ¢

for a € (0,1) and some constant c.
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Remark 1.3.1. If a stationary sequence (X, )nen is long-range dependent, then the de-

pendence between X and Xy, decays slowly as n tends to infinity and Zp(n) = 00.

n=1

Proposition 1.3.3. The Rosenblatt process has stationary increments such that (Zy(t +

s) — Zu(s),t > 0) does not depend on s > 0, and with long-range dependence such that
Vn € N:

> E(XppnXi) = 00, (1.27)
n=0
with
Xk+n = Zk-i—n — Zk+n—1 and Xk = Zk - Zk—la (128)

and the covariance
1
E(X) 0 Xp) = 5{yn + 12 =2n)* +|n — 1} ~ H2H — 1)n*"72 n — co. (1.29)

Proof. In this proof we have two parts:
Part.1 The Rosenblatt process has stationary increments such that VA > 0, we have
E((Zn — Zi) 25 - 2) = E(Z1,28,) - E(Z5,2)) —E(Z5,.2)0) + E(Z)
= L((t+ ) + (s+h)*" —|t — s]*H)
—((t — h)2H 4 B2H — g2HY (s + h)2H 4 p2H — g2H) 4 9p2H]
_ %(tQH + 52 |t — s|2H)

= E(z7Z).
Therefore the Rosenblatt has a stationary increments.

Part.2 Before we prove the long-range dependency property we will provide a proof

of the formula (1.29):

E(Xx1nXi) = E((Zkin — Zirn1)(Zk — Z1-1))
= E(Zi(Zn+1 — Z0))
= RH(l, n + 1) - RH(l,n)
= S{In+ 1P =2 4 |n — 1177},

for n # 0:
= 1?2 (n+ 1) + Lp(n — 1)1 - 2)
— %n2H72(n2(nnl)2H+(n;l)QH_Q)
1 1
1,2H-2(,2 2H 2H
= = 1+ - 1—— -2
e e )

—2H(2H-1),as n—o0

= Llp2H-22[(2H — 1),

2
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by using the previous result, it follows that

p(n) >0 and Z lpr(n)| = oco.

Therefore, long-range dependency property is verified by the Rosenblatt process since

H> 3. ]

Lack of Semi-martingale Property

The Rosenblatt process is not a semi-martingale but in this subsection, we will show that
it can be approximated by a sequence of semi-martingales (since H > , by a sequence of

bounded variation processes).

Proposition 1.3.4. The sequence of semi-martingales Z5,(t) is defined by replacing K5~ (u, z)
in (1.13) by K2 (u+¢,z) to get:

H+1 H+1

tOK T oK 3
(/xlv%2 EW (u+e,x1) 0 (u+e, Ig)du) dB(z1)dB(x3),
(1.30)

Z5(t) =1 Ay(H) /

[0,]?

by that, the Rosenblatt process can be approximated by that sequence of semi-martingales

Proof. In this proof we have two parts:
Part.1. In this part, we prove that Z%(¢) is a semi-martingale Ve > 0. The basic

observation is that, if one interchanges formally the stochastic and Lebesque integrals in

/<// KH/ ag(uH/ <“7?J2)d3(y1)d3(yg)) du,

but the above expression cannot hold because the kernel oK— (u y1) 25— (u, Yy2) does not

(1.13), one gets

OKH

belong to L* ([0,T]?) since the partial derivative “5— (u yl) behaves on the diagonal as

(u— yl)%. Let us define, for every € > 0,

9K oK

Z5(t) =4 Ag(H)/ / (u+e,21) (u+e,29)du | dB(z1)dB(x2)
[0,]2 £1VTo ou ou
t oK =

= [ ([ ) P e aB(@)iB(e) ) do

= /H )du,
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we have that H. is L%[0,T] adapted (H. € L*[0,T] x ), which makes Z%(t) a semi-

martingale.

Part.2. In this part we prove that V¢t € [0,T], Zg(t) — Z5(t) in L*(Q):

Zilt) = / / </3;1\/I2 8u (u+€ x1>8[2 (u+€’x2)
oK 5 (u x1)dudB(x1)dB(xs),

(u, )

8u

and

w0~ = [ / St

+1 H+1 Lo HA1
(u+ £ xl)aKa (u+e,m9) — 22 (u,2p) 282 (u,xg)) dvdu

Ht1 H+1 H+1 u
K2 (v+e,21) 22— (v +e,m2) — P2 (v, 21) 252 (v, 1:2)) dzidxs,

we can now see that the previous quantity converge to zero when ¢ converge to 0,

which makes E(Z%(t) — Zy(t))? tend to 0, so by that we are sure that in L?[0,T):

Z5(t) — Zy ().

e—0

1.3.3 On the Rosenblatt distribution

The Rosenblatt distribution is the simplest non-Gaussian distribution which arises in a

non-central limit theorem involving long range dependent random variables .

Definition 1.3.5. The Rosenblatt distribution is the law of the Rosenblatt process at time

1 with the characteristic function:

$(6) = exp (% y- @0o D)) 2290 ) , (1.31)

k=2

where
1 1

k= / / |1 — 20| P |2y — 23|71 — 2| TP |2y — 2| Py day, (1.32)
0 0

and by Cauchy-Schwartz,
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ws (f [n- ”'_wd“d””)g - (- D))g - (20319))2’ (1.33)

which ensures that the series (1.31) converges around the origin.

Here, o(D) is a normalizing constant so that YD €]0, %[ is given by:

o(D) = [%(1 —2D)(1 — D)} ’ , (1.34)
and
H=1-D. (1.35)

Proof. Before we start the proof, we shall begin by motivating the Rosenblatt distribution

using Rosenblatt’s famous counter-example.

Counter-example

Consider a stationary Gaussian sequence X;,7 = 1,2, ... which has a covariance struc-
ture of the form E(XoXg) ~ k7P as k — oo with 0 < D < 1/2. Using the transforma-
tion

one can define a sequence of normalized sums

Zn=—"5 Y (1.36)

The sequence Z,, tends in distribution to a non-Gaussian limit Z(1) as n — oo with
mean O and variance 1 [28]. This limiting distribution has been named the Rosenblatt
distribution . Now we need to define the characteristic function of Z,,.

Let d,, = n'~P and let R,, denote the covariance matrix of the Gaussian vector
(X1, ..., X,). Each component has mean 0 and unit variance. Let 2’ = (zy, ..., x,) denote

the row vector and |.| a determinant. Then the characteristic function of Z,, is
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1
——e
\/27T’R |
= exp{—z@adnln}m/ exp{—§m[ t — 2ifod; I|x}d"x

%:E’Rﬁldn

E(exp(i0Z,)) = /n exp{ifod, Z x -1)}

— exp{—ifd;'n}|R,|"2|R; ' — 2ifod 1| 2

= exp{—ifod;'n}|I — 2ifod ' R,| 2

= exp{} Y [~2i00d," — In(1 - 2i60d,"\;,)]}
j=1

= exp{3[—2ifod,'n — Z In(1 — 2i0ad, " \; )]},

j=1
where the A, j =1, ...,n denote the eigenvalues of R,. let T'r(a) denote the trace of
a. Expanding the logarithm, we get

2 (2i00d N ,)"
(1 — 2ibod; Ay = - 3 207 2% )
=1

and
n n n o) 2
N in(1 - 2i00d; ' N;) = 2i00dt S N+ S Z Zead i)t
=1 j=1 j=1 k=2

Since R,, has 1 in its diagonals, Z Ajn = n and thus

j=1

, 1 2260
E(e®?") = exp {5 ok Z AE }

k=2

where

kZA = d;*Tr(RY),

n

=d* Z r(|iy — da])r(Jiz — ds])....r(lik—1 — @])r(|ix, — i1]) — cx-

11,89 yip=1

Asn — o0, the previous expansion converges absolutely for || < ¢, € small enough.

By this we have been proved the formula (1.32) and (1.31). O

Remark 1.3.2. The distribution Z(1) can be given in terms of a weighted sum of chi-

squared distributions, for k > 2

£ iAn(si — 1), (1.37)
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where e, i.i.d ~ N(0,1) and
Z N = o*(D)ey,
i=1

because they have the same characteristic function, and since it converge in L2,
Y var(er = 1] = E[(e -1 A%
‘ i=1

=1
[e.9]
= 22/\2 < 00,
=1

= 1
in fact Z)\i =3 by (1.52) and (1.54). The weights X\, are given as the eigenvalues
=1

of an integrgl operator which we will discuss in more detail in definition 1.5.7 .

The behavior of the Rosenblatt distribution with respect to D

The characteristic function of Z(1) is distinguished by a parameter D such that D €]0, % B

So let’s consider the extremes when D — 0t and D — %_.

1. When D — 0%, ¢, —> 1 for all k, (D) — \/Li and thus for 6 small enough, the

characteristic function approaches to the characteristic function of (2 —1) where

V2
eis N(0,1).

Proof. Let us denote the characteristic function when D — 0% by:

o) = e (%Z—@”)

k=2

— e G(zogu — V3i0) — ﬁze))

- (mm) = (55)

which is the the characteristic function of %(52 —1).

N

Hence when D = 0, the Rosenblatt distribution is simply a chi-squared distribution

standardized to have mean 0 and variance 1. OJ

2. When D — 3, the limit is N(0,1). This is expected since the scaling term in

(1.36) approaches /n.
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The cumulants of the Rosenblatt distribution

The cumulants kj of the Rosenblatt distribution are given by x; = 0 and
ki = 28"k — Dl(o(D))*e, (1.38)

where the ¢ are given by the multiple integrals (1.32). In order to compute any
cumulant, it is necessary to compute the multiple integrals c;.

The first two can be computed directly:

Cy = / / |$1 — ZL‘2| dl’ldl’g
2
= / / I — I‘g delde'Q

(1- 2D)(1 — D)

1

C3 = / |.T1 — :C2’ |$2 — LU3| |$3 — 1‘1‘ dwldxgd.%gg
0

3 ,',Ul —D x2 —D
— / g SD/ / ’— — —‘ (1 — —) (1 — —) dl’ldmgdxg
0 T3 T3

(/0 2730424z ) </0 /0 lur — us| P (1 — ug) P (1 — Ul)_Ddulduz)

1 w2
_ 2 D D, —D
= _I—D/ / (wo — w1) " wi ~dwidws
0 0
2
1—
2

I
w

Y

Wy
1 1

/ w;gDHdwg) (/ V_D<1 — u)_Ddu)
0 0

~ pk A~ D.1- D),

(1-D)(2—3D)
where [ is the beta function that we motioned previously (1.7), and by using the
following variable changes uy = x1/x3, us = x3/x3, w1 = 1—uy, we = 1—uy and v = wy /ws.
¢ could not be found for & > 4 which means we must be computed numerically; so
for this reason, we will use the next definition as a sophisticated method for computing

Ck.

