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Abstract

Over the last recent years, the deterministic fractional calculus has been well known and
commonly used. It has become very popular and already attracted many scientists and
researchers from around the world. Its main advantage is characterized mostly in modeling
several complex phenomena, with the best results, in numerous areas of application in
science and engineering.

On the other side, mean-square calculus is a suitable calculus for use when dealing with
second-order stochastic processes, and based upon a strong stochastic type-convergence,
termed mean square convergence, whose main advantage is that the results established in
mean square are also valid in other important types of stochastic convergence, namely,
convergence in probability and convergence in distribution.

It seems natural to combine mean square and fractional calculus, given important
concepts and basic properties of both, and then to link them to get fractional mean-
square calculus, that is the main goal of this master thesis: We aim to give an extension
for the fractional calculus of deterministic functions to a mean-square setting, by including
the development of some theoretical aspects of mean-square fractional calculus.

The work accomplished in this master thesis collects and summarizes the existing
works of this framework but is still only the beginning of a topic that will become as valu-
able as deterministic fractional calculus. More work can be devoted to deciphering the

other complex properties of deterministic fragmentary calculus at a mean-square setting.

Key words: Mean-square calculus, Fractional calculus, second-order stochastic pro-

cesses.



List Of Notations And Symbols &
Acronyms

Throughout this thesis we will use the following terminology and notation:

N = {1,2,3 ...}
Ny = {0,1,2,...}
R = The set of all real numbers
a, 0] = The set of all real numbers between a and b
>0 = All positive real values of (8
p € [a,b] = All real values of $ between a and b

= By definition, equals to

List of Acronyms

a.s. = Almost surely
IBP = Integration by parts
ifft = If, and only if
m.s. = Mean-square
psd = Power spectral density
rm.s = Root mean-square
r.v. = Random variable
s.p. = Stochastic process
w.r.t. = With respect to
w.s.s. = Wide-sense stationary



Introduction

Fractional Calculus is considered a branch of mathematical analysis which deals with
integrals and derivatives of arbitrary order. Therefore, fractional calculus is an extension
of the integer-order calculus that considers integrals and derivatives of any real or complex
order. The first note about this idea of differentiation, for non-integer numbers, dates
back to 1695, with a famous correspondence between Leibniz and L’Hopital, about the
possibility of the order n in the notation d"f/dx", for the n'™ derivative of the function
f, to be a non-integer. Since then, several mathematicians investigated this approach,
like Lacroix, Fourier, Liouville, Riemann, Letnikov, Griinwald, Caputo, and contributed
to the grown development of this field. Currently, this is one of the most intensively
developing areas of mathematical analysis as a result of its numerous applications such
as finance, viscoelasticity, electromagnetism, signal processing, control theory, and the
biomedical field.

On the other hand, many applications involve passing a random process through a
system, either dynamic (i.e., one with memory that is described by a differential equation)
or one without memory. In the case of dynamic systems, we must deal with derivatives
and integrals of stochastic processes. Hence, we need a stochastic calculus, a calculus
specialized to deal with random processes. One might ask if "ordinary" calculus can be
applied to the sample functions of a random process. The answer is yes, so, developing a
calculus associated with a class of stochastic processes in terms of a system of probability
distribution has become an indispensable necessity.

In this master thesis we shall study first a calculus relevant to this approach, namely,
the calculus in mean square or m.s. calculus. This approach is based upon a strong
stochastic type-convergence, termed mean square convergence, whose main advantage is
that the results established in mean square are also valid in other important types of
stochastic convergence, namely, convergence in probability and convergence in distribu-
tion. Additionally, the reason to choose m.s. setting is that important information about a
stochastic process can be found from its first and second moments. Moreover this calculus

is important for several practical reasons:

e First of all, its importance lies in the fact that simple yet powerful and well-developed



methods exist.

e Secondly, the development of m.s. calculus and its application to physical problems
follows in broad outline the same steps used in considering calculus of ordinary

(deterministic) functions.

e Furthermore, the m.s. calculus is attractive because it is defined in terms of distri-
butions and moments which are our chief concern. Another important reason for
studying m.s. calculus is that, for the important case of Gaussian processes, m.s.

properties lead to properties on the sample function level.