Definition 1.3.6. Let L?[0, 1] denote the Hilbert space of all real-valued measurable func-
1

tions f(x),0 < x < 1, such that ||f]ls = (/ f(x)Qdm)% < oo with the inner product
0

(f,9) / f(z)g(z)dz. For0< D < —, we define the integral operator Kp : L?[0,1] —

L201 as
(Kp, f) /|x—u|D u)du



1.3.3 On the Rosenblatt distribution 27

Finally, we define the sequence of functions Gy p € L?[0,1], k > 1, recursively as

follows:
(1—a2)"

JI-D

As we already mentioned, by using this definition we can for sure calculate ¢, for

Gip(z) = Grp = (Kp,Gr_1.p)(x), k>2.

k > 4, such that Vu, v be any two positive integers such that p 4+ v = k. Then
cr = (Gup,Gup)- (1.39)

Proof. Let v, u be a positive integer and by using the circular symmetry of the integrand
in ¢, if we take x; as the largest of the x;,7 = 1,2, ..., and then factor an x; out of all

the terms, we can rewrite ¢ as

1 -D -D
_ T 1 T2 _ Tk—2 Tk—1,_ Lp—1
Ck:k:/ IkkD/ (1——) |——— D...X|——— b 1—— di‘l..dl'k,
0 (0,1, )k 1 Tk T Tk Tk T T

with the change of variables u; = x;/xy,i = 1,2,...,k — 1, one of the k integrals can be

separated out, and we obtain

1
o = k </ :ckkD+(k1)dxk) (/ (1 —wy) Plug — ua| P up—y — o] (1 —up_y) ™"
0 (0,1)k—1
dul...duk_l)

— ﬁ (/ ) (1 —u1) Pluy — ug| P |Jup—1 — up_o| P (1 — uk_l)_Ddul..duk_l)
(0,1)k~1

= Gl,D(ul)Gl,D(uk—l) lul — Ug‘_D..|Uk_1 — Uk_2|_fi dul..duk_l

(0,1)" ~
k—2 terms

1
= / |:/ GLD<U1)|U1 — UQ‘Dd/U/1:| “'U,g — UQ‘iD...|Uk,2 — kag‘iD]
(0,1)k—3 0

X [ Gl,D(uk—l)luk—l - uk—2|_Dduk_1:| dus..dug_o
0

= / . G27D(u2) |U3 — u2|_D...|uk_2 - uk_3|_D GQ’D(Uk_Q)dUQ..dU/k_Q
(0,1)k=3 h d

TV
k—4  terms

1
= /G%D(Uu)Gu,D(uk—V)duu
0
= <G,u,,D7 GV,D>'

By that we finish our proof. m

Remark 1.3.3. To minimize the number of integrals one needs to compute, it makes

ok i1 _ kit _ k=1 r1
sense to choose p=v = 5 if k is even, and p = 5= and v = 5= if k is odd.
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Thorin class

We next define the Thorin class of probability distributions on R. Originally this class
was studied by Thorin (1977a,b) and the Thorin class on R, denoted by T'(R.), is the
smallest class of distributions on R, that contains all gamma distributions and is closed
under convolution and weak convergence. A probability distribution in T'(R.) is called
generalized gamma convolution .

The main goal of this part is to derive new results related to the Rosenblatt dis-
tribution. For example, we show that a random variable that follows the Rosenblatt
distribution can be represented in law as a Wiener integral with respect to some Levy

process. We also obtain new properties of the density of the Rosenblatt distribution.
Definition 1.3.7. For everyt > 0, A; define an integral operator by:

+oo git(yi—y2) _ q

Ab(a) = (D) [ Sl )y e Hp. (L40)

where

Hp={h:h is a complex walued function on R, h(x)=h(z)= / h(x)?|z|P~tdx < oo},
R

which is a self-adjoint Hilbert Schmidt operator and all eigenvalues A\, (t),n = 1,2, ..., are

real and satisfy Z 2N < 0.
n=1

Theorem 1.3.1. For every tq,...,tg > 0,

(Zo(t)s o Zo(ta)) 2 (Z AE)(E — 1), Al — 1>> |
n=1 n=1
where {e,} are i.i.d N(0,1) random variables.

Proof.  Before we start the proof, we need to give other representation in density for
the Rosenblatt process.
Let consider the Rosenblatt process defined as follows:

D+1 (Dg—l)

2oty =c(0.2) [ [ =i s =) s an o B

Let
Je(yr,2) = C(D>2)/ (s —v1), 2 (s — yz)(+ 2 )ds.
0
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Then
Zp(t) = | fi(s1,82)dB(y1)dB(y2).

R2

By using definition (1.3.2), we can give this following representation:

tyity2) _ D—1 D—1
Zp(t —d/ T | | T dB (11 )dB (ys), 1.41
o) =" [ ) B () B (141)

where [, is the integral over R? except the hyper planes y; # £yo.

Let aq,...,a; € R. It is sufficient to show that

nZp(t) + .+ aaZp(ta) = ar Y N2(0)(E2 = (1) + o+ aa D A2(ta) (€2 — 1).

n=1

But, by (1.41), we have

alZD(t) + ..+ OédZD(td>

it1(y1t+y2) _ 1 3 B ita(y1+y2) _ 1 B B
d g € D-1 D-1 € D-1 D-1
4_ o | g A+ g || 5 o) 2 ) dB (1) dB (),
[ (oSl e o Sl ) dB 1B )
(1.42)

= ) Htl,...td(y].7yQ))B<dyl)B(dy2)’
R

td<_y17 _y2)7y1,y2 € R, and

.....

By Proposition 2 of Dobrushin and Major (1979) (See [21] ), we see that (1.42) can

be represented in law as

Z /\n(tla ">td)(€i - 1)7
n=1

where A\, (t1,..,t,) are the eigenvalues of the integral operator

) . +00 R C | eita(z+y) _ 1
t1,taP(T) ( )/_ ( 1 i(z + ) I i(x +y)

[e.9]

) 1y~ h(y)dy, h € Hp.

t, are agA,(t1) + ... +

On the other hand, it is clear that the eigenvalues of A;, .
O

agAn(tq). This concludes the statement of the theorem.

Theorem 1.3.2. For every ty,....tqg > 0, the law of (Zp(t1), ..., Zp(ta)) belongs to T(R?).
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Proof. by using the previous theorem we get

(ZD(t1)7 [RXD) ZD(td)) =1 Z /\n(tl)(gi - 1)7 8] Z )‘n(td)(gi - 1)

=) altr)Aalta)) (€} = 1),

where (A, (t1).... A (tq))(e2 — 1), n = 1,2, ..., are the elementary gamma random vari-
ables in RY. Since they are independent, by the properties of the class T(R?) that the
class is closed under convolution and weak convergence, we see, by the definition of T'(R%)

, that (Zp(t1), ..., Zp(tq)) belongs to T(R?) . This completes the proof. O



Chapter 2

Stochastic Calculus on the Rosenblatt

processes

2.1 Stochastic Integration with respect to the Rosen-

blatt process

2.1.1 Wiener Integration for the Rosenblatt process

In the previous Section, we have seen that the Rosenblatt process is not a semi-
martingale. But the classical stochastic integration namely the It6 calculus, is valid
to semi-martingales as an integrator. Therefore, we cannot apply directly this type of
calculus. Moreover, the Lebesgue-Stieltjes integration cannot be used since the paths of
the Rosenblatt have unbounded variation as we mentioned previously, so we need to build
other types of integrals.

In general, these generalized methods are essentially of two types: the first is the
pathwise type calculus and (here we included the rough path analysis ([29]) and the
stochastic calculus via regularization [11]) and the second type is Malliavin calculus and
the Skorohod integration theory ([3]). In general the pathwise type calculus is connected
to the trajectorial regularity and/or to the covariance structure of the integrator process,
the Malliavin calculus instead is very related to the Gaussian character of the driven
process. One of the methods developed to deal with the stochastic integral with respect
to the Rosenblatt process is the white noise distribution theory by Hida and al.[20] ,
this approach succeed to define the derivative of the Rosenblatt process denoted by the

31



2.1.1 Wiener Integration for the Rosenblatt process 32

Rosenblatt noise dissipate the fact that it is not differentiated and also to define the

Rodenblatt noise integral as a result.

Riemann-Stieltjes Integral

In order to understand the notion of the stochastic-integration, it’s very useful to un-

derstand the Riemann-Stieltjes integral, so let us recall the basic Riemann integral first.

Definition 2.1.1. Let f : R — R be continuous. We define the Riemann integral over
[a,b] CR by

b
| rw - ‘Ahr”gOan i~ ti)

where A, = {to, 11, ..., tn } is a partition of [a,b] such thata =ty < t; < ... < t,_1 <t, =,

|AL |l = maxi<i<n(t; — ti1) and 7; is an evaluation point in the interval [t;—1,t;].

Definition 2.1.2. The p-variation of a function f : [a,b] — R is defined as

n

() = ftr ),

i=1

where a =t < ... <1} = b is a partition of the interval with lags tends to 0 as n — oo.

Definition 2.1.3. A function of bounded variation is a function g : [a,b] — R such that
Vvt > 0,

SupZ|g 1 1)‘ <OO,

7TG'P

where the supremum is taken over the set P = {m = {to, ..., tnp}, 7 is a partition of [a,b]}.

Definition 2.1.4. Let f : [a,b] — R continuous and g : [a,b] — R be a function of

bounded variation. We define the Riemann-Stieltjes integral as follows:

/ ft)dg(t) = ”Alrijn% Z f(7)(g(ti) — g(tiz1)),

where A, = {to, 11, ..., tn } is a partition of [a,b] such thata =ty < t; < ... < t,_1 <t, =,

ALl = max (t; — t;1) and 7; is an evaluation point in the interval [t;_1,t;].
<i<n

Remark 2.1.1. Note that if g(t) =t then the Riemann-Stieltjes integral is the Riemann

integral.
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Proposition 2.1.1. [16] If f is continuous and g € €, then

/fdg /fg/

and if f,g have bounded variations then
/ f(t)dg(t) Zf(b)g(b)—f(a)g(a)—/ g@)df (t). (2.1)

Wiener Integral

The Wiener integral is basically an integration of a deterministic function with respect
to a Gaussian stochastic process. It is a generalization of the Riemann-Stieltjes integral

theory. Now Let us define the integral :

- / : F(t)dZ.. (2.2)

Since (2.1) defines a Riemann-Stieltjes integral, we can apply the integration by parts

formula to get :

/ (0)dZ, = f(6) 2y — [(a)Za — / Z.df (¢), (2.3)

but this s not valid since the Rosenblatt process has unbounded variation, so the integral
(2.2) is not well defined as a Riemann-Stieltjes integral in this case. Therefore, we need

new approaches to define it.

Integrands as step functions

Let us denote by £ the set of step functions. For f € €, i.e. f= Zail]tm,ti}: we define
i=1
the Wiener Integral as follows :

Definition 2.1.5. We naturally define the Wiener integral of f with respect to Z(t) as

/ flu)dZ(t nZiaz (Zyy — / / ) (Y1, y2)dB(y1)dB(y2), (2.4)

where
ft) = Z ail}tiytiﬂ}(t)? t; € 0,71, (2.5)

and

) = A0 [ @ P e (20)
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General integrands

Definition 2.1.6. Let us denote H the space of functions such that

T T
12 =2 / / 10F) (1, o) 2yrdys < o, @)

and it holds that

12 = HEH 1) / / £(u) f () — 0P dudo. 2.8)

Theorem 2.1.1. [/27] The mapping

f—>/0 flu)dZ(u), (2.9)

defines an isometry from the space of step functions € to L*()[see [27]], it can also

be expend to an isometry from H to L*(QY) by continuity, since € is dense in H.

Proposition 2.1.2. [15/

1. The space H may not contain just functions but also distributions; it is therefore
more practical to define the subspaces of H that are sets of functions. Such a subspace

18
=5 R =Rl [ @I @)= P dude <o) (210

The space |H| is a strict subset of H and we have
L*(R)N L'(R) C L#(R) C [H| C H. (2.11)

2. The space |H| is not complete with respect to this norm ||.||3 but it is a Banach

space with respect to the norm
15 = [ [ 1l @) = o duds < o, (212

3. The spectral domain included in H is defined by

H={f e I’(R) / (@) Pl 2 dr < oo} (2.13)

A A
where f denotes the Fourier transform of f. We have again H as a strict subspace

of H and the inclusion

A

L*(R)NLYR) C L#(R) C H C H, (2.14)
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and we define

11, = [ 1f(a)Plel 1o (2.15)

Proposition 2.1.3. [27] Let g,f € H. Then, the Wiener integrals fOT f(u)dZ(u) and
fOT g(u)dZ(u) are not necessarily independent when the functions f and g are orthogonal

in H; they are independent if and only if

FOZ= O =0, ) €0TF, (216)

where H' is the space analogous to H corresponding to the Hurst parameter H = %

Corollary 2.1.1. [27] The construction of Wiener integrals with respect to the Rosenblatt
process allows to consider associated Ornstein-Uhlenbeck processes which are the solutions
of the equation

t
Xt—g—x/ X, ds +oZ(t), t>0,
0

where o, A\ > 0 and the initial condition & is a random variable in L°(Q) has an unique

solution that can be represented as

t
Xf=e ({ + a/ e_A“dZ(u)) , t>0,
0

where the stochastic integral above exists in the Wiener sense. When the initial condition
0
is &= a/ eMdZ(u), the solution of can be written as
t
X, = 0/ e MWAZ (),

—0o0

and it is called the stationary Rosenblatt Ornstein-Uhlenbeck process.

2.1.2 Pathwise stochastic calculus

The Rosenblatt process with H > %; as we have already mentioned; has zero quadratic
variation and reqular paths (Holder continuous paths)[See property 3 and 4 |. The pathwise
calculus can be naturally applied to our process to construct stochastic integrals with respect

to it. Here we choose to use the approach of Russo and Vallois.

Definition 2.1.7. Let (Xi)i>0 and (Yi)i>o be continuous processes. We introduce, for

every t :
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¢ Xs s_Xs ! Xs_Xs—a
I(e,Y,dX):/ Y, et = e, I*(g,Y,dX):/ y, 2 2 g (217)
0 € 0 €
! Xs e Xs—a
IO(E,Y,dX)—/ A R (2.18)
0 2e
and
th s_Xs—a )/se_ys—a
C.(X,Y)(t) :/ (Xope = X ”8)( S G RO (2.19)
0

Now we are ready to give the forward, backward and symmetric integrals of Y with

respect to X, it is given by :

t t
/Yd—X: lim I_(E,Y,dX),/ YdtX = lim IT(e,Y,dX). (2.20)
0 e—0T 0 e—0T
t
/YdOX: lim I°(e,Y,dX). (2.21)
0 e—0t

The covariation of X and Y s defined as

[X,Y]; = ucp lim C.(X,Y)(1).

e—07t

If X =Y we denote [X,X]| = [X] and when [X]| exists then X is said to be a finite
quadratic variation process. When [X| = 0, then X is called a zero quadratic variation
Process.

The Rosenblatt process is clearly a zero quadratic variation process since

t
1
EC.(Z, Z)(t) :]E/ (Zyse — Z,)%ds = =211 5 0,

0 £ e—0

Therefore the stochastic calculus via reqularization can be directly applied to it.

Theorem 2.1.2. [27] For every f € €*(R), the integrals

/Otf'(Z)dZ,/Otf'(Z)wZ and /Otf'(Z)dOZ, (2.22)

exist and they are equal and we have the Ito formula

12 = 1z + [ £(20z (22



2.1.3 Skorohod integral with respect to the Rosenblatt process 37

Corollary 2.1.2. [27] An immediate consequence of the ezistence of the quadratic varia-
tion of the Rosenblatt process is the existence and uniqueness of the solution of a Stratonovich
stochastic differential equation driven by Z. Concretely, if 0 : R — R and b : [0,T] X
R — R satisfy some reqularity assumptions and V is a locally bounded variation process

with X (0) = G where G is an arbitrary random variable, then the equation
dX(t) =o(X(t)d°Z(t) + b(t, X (t))dV (1),

has an unique solution.

The first and second-order fractional integral

Definition 2.1.8. The first-order fractional integral is defined by :

I2(f) / fu)(z —u)* tdu, (2.24)

and
I°(f) / fu)(u — 2)* 'du, (2.25)
where v € (0,1) and 1 <p < L.

The second-order fractional integral is defined by :

(L2 f) (1, ) = / / fu,v)(zy —w)* (22 — v)** ' dudv, (2.26)
Ckl C(Q

with f:R? — R and o; € (0,1),i=1,2,... , and we can define also
o ) e [ ) ), (220
—,t’l’ 17 2 F(O[l)F<a{2> xlvxZ 1 2 ) M
H H
2 2

for f R — R. The operator 12, plays the role of the transfer operator in the following

definition of the Skorokhod mtegml with respect to a Rosenblatt process.

2.1.3 Skorohod integral with respect to the Rosenblatt process

The Skorohod integral is stochastic integral, introduced for the first time by A. Skorohod
i 1975, may be regarded as an extension of the Ité integral to integrands that are not
necessarily F-adapted.

This part will be dedicated to define an integral with respect to (Z;)icpo in the

divergence sense and to build generalized Skorohod integrals with respect to processes which
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are not a Gaussian process or a semi-martingales process. But before we start let use

mention some basic elements of the Malliavin calculus with respect to a Wiener process

(Wt)te[(),t]'

Definition 2.1.9. We denote S by the class of smooth random variables of the form

F - f(th ..... th), t]_, ,tn c [O,t], (228)

where f € Cp°(R™).
If Fis of the form (2.28) , we have

D,F = Z gf
=1

will be it’s Malliavin derivative, with the operator D as an unbounded closable operator

..... th)1[07ti](t), t €[0,7T], (2.29)

which can be extended to the closure of S (denoted D*?, k > 1 integer, p > 2) with respect

to the norm

IFIF, = EIFP + ZEIIDJ Flbsomy, FeESk>1p>2 (2.30)

7j=1

where the j-th derivative DY) is defined by iteration.

Definition 2.1.10. The Skorohod integral 6 is the adjoint of D and its domain is

T
Dom(8) = {u € L2[0,T] x Q/|E/ w, D Fds| < C|[F|x}, (2.31)
0
with D and 0 satisfing the duality relationship
T
= E/ Dy Fuds, F eS8, ue Dom(9), (2.32)
0
with
T
d(u) = / usOWs. (2.33)
0

We denote 1LEP = LP([0,T] x Q;D*?) and L*? C Dom(6).

Definition 2.1.11. For F' € D2 and u € L'2, the integration by parts formula is defined

by
Fé(u) = §(Fu) +/ D Fus,. (2.34)
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Definition 2.1.12. Let consider the a square integrable stochastic process (gs)scpor], we

define its Skorohod integral with respect to Z by:

[gazer = [ [ ( [ a0 ) 25" (U,yg)du> 1B B ()

= /0 /0 1(9)(y1,y2)dB(y1)dB(ya),

the process g is Skorohod integrable with respect to Z if the process I(g) € Dom(5®)),

where §?) is the double Skorohod integral with respect to the Brownian motion B.

Remark 2.1.2. The Skorohod integral coincide with the Wiener integral if the integrand

g 1s a deterministic function in H.

Lemme 2.1. If g € L*(2;H) such that g € L*>? and

T T
E/ / | Day 2293, dz1ds < 00. (2.35)
o Jo

Then g is Skorohod integrable with respect to Z and

T T T
E| / gdZ(s)P < c. [Eugu%w / / | Dar mag|Zudirdics | (2.36)
0 0 0

Before we prove this lemma, we shall introduce "Meyer’s inequality" for the double

Skorohod integral.

Lemme 2.2. [0] One can deduce the following estimations for the LP norm of the gener-

alized multiple integral:
p/2
B (5") <Cou{ (& [ i)
Tk

tE ( /T k /T k (DPuy) i (dt) i (ds) p/2> }

for all 1 < p < oo, and for any process u € L? (T’l‘C X Q) such that u; € Dom(DF) for
every t and (D*py)  belongs to L* (T% x T* x Q).

Proof. This lemma guaranties the convergence the Skorohod integrability, and to prove
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it we need to use the equality of meyer for the double Skorohod integral and we obtain :

T T T
E‘/ gst(S)‘Q < c ) y1,y2) dyldyz}
0

" [ / / / / wy.ao | yl, 92)>2d$1d$2dy1dy2}
= c ]E(H (2H — 1) / / U,mgdudvﬂ
e (/ / (/ / Dmr@g u 11,129(1})’” - U|2H_2dvdu> d$1d$2)1
L 0 0 0 0
L Jo

= c[Elgli+E [ [ ||Dx1,x29||%dx1dx2]-
L 0 0

[
Corollary 2.1.3. The process g is Skorohod integrable with respect to Z and verifies
T
Bl [ g.dZ(5)F < el (2.37)
0
where
T T
ol = |Blolg +E [ [ 1D saalidoadea). (2.38)
o Jo
if g € L*(Q;|H|) such that g € L*? and
T T
E/O /0 Doy 2y 9|3y dicrdizy < . (2.39)

Example Here we try to give an example of the previous corollary. Let us consider

a Skorohod integral of the Rosenblatt process with respect to itself ; by that we get

T T T
]E|/ 767, < c./ / R(u,v)|u — v|** 2 dudv.
0 o Jo

Proof. In this proof we will treat the formula (2.36), so we will compute the two terms of

its right side. From what we have seen previously, we can see clearly that :

T T
E”ZH?{:C-/O /o R(u,v)|u — v|*2dudv,

then for the next term we have, Vi1, x5 € [0, 7],

u aKH“( )8KT
ou &1 ou

(u7 l’Q)dU,

Dyy oy Z(u) = 2A3(H)1[0,u12($1,9€2)/

x1VT2

then we have
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/ / ||Dmg||m|dx1dx2 / / / / oo
H+1 xr1Vxo Jxr1VIo i1

v / aK 2 v aK 2 8K 5 , , ,
/m au/ (U xl) o’ (UJ?x?)/x o' (U II)WO}’I‘?)”CZU dv dxld:z;g

1Vz2 1Vxo

H+1

T T u Av’ H+1 2
— / / lu — v|?H~ 2/ / (/ 8K (u',xl)aK—(v xl)d:m) dudv
o Jo u’ o’
T
= c./ / R(u,v)|u — v|** 2dudv.
o Jo

]

Definition 2.1.13. Let H € (3,1), and let M C R be an interval. Define

G
w\m

Az, (M) et {g:R— L*(Q) such that I°,?(lyg) € Dom(6%)}.

We say that the stochastic process g is Skorokhod integrable with respect to the Rosen-
blatt process Zy on M if g € Az, (M). As g as an integrand, the Skorokhod integral is
defined by

Def z 7.5

| a62u) ™ e o 145 ) (o) (2.40)

H
2

Lemme 2.3. [/ Let H € (3,1). The linear operator 12,?* is bounded from L (R) to
L*(R?).

vl

The following lemma provides a mapping property of the Skorokhod integral with re-
spect to a Rosenblatt process. It ensures that stochastic processes from the space Lt (M;D*?)
are Skorokhod integrable with respect to the Rosenblatt process Zy and the stochastic in-

tegral is a square-integrable random variable.

Lemme 2.4. [5] Let H € (1,1) and M C R be an interval. The linear operator [,,(..)0Zy
1s bounded from L%(M;]D)k’p) to DF=2P for every integer k > 2 and every p such that
1 <pH < 0.

The following theorem relates the Skorokhod integrals with respect to the fractional
Brownian motion By and the Rosenblatt process Zy to the fractional stochastic derivatives

VA3 and V%’%, respectively.

Theorem 2.1.3. [5] Let H € (3,1) and M is a subset of R.
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1. If g € L (M;D*2), then for all G € D*2we have :

E [G/MgucSZH(u)] :cg/ME [(v%

2. Ifg € L%(M;]D)LQ) with G € D2, then we have :

[Nl

G)(u, u)gu} du. (2.41)

E [G /M gu5BH(u)} e /M E [(vH—%G)(u)gu] du, (2.42)

with

vee e o p2and v 1o b

The following two theorems can be used to compute the first and second-order frac-

tional stochastic derivatives of the Skorokhod integral with respect to a Rosenblatt process.

Theorem 2.1.4. [5] Let g € L%([O,T],Dm). The following equality is satisfied for all

r € R:
v (/OTgséZH) (x) = /0T<v§gs)<x)5ZH

H T
Hy_p
+ 2c§’2—5(2 >/ gs|s — x| 16BE .,
0

(2.43)

Theorem 2.1.5. [5] Let g € L#([0,T),D*2). The following equality is satisfied for all
z,y € R:

v ( /0 TgsazH) (z,y) = /0 T(V

T T
( [ & ta@ls = snt s [ hg)wls - x|H-1aB?+%)
0 0

ﬁ(ﬂal_H)Q T _ —
+20§2F(T)4/0 gs|s — |77 s — y|Tds.
2

Hq_
9s)(®,y)0 Zp + ch’ZL)

N1k
Sl

)

2.1.4 The relation between the pathwise and the Skorohod inte-

grals

In this subsection we will cite an important relation between the pathwise and the Sko-
rohod integrals given by Tudor in [27]. This plays a major role in the construction of the

Ito formula for the functionals of the Rosenblatt process.
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Definition 2.1.14. We say that a stochastic process g € LY? admits a trace of order 1 if

: / / Dogad(fase(, ) = £i(.,a))dads, (2.44)

converges in probability as e — 0. The limit will be denoted by Tr(MV(DWg).