We aim to do this by translating the basic deterministic fractional calculus and prop-
erties to a mean square (m.s.) setting. That m.s. calculus is a well-developed subject
with methods that follow, in a general way, those of ordinary calculus only makes it more
attractive. There is currently a small body of work dedicated to m.s. fractional calculus
(see Hafiz[3], Hafiz|1] and El-Sayed|!]).

In Chapter 1, we will give some preliminary definitions, results and notations from
mean square calculus. We begin by looking at the notion of second order random variable,
various concepts of convergence for the second order random variable, stochastic processes
of second order and some of their properties, then the basic theory of mean-square limit,
continuity, m. s. differentiation and mean-square integration.

In Chapter 2, we will introduce fractional derivatives and fractional integrals, shortly
differintegrals. After a short introduction, we shall give some basic formulas on the basic
special functions. Then the two most frequently used differintegrals definitions for a
differintegral will be given, namely the Griinwald-Letnikov and the Riemann-Liouville
approach. Finally some basic properties of these differintegrals will be given and proved,
such as linearity, composition and the Leibniz rule. Thereafter the definitions of the
differintegrals will be applied to a few examples.

In Chapter 3, we will introduce several definitions for the mean square fractional in-
tegral and derivative based on some of the common definitions from the deterministic
fractional calculus, and consider various properties of m.s. fractional integrals and deriva-

tives: such as the m.s. continuity of the integrals and derivatives.



Chapter

Mean-Square Calculus

In this chapter we introduce the major "pillars" of the mean-square calculus which are
the notions of mean-square limit, mean-square continuity, mean square differentiation and
mean-square integration to provide an extension of the sample function stochastic integral
and derivative of stochastic processes. For additional reading on the subject, the reader
is referred to (Loéve, [5]). Examples and proofs of some theorems in the development of

m.s. calculus follow (Stark and Woods[!1], Soong [10]).

1.1 Preliminary Background

For the sake of clarity, in this section we introduce notations, definitions, and pre-
liminary facts that will be used. Notations and definitions from mean-square calculus,
definitions and properties may be found in Soong|[9], chap.4], and in Stark and Woods
[[11], chap.10].

Definition 1.1.1. Second-order random wvariable.

A random variable, X, is called a second-order random variable if its second moment,

E[X?], is finite.

Remark. 1. The class of all second order r.v.’s on a probability space constitute a

linear vector space.

2. Let us use the notation

E[X1X5] = (X1, Xa).

With (X7, X5) satisfies the inner product properties.

10
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3. Define
| X = (X, X)z.

It follows from 2. that ||.X || possesses the norm properties.
4. Define the distance between X; and X5, by
d(X1, Xp) = [[ X1 — Xs|.
The distance d(X;, X3) possesses the usual distance properties.

Proposition 1.1.1. [9] The linear vector space of second-order random variables with

the inner product, the norm, and the distance defined above is called a Lo-space.

We state without proof an important theorem associated with Ls-spaces (for proof,

see Loéve [7]).

Theorem 1.1.1. [9] Le-Completeness
Lo-spaces are complete in the sense that any Cauchy sequence in Ls, has a unique limit

in LQ.

Remark. We thus see that Ly-spaces are complete normed linear spaces (Banach spaces)

and complete inner product spaces (Hilbert spaces).

1.1.1 Convergence in Mean-Square

The development of the m.s. calculus is based upon the concept of convergence in mean
square or m.s. convergence. This concept shall be explored first.
Convergence of a Sequence of Random Variables

Definition 1.1.2. A sequence of r.v.’s {X,,} converges in m.s. to ar.v. X asn — +oo if
lim || X, — X||=0.
n—-+0o
This type of convergence is often expressed by

X, 23 X or Lim. X, =X

n——4o00

The symbol "li.m." denotes the limit in the mean.
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Remark. Other commonly used names are convergence in quadratic mean and second-

order convergence.