We say that a stochastic process g € L>? admits a trace of order 2 if

1 [T T [T
S [ Dea6.0) - 1.5 )dsdads. (2.45)
o Jo Jo
converges in probability as ¢ — 0. The limit will be denoted by Tr® (D@ g).

Theorem 2.1.6. [27] Let g € IL?>? such that

T /T
]EHgH|2H| —|—]E/O /0 \]Dm17129]]|27{|dx1d3:2 < 00. (2.46)

Assuming that the process g has trace of order 1 and 2. Then

T T
/ gsd~ Z(s) = / 9s0Z(s) 4+ 2T (DWg) — TrP(DPyg). (2.47)
0 0

2.1.5 A white noise approach

In this subsection we will define a stochastic integral with respect to the Rosenblatt
process using white noise distribution theory, which leads to an Ité formula for a certain
class of functionals of this process. Before we start let us introduce the tools from the
white noise distribution theory needed in order to define a stochastic calculus with respect

to the Rosenblatt process. For a good introduction to the theory of white noise, we refer

the reader to the book of Kuo [17].

Definition 2.1.15. Let ® € (S)*. For every function & € S(R), we define the S-transform
of  by:
S(@)(€) = ((®;¢557)),
len?

where e8> = <85 _ E , <§; ) € (S) and ® is defined below .
n!

n=0

Remark 2.1.3.

1. (S) s the stochastic space of test functions and its dual is the space of generalized
functions (S)* or Hida distributions, and ((.)) denote the duality bracket between
elements of (S) and (S)*, which reduces to the classical inner product on (L?) for

two elements in (L?).
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2. The space S(R) is a Schwartz space and its dual S'(R) the space of tempered distri-

butions.
3. (S) C L*(Q,G,P) C (S)"
Theorem 2.1.7. [/]
1. The S-transform is injective. If V¢ € S(R), S(®)(€) = S(W)(€) then ® = U € (S)*.

2. For ®, U € (S)* there is a unique element ® o ¥ € (S)* such that for all £ €
S(R), S(W)(€)S(®)(€) = S(W o ®)(€). It is called the Wick product of ® and .

3. . Let ®,, € (S)" and F,, = S(®,,). Then ®,, converges strongly in (S)* if and only if

the following conditions are satisfied:
(a) lim F,(§) exists for each & € S(R).
n—-oo

(b) There exist strictly positive constants K, a and p independent of n such that:
(allAPE|25 )
Vn e N,VE € S(R)|F,.(¢)] < Ke L2(R)’

Definition 2.1.16. The trace operator T is the element of S (R?) and is uniquely defined
by
Vi, € S(R) <7090 >=< ¢;¢ > .

Definition 2.1.17. The Wick tensors of any elements w € S'(R) are defined by:

Z 2]€ o 1 ” 1)kw®(n—2kz)®7_®k:’

where C}, = WL%)" (2k — D! = (2k — 1)(2k — 3)....3.1 and ® is the symmetric

tensor product .

Definition 2.1.18. Lety € S'(R) and ® € (S). The operator D, is continuous from (S)

into itself and we have:

Vwe S R) D (@)w) =Y n<uw yo o, >,

n=1

where we denote by ®, the contraction of order 1.

Definition 2.1.19. Let y € S'(R) and ¥ € (S)*. The adjoint operator D} is continuous

from (S)* into itself and we have:

Ve € S(R)  S(Dy())(§) =< y; &> S(V)(€) = S(Li(y) o ¥)(&),
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2.1.5 A white noise approach
Moreover, we have the

where Iy = (y) is a generalized Wiener- Ito integral in (S)*.

following generalized Wiener- Ité decomposition for D;(\Il)

(W)() =D < = hydp, >.

Dy
n=0
Definition 2.1.20.
1. Let I C R be an interval. A mapping X : I — (S)* is called a stochastic distribution
t+h — X4

exists

PTOCESS.
2. A stochastic distribution process X is said to be differentiable; hlim
H

in (S)*.
Theorem 2.1.8. [/] The Rosenblatt process is (S)* differentiable, and its derivative, the

Rosenblatt noise, admits the following generalized double Wiener- Ité integral representa-

tion (as an element of (S)*):
Vi >0 Zf = o(H,2)L (570 (1?)‘82) , (2.48)
and its S-transform is equal to:
VE e S(R) S(ZI)(€) = e(H,2)(I7 (€)(1) (2.49)
and we have )
Ve SR) Sz = i) [ (1) (250)

Definition 2.1.21. Let k > 2. For any t > 0, we define the following sequence of

stochastic processes (belonging to the second Wiener chaos):
(2.51)

X = / / (e f) @ )@ ) (@, 20)d B, dBy,

k—1x®1
Where
e xl)%fl(s 1:2)%71
(achx 2) - + - +
fEr :c(H,Z)/ ds.
' 0 INCIINE)

Moreover, the S-transform of this process is given by:

vee s®) S0y =t 2y T g @kt s
(2.52)
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Theorem 2.1.9. [/] For any k > 2, the process (X"t > 0) is (S)* differentiable and

its derivative, XtH K is uniquely defined by the following S-transform.:

_ k—1
vE e S(R) S = dHﬁ»JH@Hé]> (H (k1) + 1)

/0 /0 14-%(Q(tuﬂ?(ﬁ)(tv)lff—?(u?U)dudv

w pens [0S @ @] w20 duds)
e (2.53)

Definition 2.1.22. A stochastic distribution process X : I — (S)* is integrable if:
1. V¢ € S(R), S(X)(&) is measurable on I.
2. V¢ € S(R),S(X)(&) € L'(I).
8. [, S(Xy)(€)dt is the S-transform of a certain Hida distribution.
Theorem 2.1.10. [/] Let X : I — (S)* be a stochastic distribution process satisfying:
1. Y€ € S(R), S(X)(§) is measurable on 1.

2. There is ap € N, a strictly positive constant a and a non-negative function L € L*(I)

such that:
VE € S(R) [S(X)(E)] < L(t)eIAmels,

Then X is (S)*-integrable.

Definition 2.1.23. Let {¢y;t € I} be a (S)* stochastic process satisfying the assumptions
of the previous theorem. Then ¢y0ZF is (S)* integrable over I and we define the Rosenblatt
noise integral of {1} by:

/]qﬁtdZtH = /I¢t<>ZfIdt. (2.54)

Moreover, we have the following representation

2
H _ *
/I $ndZH = /I (D C<H,z>5tofff) () dlt. (2.55)
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2.1.6 The relation between the white noise and the Skorohod

approach

We have introduced two definitions of the stochastic integral with respect to the Rosen-
blatt process. The fisrt one is a pathwise integral using the method of russo-vallois and the
second one is a Skorohod integral using elements of the Malliavin calculus and we gave
the relation between them . Now we will show that the Skorohod integral coincides with

the Rosenblatt noise integral using the finite interval representation.

Definition 2.1.24. The Rosenblatt process (Z)er is equal in distribution to the process

(VM )iepo.r) defined by

H_
2

t 2 a
vte[0,T] V¥ =c(H, 2)/[0 | /0 H (xi) (s —x;)} 'dsdBx1dBus.
;12 j=1 J

Theorem 2.1.11. /1] The process (Y1) is (S)* -differentiable and the S-trasnform of its

derivative is equal to:
H
7

Ve e S(R),Vt € [0,T] SY,H)(€) = ¢(H,2) (/0 () <§> (t — x)g_ldx> . (2.56)

Theorem 2.1.12. [I] Let (¢4;t € [0,T]) be an (S)* stochastic process satisfying the
assumptions of Theorem 3.9. Then, ¢, o Y;I is (S)* integrable over [0,T] and :

/ PprdY;H = / o 0 Y,Hdt. (2.57)
[0,7] [0,7]

Proposition 2.1.4. [1] Let (¢4;t € [0;T]) be a stochastic process such that ¢ € L*(Q; H)N

L2([07 T], D2’2) /Ue,r.z"ﬁes
T T
B |:/ / HD?LSQQS“%[dSldSQ
0 Jo

Then, (¢;) is Skorohod integrable and (S)*-integrable with respect to the Rosenblatt process,

< 00,

(V%) iepoir), and we have:
T T _
/ 6V, = / ¢y o Y, dt. (2.58)
0 0

In order to introduce the Ité formula for functional of the Rosenblatt process, we
need to define one of the most known hermite processes which is the fractional Brownian

motion.
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Definition 2.1.25. Let H € (1/2,1). The fractional Brownian motion (Bf);cr of the

Hurst parameter H is defined by

t 3
B = Cﬁ/ (/ (u—y)f2du> dB,, teR
R \Jo

where CE is a normalizing constant such that E(BI)? = 1.

Remark 2.1.4. The normalizing constant is defined by

on H(2H —1)
T\ p@2-20H-1)

It will be also convenient to denote

B B 1 7z H\*
cp =Cqhl H—§ and c5 =c(H,2)l 5 )

and

B

2 Def \/<2H—1>r<1—%>r< )

a ck (H+1DT(1—H)
27

[NIES

2.2 It6 formula for functionals of Skorokhod integrals
with respect to the Rosenblatt process

Since the Ité formula for functionals of Skorokhod integrals with respect to the frac-
tional Brownian motion is well-known, functionals of the Skorokhod integral with respect
to a Rosenblatt process are considered. Moreover, in this case, it is possible to formulate
sufficient conditions for the Ito formula in terms of the integrand rather than in terms of

the integral.

Proposition 2.2.1. [5] Let f be a function in €3(R) such that for all ¢ > 0 and o > 0
we have

[ (@) <e(l+|2[*), zeR.
Let the stochastic process (s)scjo,r) which satisfies the following assumptions :

1. The process v is in L=([0, T]; D*P) for some

p > max{ 8+ 1)}

2
2H —1)
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2. For almost every r,v € [0,T], the following equalities are satisfied
. H H
lim esssup |(V% 1) (1) = (VE46,)(0) o _

&0 ye(v,v+e)

lim esssup H(V%’%%)(u,u) — (V%’%wr)(v,v)HDz,s = 0,

&0 ye(v,vte)

lim esssup [|[(V224,)(r,u) — (V2 24,)(r,0)|p2e = O.

&0 yue(v,v+e)

3. There exist functions p; € LHLH[O,T], P2 € L%[O,T], ps € L%[O,T] such that for

almost every r € [0,T], the estimates

(V%) (v) | pos < p(r),
(V22 4,)(0,0)|lpas < palr),
I(VZ24,)(r,v)llpes < ps(r),

are satisfied for almost every v € [0, 7).

Define the process (Ry)icio.1] by

t
R / 6721, (2.59)
0

Then the following equality is satisfied for every t € [0,T] almost surely

F(RI) — f(0) = /0 f (RIS 21

w2 [ R RI puoB

0

[ (PR s0) 4 1 (RI(ERID)) vuds.
’ (2.60)

The following corollary is a direct consequence of the previous proposition. It provides
an Ité-type formula for functionals of Wiener integrals with respect to the Rosenblatt

process, i.e. when the integrand is deterministic.

Corollary 2.2.1. [5] Let f € €3(R) such that its third derivative has at most polynomial
growth and let (V4):co,1) be a bounded deterministic function. Let (Z;)icor) be the integral
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process defined by (2.59). Then the formula

t

FRE) = f(0)+ / (BT SRY

£ HeH=1) [ £ (R, / (s — 1) 2drds

+ ) [ £ @ (/ s = )T lom ) o

+ (/2H(2H — 1)) /fm / (s —u)H~ 1/ Uy(s — v) 7 (u — v) T dududs

+ 02 /(;fm RH (/ wus—u 1(/0 wv(s_v)H 1532+§)5B§I+ )dS,

is satisfied almost surely for every t € [0, T] with the constants

[

Def 4(2H — ]_)

pef 8(2H —1) [H(2H — 1)
a(H) = H+1 ' ‘

e(H) = =5 2

Next, we will introduce two corollaries considered as an applications of the previ-
ous obtained Ito formula. In the first corollary, we will use the Ito-type formula in the
proposition 2.2.1 to compute the second moment of the stochastic integral with respect to
a Rosenblatt process and in the second, we will give an estimation for higher absolute

moments of the stochastic integral with respect to the Rosenblatt process.

Corollary 2.2.2. Let ¢ be a stochastic process which satisfies the the first and the third
assumption (1-3 ) of the proposition 2.2.1 and RY is defined in (2.59). Then we have

E(R,)* = H(2H —1) / / — r|*2drds
Y2H(2H — 1)es H)/ / E [vgwr(s)v%ws(m} s — r[H-ldrds  (2.61)

+§H(2H—1)CS<H)2/t/ E[V bo(s, 8)V ws(r,'r’)] drds,

0 JO

H
2

vl

H
2

vl

with the constant c3(H) as given by

pes T()D(1— &)
es(H) = r1-H)

Proof. In this proof we will need to use the previous definition (proposition 2.2.1) and by

taking the function f(x) = z?, we have

E(R?) = 24K /t [(V
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since the stochastic integral has a zero mean. Now we will use theorem 2.1.5 to have

the following

&=
<
S]]
woli
=
S
=
Il
&=
=
VRS
o\w
<
N1k
vl

Fueizt )]

+4C§’Zié’)i e o ([[@Hes -t )
R [ elvdo -

By using 1 of the theorem 2.1.3 we get

B o ([0t izt =[5

and by 2 of the same theorem, it follows that

vl
m‘m

H
2

vl

v ) (VEE (s, 5)] dr,

B v ([ FEees - st )] =, R[] -n
which is satisfied for every s € [0, ]. O

Remark 2.2.1. The formula (2.61) holds under weaker assumptions: it is sufficient if the
integrand 1 belongs to the space L%(O,T; D*2). This follows because the duality formula
from Lemma 4 can be used instead of the Ito formula; in which case the assumptions (1)

- (3) are not needed.

Corollary 2.2.3. Let ¢ > 3 and let Y be a stochastic process that satisfies the first and
the second condition of proposition 2.2.1 with o = q — 2. Let (Ry)icor be the stochastic
process defined by (2.59). Then the estimate

¢ H H H 2
Il < 300 =0 [ . (IRATEER)s.5) + son()a -2 [(TFRIG] ) 1y
(2:62)
is satisfied for every t € [0,T).

Proof. Initially, we assume that ¢ > 3. Using proposition 2.2.1 with f(z) = |z|? (f is €3
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since ¢ > 3), it follows that

t
RyJ? = / ¢ R sgn(R).SRY
0

t
+ 205’2/ q(q — 1)|Rs|" (V2 Ry)ps6B2 T2
£ o (2.63)
+ Cg/ Usq(q — 1)|Ry|* 2 (V272 Ry(s, 5))ds

0 t

wely [ ala=Dla = 2RI son(R.) (TR ds

where sgn denotes the sign function. Taking the expectation of both sides of (2.63), it
follows that

NIk

H
72

BIRE = aa-1)ch [ B IR0 (RATHERG0) + 0= Dogn(RITHRY))] ds

because the stochastic integrals have zero expectation. Thus, Holder inequality yields

H H
2072

E|RiJY < q(q — 1)cf / EIRIT s (IRITEE 2)(5,8) + (0= 2)sgn(RIVER)S)) I, g g5

The desired inequality is proved by using Biharias inequality, see [10], Theorem 3, p. 135],

which gives

|

E|RJ? < (§<q -0 [ e (IRAVEE R (5.5) + (0 - Dsgn(RIVER)5)F) ||Lg(mds)g .

For the case ¢ = 3, proposition 2.2.1 cannot be used directly, since the function f(z) = |z|?
does not belong to ¢3(R). Instead, for ¢ > 0, consider the function

f) " 243, zeRr

The function f. is a smooth approximation of f(z) = |z|*> with a bounded third derivative.

Hence, by proposition 2.2.1 it follows that Ef.(Z;) satisfies the formula

5180 =<'+ [ B [b. (5 RITEER) 6,9 + £ RIITER)EF) ] ds, 261

0

similarly as in the case ¢ > 3. Since

n

lim f; (z) = 6lz| and lim f; (z) = 6sgn(z),

taking the limit € | 0 in equality (2.64) and using Lebesgueds dominated convergence

theorem to interchange the limit, the integrals yields
t
E|Rt|3 = GCIZ{/ E |:77/18 <|Rs|(v%’%Rs)(8,S> + Sgn(Rs)[(V%RS)(SﬂQ)} ds,
0

which concludes the proof.
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2.3 It6 formula for the Rosenblatt process

The Ité formula for the Rosenblatt process has been studied by several authors starting by
[Ciprian A. Tudor| in 2006 [27] and ending with [Petr Coupek , Tyrone E. Duncana, ,
Bozenna Pasik-Duncana | in 2020 [5]; all the pre-mentioned authors introduced the Ito
formula using different approaches and conditions .

In this section we will introduce two versions of the Itoé formula using the skorohod
approach then we will generate the Ité formula using the white noise approach introduced

by Benjamin Arras in 2015[1].

2.3.1 It6 formula in the Skorohod sense

We study the Ito formula for the Rosenblatt process in the divergence sense, We will

deduce the Skorohod Ito formula by using the pathwise Ité formula.

Theorem 2.3.1. [27] Recall that for any function f € €*(R).

fzty = 1o+ [ ez
= SO+ [ PRS00 ) - T D 7,))
0

Remark 2.3.1. We are actually able to prove Skorohod Ité formula only in two particular

3

cases: when f(x) = x* and for f(z) = a3, since the two trace term exists and is proved

only in the previous two particular cases . For more details [see [27]].

For the sake of completeness, it is noted that from proposition 2.2.1, the Ité formula
for functionals of the Rosenblatt process itself can be obtained. It is only required that f

be €2 and to set ) =1 .

Theorem 2.3.2. [] Let f € €2 be such that its third derivative has at most a polynomial

growth. Then the equality:
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(2 = £(0) + / f/(ZtH)aZtH
+ ”(ZH) 2H1ds

+ /f (zH) (/ )H153§+5) B2

"

b (2 /f(ZH)3H1dS

+ /f (zH) (/ (s — w)H! (/OM(S_U)H—I(SB?%) 5B

is satisfied for t € [0,T] almost surely with

Sl
+
I
N—
QL
)

4\/2H(2H — 1)

m(2) = =5

/B(H7 H)?

where [ is the beta function.

2.3.2 It6 formula using the white noise approach

In this subsection, we will derive an Ité formula for a certain class of functionals of the
Rosenblatt process, in the framework of white noise distribution theory. Firstly we will
start by getting an Ité formula for x* and x® like what tuder did but in the (S)* sense,

then we identify the class of functionals for which this Ité formula is true.

Theorem 2.3.3. [/] Let (a,b) > 0 such that a <b. Then in (S)*

b b
(2" — (2 = 2/ ZHaz + " — a?" 4/ ax?,

and

a

b b b
(25)3—(211)3:3/ (zI2azlh + 6H/ 52H125d5+12/ zHax[?

b
©re(ZE) (B — a3 4 24 / XT3,

Theorem 2.3.4. [I] Let (a,b) € R% such that a < b < oo. Let F' be an entire analytic

function of the complex variable verifying:

IN €N,3C > 0,¥z € C |F(2)] < CO(1 + |z|)Nevam 3¢,

Then, we have in (S)*:
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b
FO(zHy o zHat
b tHk—l

(k— 1)

F(zy') - F(z)) =

g

b .
+ Hrip( ZH F®(zH)dt + 2k / F(’“)(ZtH)on’kdt>.

Remark 2.3.2.

1. The Ité formula from the previous theorem holds for an infinitely differentiable func-

tion as condition.

2. The non-zero cumulants of the Rosenblatt distribution seem to be the ones responsible

for this result.

2.4 Local times and their properties for the Rosenblattt
process

Ito lemma is one of the most important and useful results in the theory of stochas-
tic calculus, which differs from the classical deterministic formulas by the presence of a
quadratic variation term. One drawback which can limit the applicability of Ité lemma
in some situations, is that it only applies for twice continuously differentiable functions.
Howewver, the quadratic variation term can alternatively be expressed using local times,
which relazes the differentiability requirement.

In this section, we will prove the existence of the local time for the Rosenblatt process

and more than that we will give it’s representation and some of it’s properties .

Definition 2.4.1. Let f : R — R be a deterministic function, the occupations measure
15 defined by
v(A, B) = (BN f7(A)), (2.65)

where A C R and B C R" are Borel sets and i is the Lebesque measure on RT.
Then, when v(., B) is absolutely continuous with respect to p, the occupation density

(or local time) is given by the Radon-Nikodym derivative:

dv

(z, B). (2.66)
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For a fixed trajectory of a process, the Fourier transform

F(u) = /Rei“xL(t,x)dx, (2.67)

of L(t, x) with respect to the variable x can be represented with the help of the local

time as follows:
t
F(&) = / et (2.68)
0

Then the local time can be represented via the inverse Fourier transform of this function,

1 L
L(t,w) = o /R /0 7= dsdg . (2.69)

Proposition 2.4.1. [17] The function f has an occupation density L(x, B) forxz € R, B €

that s,

B([u, U]) which is square integrable in x for every fived B if

U
/|/ eI dt|2de < oo, (2.70)
R u

and more than that , in this case, the occupation density can be represented as

1 )
L(z,B) = & /R /B @I geds. (2.71)

The deterministic function f(t) can be chosen to be the single path of a stochastic
process (Xi)i>o. To make sure that the existence and the square integrability of L(z, B),

it 1s enough to show that :

U
i€X0 7412
E {/R|/u e~ dt| df] < 0. (2.72)

If the process is Gaussian its enough to make sure that :

/ / / (XX dt] dsdtd¢ < oo, (2.73)

then one can evaluate E [exp (i€ (Xs — Xy))| explicitly to establish (2.73). It leads to the

well-known Gaussian criterion:

Proposition 2.4.2. [17] Let X be a centered Gaussian stochastic process, X has an

occupation density L = L(x, B,w) which, for B fized, is Pa.s. square integrable in x if

/[ - A(s,t)’%dsdt < 00, (2.74)
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where A(s,t) = E[(Xs — X;).
In our case, the Rosenblatt process is not Gaussian, so we can’t apply the previous
proposition and we need other analysis to prove the existence of the local time, which we

have done in the next theorem.

Theorem 2.4.1. The Rosenblatt process has the square integrable local time in each finite

interval [0, TJ.

Proof. In this proof, we will verify the expression (2.73) for [u, U] = [0,T]. By using the

self-similarity and the homogeneous increments of the process we have

E [eig(ZtH—Zf)} _E [eiszlj‘;’_sl} _E |:ei§Zf1\t—s|H] '

In addition, Z; = I5(¢), where

o, y) = b, y) = e(H,2) / fua(s, 2, y)ds,

and
H H_q

fr(s,zy)=(t—2)2 '(t—y)?

By the fact that we got this bound

IE [eieR(D] | = (H(1+4a2A§’f)>

m>1

-1
< (1 +402Y N 160> N AT+ 6408 Y Aiﬂiﬂ@) ,

k>1 j<k j<k<l
(2.75)

where X\ r, k > 1, be the eigenvalues of the operator Ay which defined by (1.40) we get :

N

E [eiéZfI\tfslH] —F [ei512(¢)|tfs\H] < (1 + 6460t — S|6H)\i¢)\g’¢)\§7¢)f

Below we prove that rkAg > 2, whence X = A7 jJA3 )05, > 0 (recall that the eigen
numbers \, ¢ are ordered according to their absolute values).