Theorem 1.1.2. [9] Let {X,,} be a sequence of second-order r.v.’s. If
X, =5 X
then
lim E{X,} — E{X}
n—o0

In words, "Li.m." and "expectation" commute.

Theorem 1.1.3. [9] Limits in m.s. convergence are unique, that is, if
X, 25 X and X, 23y,

then X and Y are equivalent, that is, P(X #Y) = 0.

Convergence in Probability

Definition 1.1.3. A sequence of r.v.’s {X,,} converges in probability or converges i. p.

toarv. X as n — oo if, for every € > 0,
lim P{|X,, — X| >¢€} =0.
n—oo

This type of convergence is often expressed by

X, 5 X, LipX, = X,

n—oo

where "Li.p." reads "limit in probability." Convergence in probability is sometimes called

stochastic convergence or convergence in measure.

Theorem 1.1.4. [9] Convergence in mean square implies convergence in probability.

Convergence Almost Surely

Referred to as "strong " convergence in probability theory, convergence almost surely

plays an important role in the limit theorems concerning laws large numbers.
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Definition 1.1.4. A sequence {X,,} of r.v.’s is said to converge almost surely or converge
astoarv. X asn — oo if

P(lim anx) ~ 1.

n—oo
This type of convergence is sometimes called almost certain convergence, convergence

almost everywhere, or convergence with probability one. It is often expressed by
X, =5 X

Theorem 1.1.5. [9] Convergence almost surely implies convergence in probability.

Convergence in Distribution

Consider a sequence {X,,} of r.v.’s which converges to a r.v. X as n — 400 in some
sense. Since all three modes of convergence deal with probability statements concerning
the sequence X,, and X, one may ask if they are related in any way to a condition related

to their associated distribution functions in the form

lim Fx, (z) = Fx(x)

n—oo

at every continuity point of Fx(x).

1.1.2 Second-order stochastic processes

In the development of m.s. calculus, We shall deal exclusively with second-order random

variables and stochastic processes.

Definition 1.1.5. Second-order stochastic processes.
Let a stochastic process {X(¢),t € T.} X(t) is called a second-order stochastic process
(second order s.p.) if, for every set ti,to,...,t,, the r.v’'s X(t1), X(¢2),..., X(t,) are

elements of Lo-space.
Remark. A second order s.p. X(t) is characterized by
IX(0)2 = B{X3(8)} < oo, rer

Let us recapitulate some of the properties of second-order stochastic processes which
are useful in what follows. These properties can be deduced directly from that of second-

order random variables.
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1. If X(t),t € T, is second-order, its expectation E[X (¢)] is finite on 7" Consider a new
s.p. Y(t),t € T, defined by

Y () = X (1) — E{X(1)}

It follows that Y'(¢) is also second-order and E[Y (¢)] = 0. Hence, there is no loss of

generality in assuming that the mean values of second-order s.p.’s are zero.

2. X(t),t € T, is a second-order s.p. if, and only if, its correlation function I'(¢,s)

exists and is finite on T x T.

Theorem 1.1.6. [9] Assume that n and n’ vary over some index set N, and that ng, and

ng are limit points of N. Let X,,, and X, be two sequences of second-order r.v.’s. If

lim. X, =X and lLim. X, =X’

n—ng n/—n
then
Liom. B[X,X',] = E[X X

n—,no
n’—>n6

Theorem 1.1.7. (Convergence in Mean Square Criterion, [9]). Let {X,,(¢)},t € T,
be a sequence of second-order s.p.’s. {X,(t)} converges to a second-order process X (t)
on T if, and only if, the functions E[X,,(¢) X, (t)] converge to a finite function on T as

n,n’ — ng, in any manner whatever. Then
FXan(t,S)—)FXx(t,S), n — Ng

onT xT .

1.2 Mean-Square Continuity

The concept of continuity for random processes relies on the concept of limit for random
processes just the same as in the case of ordinary functions. The most useful and tractable
concept of continuity turns out to be a mean-square-based definition. This is the concept

that we will use almost exclusively.