Then we get

T T
/ / / E[eiﬂZtH*Zf)] dsdtds < / / / (1 + 64XESJt — s|57)~Tdedsdt
R JO 0
= / / |t—s|_H/(1—|—)\z) idzdsdt < oo,
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and this is what was to be proved.

Proof of the inequality tk A, > 2. Assume that rk Ay < 2. Let fi(z) = Ipq(2),
fo(z) = Lp2/3(2), and f3(x) = 1p z1)(x). Since rk A, < 2, there exist numbers oy, o, and
as, not all being zero, such that ay Ay fi+agAy fotasAsfs = 0. Let f = oy fi+as fotasfs.
Then

7

0 = (Aufp)=cl2) | / (s —2)% (s — 1) F 7 f (@) F(y)dsdady

= ) [ ([e-0f 16 >dx) ds,

whence a(s) = /(s — x)g_lf(x)dx = 0 for almost all x € [0,1] (in fact, for all
R

x € [0,1], since a is continuous as a linear combination of continuous functions). For

H
s € [0, 5], we have a(s) = M, whence oy + o = 0. If s € (3, %), then(according
i o (s— 2V %
to what we proved above) a(s) = M, whence a3 = 0. Finally, a(s) = % for
s € [2,1], whence a; = ap = 0. O

Remark 2.4.1. The bound (2.75) is so important such that the existence of the local
time of the Rosenblatt depend on it as we saw in the previous proof. That bound is direct

consequence of the remark (1.3.2) since the Rosenblatt process can be approximated by

(1.37), and for more details see [7]].

The following proposition is the key for the next lemmas and theorems on the local

time of the Rosenblatt process.

Proposition 2.4.3. [17] Let n € N and 0 < n < % Then, for any times 0 < u < U,

the Rosenblatt process satisfies

/ / H |§j|n|E€:L'p (2 Zgjzg) |dedt < Onn2nH(1+Tz)<U — u)(l—H(H—??))n7 (2.76)
[wU™ JR™ oy =1

where the constant C' > 0 depends only on H and n. This proposition can be applied to
obtain the next Hélder condition on L(z, B) .

Theorem 2.4.2. [17] Let (Z;)1>0 be a Rosenblatt process with H € (5,1). The local time

(x,t) — L(z,]0,t]) is almost surely jointly continuous and has finite moments. For a

finite closed interval I C (0,00), let L*(I) = sup L(x,I). There exist constants Cy and Cy
zeR

such that, almost surely,

I L*([s =1 s+71])
im su
T_E)Q ri=H(log log r=1)2H =

< Ch, (2.77)



2.4.1 Joint continuity of the local times and moment estimates 59

orany s € I and
L*([s—r,s+7])
p1)2H

lim sup sup < (. (2.78)

r—s0 se1 THH (lOg

In particular, the local time L(x, I) is well defined for any fived x and interval I C (0, 00).

Corollary 2.4.1. [17] For any finite closed interval I C (0,00) there exists constants Cy

and Cy, independent of x and t, such that for almost surely, for everyt € I and every

reR
. Lz, [t —r t+71])
1 <C 2.79
H fﬂ% r=H(log log r—1)2H =V (2.79)
or any x € R and
L t—r,t
lim sup sup (@[t = r b+ 7] < (. (2.80)

r—0 ter T H(log r~1)2H

The next result is on the behavior of the trajectories of Z.

Corollary 2.4.2. [17] Let I C (0,00) be a finite closed interval. There exists a constant

C > 0 such that for every s € I we have, almost surely,

’Zt — ZS|

lim inf >C 2.81
1mr13>os,rs<1§55+r rf(log log r—1)=2H — 7’ (2.81)
and
Zy — Zs
lim inf inf sup 1Z: | > C. (2.82)

r—0tel g_petesir 1 (log log r—1)72H

In particular, Z is almost surely nowhere differentiable.

2.4.1 Joint continuity of the local times and moment estimates

Definition 2.4.2. the local time L(x,t) := L(z,[0,t]) for the Rosenblatt process Z exists

and admits the representation

1 b
L(z,t) = %/R/O e S@=2:) dsdg. (2.83)

Theorem 2.4.3. [17] The local time L(x,t) is Holder-continuous both in time and space,

such that for every 0 < s <t and x € R,

E|L(x,t) — L(z, s)|" < ¢"n™2H |t — |1 H)n, (2.84)

Moreover, for any 0 < v < % and y € R, we have



2.4.1 Joint continuity of the local times and moment estimates 60

[E(L(z +y, [s,]) — L(z, [5,1]))"] < "n"2HED |t — 5| O H=7 DRy [om, (2.85)
In both inequalities the constant ¢ depends only on v and H.

Corollary 2.4.3. [17] The local time L(x,t) is jointly Hélder continuous in t and x for
Almost surely. This corollary is a modification of the previous Theorem, where we will
shift the process in the z-direction by the value Z,, such that for all s <t and a > 0 satisfy

a<sora<t. Then

E|L(z + Z4,t) — L(z 4 Z,, s)|" < ¢"n"H |t — 5|(1-H)m, (2.86)

H 11
2 J

Moreover, for any 0 < v <
B(L( +y + Zay [3,1]) = L(@ + Zay [5,1))"] < 2B [ — | 0=Hmrpym - (.87)
In both cases the constant ¢ > 0 depends only on v and H.

Corollary 2.4.4. [17] The moment bounds obtained above translate into the following

tail estimates:

1. For any finite closed interval I C (0,00),
P(L(x, 1) > |I|'" 7u*?) < Cre™ ", (2.88)

and

P(|L(x, 1) = Ly, D] > 1|77z — [ u0) < Cpemea, (2.89)
2. For I =la,a+r] orl =[a—ra], we have
P(L(x + Z,, 1) > r'Hu??) < Crem v, (2.90)
and

P(|L(z + Zo, 1) — L(y + Zo, I)| > r'HH |z — y 2Oy < Cheme2. (2.91)



Chapter 3

Stochastic differential equations driven

by the Rosenblatt process

3.1 Strongly continuous semi-groups and their genera-
tors

Definition 3.1.1. A map T(.) : Rt — B(X) is called a strongly continuous operator
semi-group or just Cy-semi-group if it satisfies
1. TO)=1 and T(t + s) = T(t)T'(s) for all t,s € RT (the semi-group property),
2. for each x € X the orbit T(.)x : Rsg — X;t —— T(t)x is continuous (the strong
continuity).

The generator A of T(.) which is an operator is given by

1. D(A) ={zx € X| lim 1(T(t)x —x) exists},

t—0,teR* ¢

2. Az = lim 1(T(t)x —x) for xz € D(A).

t—0, teR* ¢

Remark 3.1.1.

1. X is non-zero complex Banach space and B(X) denote by the space of all bounded
linear maps T : X — X, where B(X,X) = B(X) .

2. I denote the identity operator.

61
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Remark 3.1.2.

1. Let A generate a Cy-semi-group. Then its domain D(A) is a linear subspace and A

s a linear map.
2. Let T(.) : Rt — B(X) be a semi-group. Then we have
(a) T)T(s)=T(t+s)=T(s+1t)=T(s)T(t).
(b) T(nt) =T _t)=[[T®t) =T)"
j=1 j=1
Definition 3.1.2. Let A be a linear operator on X with domain D(A) and let x € D(A).
A function u : Rt — X solves the homogeneous evolution equation (or Cauchy problem)
w(t) = Au(t), t>0, u(0)=uz, (3.1)

if u belongs to €1 (RY, X) and satisfies u(t) € D(A) and (3.1) for all t > 0.

Proposition 3.1.1. /23] Let A generate the Cy-semi-group T(.) and x € D(A). Then
T(t)x belongs to D(A) and T(.)x belongs to €' (RT, X), and we have

%T(t)x — AT(t)(x) = T(t) Az for all t>0.

Moreover, the function u = T(.)x is the only solution of (3.1).

Definition 3.1.3. The operator A is called closed if for every sequence (x,) in D(A)
possessing the limits

lim z, =2 lim Az, =y,
n—r-r~oQ n—m:o0

we obtain

r € D(A) and Ax=y.
Proposition 3.1.2. [27] We define the resolvent set of a closed operator A by
p(A)={Ne€ CIANl — A:D(A) — X is bijective}.

If X € p(A), we note R(A\, A) for (\[ — A)~ and call it resolvent. The spectrum of A is
the set

o(A) = C\ p(A).

The point spectrum
0,(A) ={A € C|qv € D(A)\ {0} with Av = \v},

is a subset of o(A) which can be empty if dimX = oc.



3.2 Mild solution and extrapolation 63

Remark 3.1.3. For a linear operator A in X the following assertions hold.

1. The operator A is closed if and only if its graph Gr(A) = {(z, Azx)|z € D(A)} is
closed in X x X (endowed with the product metric) and if and only if D(A) is a

Banach space with respect to the graph norm ||.|| 4.
2. If A is closed with D(A) = X, then A is continuous (closed graph theorem,).

3. Let A be injective. Set D(A™') = R(A) = {Ax|x € D(A)}. Then A is closed if and
only if A7 is closed.

Definition 3.1.4. Let w € R. A w-contraction semi-group is a Co-semi-group T(.) sat-
isfying [|T(t)|| < e*t for allt > 0. Such a semi-group is also said to be quasi-contractive.

If w =0, we call T(.) a contraction semi-group.

3.2  Mild solution and extrapolation

Definition 3.2.1. Let A generate the Cy-semi-group T(.), up € X, and f € €(J,X)
where J C R satisfy

5
/ |f(s)||ds < oo for some o€ J\{0}.
0

The function v € C(J', X) given by

/

u(t) = T(t)ug + /t T(t—s)f(s)ds, teJ
0
is called mild solution (on J = JU{0}) of the equation
u(t) = Au(t) + f(t), teJ, u(0)=u. (3.2)

Definition 3.2.2. Let A be a closed operator, ug € X, 0 € J, and f € €(J,X). A
t
Junction uw € €(J, X) is called an integrated solution (on J) of (3.2) if the mtegml/ usds
0
belongs to D(A) and satisfies

w(t) = g+ A /O " u(s)ds + /0 ' F(s)ds, (3.3)

forallt e J.
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3.3 Analytic semi-groups and sectorial operators

Definition 3.3.1. Let ¢ € (0,7]. We write Xy = {\ € C\{0}||arg A\ |< ¢} for the open
sector with (half) opening angle ¢. Observe that ¥, = C_is the open right halfplane and
Y. = C\Rgg is the plane with cut R<y. A closed operator A is called sectorial of type
(K, ¢) if for some constants ¢ € (0,7] and K > 0 the sector ¥, belongs to p(A) and the

resolvent satisfies the inequality
K
IR\, A)|| < Y for all A€ (3.4)
¢

the supremum @(A) = ¢ € (0, 7] of all such ¢ is called the angle of A.

Theorem 3.3.1. [25] Let A be sectorial of type (K, @) with o > T, t >0, 6y € (5,9),
0 € [0o,6], >0 and ' =T(r,0) be defined below. Then the integral

1
= lim — [ ?R(\ A)dN, (3.5)

R—00 271 Jp,,
with
Ly =T1(r,0) = {A =n(s) = —se™"|s € (—o0,—1]},

[y =Ty (r,0) = {\ = y(s) = re"|a € (-6, 0]},
Iy =3(r,0) = {\ = y3(s) = se”|s € (r, 0]},

[ =I(r,0)=T,UlLUls TrR=TNB0O,R), 0<r<R,
where v : J CR — Y piecewise €' (Y in a Banach space).

Theorem 3.3.2. [”5] Let A be sectorial of angle ¢ > 7. Define et asin (3.5) fort >0,

and set e* = I. Then the following assertions hold.
1. etest = esAetA = 94 for all t, s > 0.

d
2. The mapt —s e belongs to € (R, B(X)). Moreover, e*X C D(A), Eem = Aet
and || Aet?|| < C/t for a constant C > 0 and all t > 0. We also have Ae'tz = e Ax

for all x € D(A) and t > 0.