Definition 1.2.1. A random process X (¢) is continuous in the mean-square sense at the
point ¢ if
ase — 0, we have  E[|X(t+e)— X(t)]’] =0

If the above holds for all ¢, we say X () is mean-square (m.s.) continuous.
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Remark. One advantage of this definition is that it is readily expressible in terms of
correlation functions. By expanding out the expectation of the square of the difference,

it is seen that we just require a certain continuity in the correlation function.

Theorem 1.2.1. (Continuity in Mean Square Criterion, [9]). The random process

X(t) is m.s. continuous at t if I'yx(t1,ts) is continuous at the point t; =ty = ¢.

Proof.

Expand the expectation in Definition 1.2.1 to get an expression involving ['xx,

E[|X(t+e)— X®)?] =Ixx(t+et+e)—Ixx(t,t+e)
—FX)(<t + 67t) -+ Fxx(t,t)

Clearly the right-hand side goes to zero as ¢ — 0 if the two-dimensional function Iy x is

continuous at t; =ty =t. |

Example 1.2.1. (Standard Wiener process.)

We investigate the m.s. continuity of the Wiener process
Ixx(t1,t2) = min(ty,t2), t1,t2 >0

The problem thus reduces to whether the function min(¢y,¢) is continuous at the point

(t,t). The value of the function min(¢y,t5) at (¢,¢) is ¢, so we consider
| min(ty,ta) — |
forty =t+e¢e; and ty =t + &9,
| min(t 4+ e1,t +e3) — ¢

But

| min(t + €1,t + &) — t| < max(eq,e2)

so this magnitude can be made arbitrarily small by choice of £; > 0 and €5 > 0. Thus the

Wiener process is m.s. continuous.

Definition 1.2.2. If a second-order s.p. X(¢),t € T is m.s. continuous at every t €

[t1,t2] C T, then X(¢) is m.s. continuous on the interval [ti, t5].
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Corollary 1.2.1. [11] A second-order s.p. X (t),t € T, is m.s. continuous on an interval
t € [t1,tz) C T, if, and only if, I'xx (¢, s) is continuous at (¢,t) for every t € [ty, ts].

Many random processes are stationary or approximately so. In the stationary case,
we have seen that we can write the correlation function as a one dimensional function
Ixx(7).

We next look at a special case of Theorem 1.2.1 for w.s.s. random processes.
Corollary 1.2.2. A wide-sense stationary random process X (¢) is m.s. continuous for

all ¢ if I'y x(7) is continuous at 7 = 0.

Proof.
By Theorem 1.2.1, we need continuity on ¢; = t5, but this is the same as 7 = 0. Hence,

I'xx(7) must be continuous at 7 = 0. [

We note that in the stationary case we get m.s. continuity of the random process for
all time after verifying only the continuity of a one-dimensional function Iy x(7) at the

origin, 7 = 0.

1.3 Mean-Square Derivative

Continuity is a necessary condition for the existence of the derivative of an ordinary

function. However, considering the case where the difference
z(t+¢) —z(t) = O(Ve), (1.3.1)
we see that it is not a sufficient condition for a derivative to exist, even in the ordinary

calculus. Similarly, in the mean-square calculus, we find that m.s. continuity is not a

sufficient condition for the existence of the m.s. derivative.

Definition 1.3.1. The random process X (¢) has a mean-square derivative at ¢ if the

mean-square limit of [X (¢ +¢) — X (¢)]/¢e exists as € — 0.

If it exists, we denote this m.s. derivative by X', X, dX/dt, or X.
Generally, we do not know X' when we are trying to determine whether it exists, so we
turn to the Cauchy convergence criterion. In this case the test becomes

E(|[X(t+e) = XB)]/e1 = [X(t+e2) = X(B)]/e2]?)
(1.3.2)

—0 aseg andey, — 0
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As was the case for continuity, we can express this condition in terms of the correlation

function, making it easier to apply see[9, 10].

Theorem 1.3.1. A random process X (t) with auto-correlation function I'yx(1,t2) has
O*I'yx(t1,t2)
Ot10ts

a m.s. derivative at time t if exists at t1 =ty = t.