3. Let D(A) be dense. Then (') is a Cy-semi-group generated by A.
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Definition 3.3.2. A densely defined linear operator T from one topological vector space,
X, to another one, Y is a linear operator that is defined on a dense linear subspace
dom(T") of X and takes values in Y, written T : dom(T) C X — Y. Sometimes this
1s abbreviated as T : X — Y when the context makes it clear that X maight not be the

set-theoretic domain of T

Definition 3.3.3. Let ¥ € (0,7/2]. An analytic Cy-semigroup on Xy is a family of
operators {T'(z)|z € ¥y U0} such that
1. T(0) =1 and T(w)T(z) = T(w + z for all z,w € Xy.
2. The map T : ¥y — B(X);2 — T(2), is (complex) differentiable.
8. T(2)x — xin X as z — 0 in Xy for all v € X and each ¥’ € (0,9).
The generator of T'(.) is defined as the generator of the Cy-semigroup (T(t))t>0, and

its angle 1 € (0,7/2] is the supremum of possible 9. If || T(2)|| is bounded for all z € %y

and each 1)’ € (0,%), the analytic Cy-semigroup is called bounded.

Theorem 3.3.3. [29] Letx € X, b>0, f € €([0,b],X) and A—wl be densely defined
and sectorial of angle ¢ > 5 for some w € R. We study the inhomogeneous evolution
equation

u'(t) = Au(t) + f(t), te[0,b]=J u(0)=u=. (3.6)

This equation has the mild solution
t
u(t) =Ttz + / T(t—s)f(s)ds=T(t)x +v(t), te]0,b], (3.7)
0
where A generates the analytic Cy-semi-group T(.).

Remark 3.3.1. If A generates an analytic semigroup, then the inhomogeneous problem
exhibits better regularity properties than in the general case. The mild solution is ’al-
most’ differentiable in X for continuous inhomogeneities f, and one needs very little extra

reqularity of f to obtain the differentiability of the solution.

Theorem 3.3.4. [27] Let x € X, b >0, f € €([0,b],X), and A — wl be densely defined
sectorial of angle p > % for some w € R. Then the mild solution u of (3.6) satisfies the

following assertions

1. We have u € ([, b], X) for all 8 € (0,1) and ¢ € (0,b). If also x € D(A), we can

even take € = 0 here.
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2. If f € €*([0,b],X) for some o € (0,1), then u solves (3.5) on (0,b]. If also x €
D(A), then u solves (3.6) on [0,b].

3.4 Dissipative operators

Definition 3.4.1. The duality set J(z) of a vector x € X is defined by
J(z) ={z" € X*[(z,2") = ||=[*, |zl = l|l="[I},
where (z,x*y = x*(x) for allz € X and x* € X*.

Definition 3.4.2. A linear operator A is called dissipative if for each vector x € D(A)
there is a functional z* € J(x) such that Re(Ax,xz*) < 0. The operator A is called

accretive if —A 1is dissipative.

Proposition 3.4.1. [25] A linear operator A is dissipative if and only if it satisfies || Az —
Az|| > M|z|| for all X > 0 and x € D(A). If A generates a contraction semi-group, then
we have Re(Ax,z*) <0 for every x € D(A) and all z* € J(x).

Definition 3.4.3. Let X and Y Banach. We say that the linear operator A : D(A) C
X — Y admits a closure if there’s a linear operator B : D(B) C X — Y such that
D(A) C D(B), B|py = A and G(B) = G(A), where G(Z) is the graph of Z.

Proposition 3.4.2. [23] Let A be dissipative. The following assertions hold.

1. Let A > 0. Then the operator A\I — A 1is injective and for y € R,(AM — A) =
(M — A)(D(A)) we have [[(M — A)"ly|| < 3lyll.

2. Let \oI — A be surjective for some Ao > 0. Then A is closed, (0,00) C p(A), and
|R(A,A)|| < 5 for all X > 0.

3. Let D(A) be dense in X. Then A is closable and A is also dissipative.
Theorem 3.4.1. [27] Let A be a linear and densely defined operator. The following
assertions hold.

1. Let A be dissipative and \g > 0 such that \oI — A has dense range. Then A generates

a contraction semigroup.

2. Let A be dissipative and Ny > 0 such that \ogI — A is surjective. Then A generates a

contraction semigroup.
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3. Let A generate a contraction semigroup. Then A is dissipative, C, C p(A), and

|R(X, A)|| < 1/Re(N) for e Cy.

One can replace ’contraction’ by ’w-contraction’ and A by A—wl forw € R. Operators sat-

isfying the assumptions in assertion b) are called mazimally dissipative or m-dissipative.

Now, we finely reached the main goal and objective of this work, which is the stochas-
tic analysis for certain classes of stochastic differential equations, namely the dissipative

systems.

3.5 Dissipative Stochastic Evolution Equations Driven
by the Rosenblatt process

Definition 3.5.1. The stochastic evolution equations driven by the Rosenblatt process

which is not Gaussian in the Hilbert space H is defined by the following equation

du(t) = [Au(t) + F(u(t))]dt + dZ(t)
u(0) = uo,

where A and F satisfy some dissipativity condition on H and Z is a general H-valued

(3.8)

Rosenblatt process that satisfies some specific conditions on the covariance operator.

Assumption 1.1.

The operator A : D(A) C H — H is associated with a form (a,V) that is densely defined,
coercive and continuous; the operator A generates a strongly continuous, analytic semi-
group (S(t))i>0 on the Hilbert space H that is uniformly exponentially stable: there exist
M >1 and w > 0 such that ||S(t)|| L@ < Me™*" for allt > 0.

Assumption 1.2.

F is an m-dissipative mapping with V. C D(F) and F : V — H is continuous with
polynomial growth.

Let us introduce the class of noises that we are concerned with. We define the mean
of a H valued process (Z;)icpo,r) by mz : [0,T] — H, myz(t) = E(Z;) and the covariance

Cy: [OaT]Z — Li(H) by

(Cz(t, s)u,v)m = E[(Z; — mz(t), v)u(Zs — mz(s), ),



3.5 Dissipative Stochastic Evolution Equations Driven by the Rosenblatt process 68

for every s, t € [0,T] and for every u,v € H.
Let @ be a nuclear self-adjoint operator on H(i.e. @ € Li(H) and Q = Q* > 0).
It is well-known that () admits a sequence (\;);>1 of eigenvalues such that 0 < X\; | 0
and Z)\j < 00. Moreover, the eigenvectors (e;);>1 of Q form an orthonormal basis of
j>1
H. Let (x(t))iwcpo,m be a centered square integrable one-dimensional process with a given

covariance R. We define its infinite dimensional counterpart by

Zt = Z \ )\jxj(t)ej t e [O, T],
j=1
where x; are independent copies of x. It is trivial to see that the above series is convergent
in L*(; H) for every fized t € [0,T] and
E||Zi = (TrQ)R(t,t).

Remark 3.5.1. The process Z; is a H-valued centered process with covariance R(t,s)Q).

Assumption 1.3.

We will assume that the covariance of the process Z; satisfies the following condition

2

i e L'([0,T7%). (3.9)

(5:8) = san

Assumption 1.4.

Let Z, be given in the form

Zi =3V wites

Jj=>1
where \j, e; and x;(t) have been defined above. Suppose that the covariance R of the
process (Zy)ieor) satisfies the following condition:
| 0’R
0sot

(Svt)‘ < Cl‘t - 8‘2H_2 + g(S,t),

for every s, t € [0,T], where |g(s,t)| < co(st)? with 8 € (=1,0), H € (3,1) and ¢1, ¢, are
strictly positive constant.
Remark 3.5.2.

The previous assumptions on the operator A |, F' and the driven process are mecessary

conditions in order to have a mild solution for the equation (3.8).
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3.5.1 The Stochastic Convolution Process

Definition 3.5.2. The stochastic convolution process is the weak solution of the linear

stochastic evolution equation
dY (t) = AY (t)dt + dZ(t),
and 1t 1s given by
t
W (t) = / S(t — s)dZ.. (3.10)
0

Proposition 3.5.1. [?] Assume that the covariance function R satisfies (3.9). Then, for
every t € [0,T], the stochastic convolution given by (3.10) exists in L*([0,T]; H) and it is
(Ft)e>0 adapted.

Proposition 3.5.2. [2] Suppose that Z; satisfies Assumption 1.4 and fix o € (0, H). Let
Wy be given by (3.10). Then for every v < o and € < oo — y it holds that

W, € %2 ([0, T]; D((—~A)")).
In particular for any fized t € [0,T] the random variable Wy (t) belongs to D(—A)7).

Proposition 3.5.3. [2] Fiz oo € (0, H A (B+1)). Then the process Wa(.) has o Holder

continuous paths.

3.5.2 Existence and Uniqueness of the Solution

Let L3(Q;€([0, T); H)) denote the Banach space of all Fy-measurable, pathwise continuous

processes, taking values in H, endowed with the norm

1
2
1 XN 22 e o,y = (E sup ||X(75)H1%1> ;

t€[0,T]
while L%(Q; L*([0,T); V)) denotes the Banach space of all mappings X : [0,T] — V

such that X (t) is Fy-measurable, endowed with the norm

1
T 2
1 2 s ooy = (E / \|X<t>||%,dt) .
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Theorem 3.5.1. [2] Let ug € D(F) (resp. uy € H). Then there exists a unique mild
(resp. generalized) solution to the equation (3.8) which is an H-valued continuous and

adapted process

u € L %([0, T);H)) N L3 L*([0, T V),
which depends continuously on the initial condition:
Elu(t;ug) — u(t;ur)|E < Clug — uq)?. (3.11)

Definition 3.5.3. A process u € L%(Q; ([0, T]; H)) N L%(Q; L2([0,T); V)) is a solution

to equation 5.8 if it satisfies P-a.s. the integral equation

u(t) = S(t)uo + /0 tS(t — §)F(u(s))ds + Wa(t), te0,T). (3.12)

The proof of this theorems is very classical. By setting y(t) = u(t) — Wy(t), this
reduces to a problem interduced in the next definition. In order to prove the existence and
the uniqueness of the mild solution for equation(3.8) we will prove the existence and the
uniqueness of the mild solution for this problem. This strategy of proof was used in [7]

section 5.5.4 .

Definition 3.5.4. Let us consider the following evolution equation

y(t) = Ay(t)+ F(z(t) +y(t) t>0
y(0) = o,

(3.13)

where A and F satisfy the dissipativity condition on H stated in Assumptions 1.1 and
1.2 and z is a trajectory of the stochastic convolution process, which satisfies the regularity

conditions stated in Theorem (3.5.2)
2 € ¢([0, T]; D(~A)").

Remark 3.5.3.

1

1. The key point in the following construction is the observation that V.= D((—A)2),
compare Remark 3.5.6 . Further, in this case we impose the following bound: % < H.

Therefore, we can and do assume that

(NI

2 e E"375([0,T]; D(—A)?),

for arbitrary € > 0.
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2. the assumption on F implies that F' : V — H is continuous, hence the process

(F(2(t)))ieio,r) is continuous and satisfies sup || F(z(t))||la < +o0.
t€[0,T]
Definition 3.5.5.

1. The resolvent Jy : X — X of a mazimal monotone operator A is defined by Jyx =

Ty, where xy 1s the unique solution to

0e J(QJ)\JJ) + ANAxy.

2. The Yosida approzimation Ay : X — 2X7 is given by
1
Ay = XJ(SIZ— Hx), A>0, zeX

where X* is the dual space of Banach space X .

Definition 3.5.6. Let us consider the following approximation of the evolution equation
(5.13)
) = Aya(t) + Fau(2(t) +yal(t)) t>0
YO = Ayalt) + Falalt) + a(t) )
y(0) =,
where F,, Yosida approximations of F. It is known that F, are Lipschitz continuous,

dissipative mappings such that, for all w € V, it holds Fy(u) — F(u) in H, as o« — 0.

Lemme 3.1. [15] Let T > 0 and g be a positive bounded measurable function on [0,T].

Suppose that a > 0,b > 0 are constants, such that for all t € [0;T], we have
t
o) <atb [ gls)ds
0
so we get g(t) < aexp(bt) for all t € [0,T)].

Lemme 3.2. Let z € H. Then, for any a > 0 there exists a unique mild solution y,(t, x)

to equation (3.14) such that
Ya € €([0, T);H) N L*([0,T]; V).

Proof. Since F, are Lipschitz continuous, the existence of the solution to (3.14) is stan-

dard. It remains to prove the existence of an estimate that is uniform in «. By the



3.5.2 Existence and Uniqueness of the Solution 72

assumptions on A there exists w > 0 such that (Au,u) < —wl|ul|?, using the dissipativity

of F we have

ol = 3wl + /<Aya<> s+ [ (Fu(o(6) + a(s)) s

t

< Huolf - w / o (s + [ (Fale(5). ()

< Sl = [ IR+ T sup IPCOIE+ [ Il
€lo

which implies, by an application of Gornwall’s lemma, that

1 t
sup (GOl +o [ lon(o)Fds) < CT 02,

te[0,7)

with the term on the right-hand side is independent of a.

Lemme 3.3. For every a > 0, ug,uy € H, it holds

sup_[lya®(t) — ya* (D)5 < Clluo — wa [l (3.15)
te[0,7)

Proof. Let us consider the difference y°(t) — y¥1(t), for x,7 € H:

Lo (t) = 522 (0] = Al 0) 2 (0] + [Fal(0) + 520(0) = Fal(0) + 52 ()],
hence
o) =i (O = o=+ 2 [ (AG6) — 025D 080(6) — i ()
b2 [ R — Fulu (D)) 5 ().
and therefore
I 6) = O < oo =l — 20 [ 2 (5) = o 9

Applying Gronwall’s lemma we obtain

lya® () = ya (01 < e [luo — walf.
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Lemme 3.4. [2] The sequence (ya)a>o s a Cauchy sequence in € ([0, T]; H)NL*([0, T); V).

Theorem 3.5.2. For any z € €([0,T]; V) there exists a unique solution (y(t))icjo.r) to
equation (3.153)
y € €([0,T]; V) N L*([0, T7; H),

and it depends continuously on the initial condition uy € H.

Proof. Since y, is a Cauchy sequence in ¢ ([0, T]; H)NL?([0, T]; V) it converges to a unique
function y in the same space; it remains to show that (y(t)):cp,m actually solves (3.13).
Also, the continuous dependence on the initial condition follows from the same property
proved for the approximating functions y,, since the estimate in (3.15) does not depend on
« and it is conserved at the limit. By the claimed convergence of y,, since J, is a sequence
of continuous mapping that converges to the identity, it holds that J,(y.(s)) — y(s) € V
a.s. on [0, T]. Therefore, by the continuity of F, it follows that

Fo(z2(s) + yals)) — F(z(s) +y(s)) e H a.s. on [0,T].

Now we use Vitali’s theorem (the Uniform Integrability Convergence Theorem, compare

[[22], Theorem 9.1.6]), to conclude that

/0 S(t — s)Fo(2(s) + yal(s))ds — /0 S(t—s)F(z(s) + y(s))ds.

3.5.3 A Network Model for a Neuronal Cell

In this part, we will introduce an application for what has been done in the previous
subsection, so this part is considered as an extension to the previous one. In 2009 S.
Bonaccorsi C. and A. Tudor in their paper [2] investigated a mathematical model of a
complete neuron which was subject to stochastic perturbations. Thier model was based
on the deterministic one for the whole neuronal network that has been recently introduced
in [25]. They treated the neuron as a simple graph with different kinds of (stochastic)
evolutions on the edges and with a dynamic Kirchhoff-type condition on the central node

(the soma) and schematized a neuron as a network by considering

1. a FitzHugh-Nagumo (nonlinear) system on the axon, coupled with

2. a (linear) Rall model for the dendritical tree, complemented with
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3. Kirchhoff-type rule in the soma .

The Wiener process was and s still the perfect idol used in neurobiological models due
to it important and significant properties, but it is considerable to apply different kinds of
noises: for example long-range dependence processes or self-similar processes, and this is
exactly what S. Bonaccorsi C. and A. Tudor did in their paper which we will introduce in

this subsection .

The Abstract Formulation

In the following, as long as we allow for variable coefficients in the diffusion operator,
we can let the edges of the neuronal network to be described by the interval [0,1]. The
general form of the equation we are concerned with can be written as a system in the space

H = (L*(0,1))*> x R x L*(0,1) for the unknowns (u,uq,d,v):

0 0 0 0 .,
Grult) = 5 (el uttn)) = plojultn) = o) +(u(t2) + °,2)
0 0 0
aud(t, ) = 2 (cd(x)%ud(t, x)) — pa(x)uq(t, z) + Efd(t,az)
0 0 0
Grd0) = —3a(0) = (e0)5-u(t.0) = ca) st 1)
0 o0 .,
Ev(ta .1') - U(t, ‘1') - €U(t, l‘) + 55 (ta .T),
(3.16)
under the following continuity, boundary and initial conditions
d(t) = u(t,0) =uy(t,1), t>0
0 0
il — - — 3.17
8xu(t’ 1) Oa axud(ta 0) 07 t 2 0 ( )

w(0,z) = wup(z), v(0,2)=1vo(x), ua(0,z)=ugo(z).
We will assume that the coefficient of the system (3.16) satisfy the following assumption

Assumption 1.5

1. The function 6 : R — R satisfies some dissipativity conditions: there exists A > 0

such that for h(u) = —Xu + 6(u) it holds

[R(u) — h()](u—v) <0 Yu,v €R; |h(u)| <c(1+ |u*™) peN.  (3.18)



3.5.3 A Network Model for a Neuronal Cell 75

2. ¢,cq,p,pa € €([0,1]) are continuous, positive functions such that, for some C > 0

we have

C<elw), ealr) <5 O <pla)—Nand pale) < 5

3. v>0, >0 are given constants.

Remark 3.5.4. The function 0 : R — R, in the classical model of FitzHugh, is given by
O(u) = u(l — u)(u — &) for some & € (0,1); it satisfies (3.18) with X = 3(&* — & +1).

The main goal is to write the equation (3.16) for this model, which satisfies the con-
ditions in the assumptions 1.5, in an abstract form in the Hilbert space H = (L*(0,1))? x
R x L*(0,1). We also introduce the Banach space Y = (€([0,1]))* x R x L?(0,1) that is
continuously (but not compactly) embedded in H. In order to solve the abstract problem
, we will establish the basic framework. To this aim, we need to prove that the linear
part of the system defines a linear, unbounded operator A that generates on X an analytic
semi-group. We shall also study the dissipativity of A and of the nonlinear term F.

On the domain

b= (u,v,d,ug) € (L20,1))° x R x L2(0,1) 5. th. u(0) = ug(1) =d,

D(A) := ,
u'(1) =0, uy(0) =0, ¢(0)u'(0) + ca(1)ug(1) =0
(3.19)
with the operator A is defined by
(cw') = pu+Au—v
Ab = (caty)’ = pata . (3.20)
—d = (¢(0)u/(0) — ca(1)ug(1))
U — €V

In order to treat the non-linearity in our system, we introduce the Nemitsky operator
O on L*(0,1) such that ©(u)(x) = h(u(x)) for all u € €([0,1]) € L*(0,1). Then we
define F on H by setting
F(v) = (6(u),0,0,0)",

on the domain

D(F) = {(u,v, d,ug)T € H:ue %0, 1])} . (3.21)

Remark 3.5.5. In the above setting, the function F satisfies the conditions in Assumption

1.2.
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Finally, setting Z(t) = (£(t),£°(t),0,€%(¢))T, we obtain that the initial value problem
associated with (3.16-5.17) can be equivalently formulated as an abstract stochastic Cauchy

problem

do(t) = [Av(t) + F(o(¢))]dt + dZ(t), t>0
v(0) = vy,

(3.22)

where the initial value is given by vy = (ug, vy, uo(0), uao) " € H.

Theorem 3.5.3. /2] The proposed model for a neuron cell, endowed with a stochastic
input that satisfies the conditions in Assumption 1.4, has a unique solution on the time

interval [0,T), for arbitrary T > 0, which belongs to

L340, T]; H)) N LE($; L*([0, T]; V),

and depends continuously on the initial condition.

The Well-posedness of the Linear System

The first remark is that, neglecting the recovery variable v, the linear part of the system
for the unknown (u,uq,d) is a diffusion equation on a network with dynamical boundary

conditions:

%u(t,x) = % (%c(:c)u(t,x)) — p(x)u(t, z) + Iu(t, z)

Gruatt.a) = o (Sathua(tn)) = palo)ule,

%d(t) = —d(t) — <c(0)é%u(t, 0) — cd(l)%ud(t, 1)) .

This kind of systems are already existed in the literature.So let us define X = (L*(0, 1))2 X

R and present the operator

u (cu') — pu+ Au
Al ug | = (cauy) — paua )
d —7d = (¢(0)'(0) = ca(Duy(1))

with coupled domain
D(A) = {(u, ug,d)T € (L2(0,1))” x C : u(0) = uy(1) = d} .

Then, by quoting for instance the papers [19],[20] , we can state the following result
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Proposition 3.5.4. [2] The operator (A, D(A)) is self-adjoint and dissipative and it has
compact resolvent; by the spectral theorem, it generates a strongly continuous, analytic

and compact semi-group (S(t))i>o on the Hilbert space X .

Next, we will introduce the operator A on the space H = X x L*(0,1). We can think

A as a matriz operator in the form

A —-P
A= ,
Pl —c
where Py is the immersion on the first coordinate of X : Piv = (v,0,0)", while

PlT <U’> ud7U)T = u.
In order to prove the generation property of the operator A, we introduce the Hilbert

space

Vo b= (u,ug,d,v) € (HY0,1))* x R x L2(0,1) 5. th.
| w0) = wa(1) = d |

and the sesquilinear form a : V xV — R defined by

o (uu®) = [ plau @) + elo) () @) (@)

—

+ [ i @ )+ eata) (1) @) (u?) (@
+ /1 uD ()o@ (z) — oW (2)u®@ (z) + ev® (2)v® (2)dz + vdPd®.

Proposition 3.5.5. [2] The operator A generates a strongly continuous, analytic semi-
group (S(t))i>0 on the Hilbert space H that is uniformly exponentially stable: there exist
M >1 and w > 0 such that ||S(t)|| L@ < Me™* for allt > 0.

Notice that the operator A is not self-adjoint, as the corresponding form a is not
symmetric; also, since V is not compactly embedded in H, it is easily seen that the semi-
group generated by A is not compact hence it is not Hilbert-Schmidt. For our purposes,

they are of fundamental importance the following observations.
Remark 3.5.6. The form domain V is isometric to the fractional domain power D ((—A)Y/?).
Remark 3.5.7. The form a is real-valued and coercive, hence

(—Au,u) = a(u,u) > wllully,

for some w > 0.



Conclusion

The main objective of this memoir was to study a dissipative systems driven by the
Rosenblatt processes and to give certain conditions and assumptions to insure the existence
and uniqueness of the mild solution. In addition to that, we introduced an application; a
network model for a neuronal cell which is a mathematical model of a complete neuron
which can be modeled by the previous system.

As in many researches, difficulties was encountered especially in the stochastic dif-
ferential equations and application part. The work done in this part was very limited and
few authors had an interest with, due to the fact that the process is neither Gaussian nor
a semi-martingale. This fact makes it hard for the authors to investigate more and more
properties and application for this process.

As a perspective, we would be able to study dynamic systems defined by the backward
stochastic differential equations (BSDE’s) and the forward-backward stochastic differen-
tial equations (FBSDE'’s), based on the work done on the levy processes as non-Gaussian
processes. In our knowledge and until this day, nothing has been done concerning the
stochastic differential equations driven by the Rosenblatt processes in the existing litera-

ture.
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