Proof.
Expand the square inside the expectation in Equation 1.3.2 to get three terms, the

first and last of which look like
E[[(X(t+¢e)—X(t)/e|?]

= [Fxx(t+€,t+8)—Fxx(t,t+€) —Fxx(t+€7t)+FXX(t,t)]/52

which converges to
O*I'xx (t1,12)
ot 10ty

if the second mixed partial derivative exists at the point (¢1,%2) = (¢,t). The middle or

cross-term is
2E([X(t+e1) — X(t)] Jer - [X(t+e2) — X (V)] Je2)
= —2[FX)((t +81,t —|—€2> — Fxx(t,t —|—€2) — FXX<t +€1,t> + FXX(t,t)] /5162

= —2( [Fxx(t+€1,t+€2) — Fxx(t—i-é"l,t)] /82 — [Fxx(t,t +82) — Fxx(t,t)] /52)/8152

0 (aFXX(tl,tQ))

2
ot ot

_ 5 PTxx(t1,t2)
0t10t,

(t1,t2)=(t,t)

(tl 7t2):(tvt)

if this second mixed partial derivative exists at the point (t1,t3) = (¢,t). Combining all

three of these terms, we get convergence to
o0°r r
9 XX\ _ o 0" I'xx —0
8t18t2 8t18t2

Example 1.3.1. (Derivative of Wiener process)

Let W (t) be a Wiener process with correlation function Iy (t1,t2) = o min(ty, ;)

!, We enquire about the behavior of E[|(W(t + &) — W (t))/e|*] when ¢ is near zero.

While it is conventional to use o2 as the parameter of the Wiener process, please note that o2 is not

the variance! Earlier we used « for this parameter.
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Assuming that ¢ is positive, we have by calculation that E [ |(W (¢t 4 ) — W (t))|* = €],
which shows that the Wiener process is mean-square continuous, as we already found in
Example 1.2.1. But now when we divide by ¢ inside the expectation, as required by
E[|(W(t+¢e) — W(t)/e|?], we end up with 0*/e which goes to infinity as e approaches
zero. So the mean-square derivative of the Wiener process does not exist, at least in an

ordinary sense.

Example 1.3.2. (Gaussian shaped correlation)
We look at another random process X (¢) with mean function px =5 and correlation

function,
Ixx(t,ty) = o272 4 o5,
The first partial with respect to t, is

0l'xx
Oto

=2a(t; — t2)026_a(t1_t2)2.

Then, the second mixed partial becomes

82FXX
O0t10ty

= 2a0?[1 — 2a(t; — t2)2]6_0‘(t1_t2)2,

which evaluated at t; = t, = ¢t becomes

82FXX

= 2007
90013 |, “o

1 7t2):(t7t)

so that in this case the m.s. derivative X'(t) exists for all ¢.

1.3.1 Properties of Mean Square Derivatives

1. Mean square differentiability of X (¢) at ¢ € T" implies m.s. continuity of X (¢) at t.
2. The m.s. derivative X'(t) of X (t) at t € T, if it exists, is unique.

3. If X(t) and Y (t) are m.s. differentiable a ¢ € T, then the m.s. derivative of
aX (t) + bY (t) exists at t and

% [aX(t) + Y (t)] = aX'(t) + 0Y"(1)

where a and b are constants, moreover
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Corollary 1.3.1. The m.s. derivative is a linear operator, that is,

%[aX(t) FOY ()] = aX'(t) 4 BY'().  (ms.)

Proof.

See [11] |

4. If an ordinary function f(t¢) is differentiable at ¢t € 7" and X (¢) is m.s. differentiable
at t € T, then f(t)X(¢) is m.s. differentiable at t and

Lirwx ) = Cﬁd—?x(t)Jrf(t)d);it).

1.3.2 Means and Correlation Functions of Mean Square Deriva-

tives

Given the existence of the m.s. derivative, the next question we might be interested in
is: What is its probability law? Or more simply: (a) What are its mean and correlation
function?; and (b) How is X' correlated with X? To answer (a) and (b), we start by
considering the expectation

epcw) -2 | S0 -a[E20].

To calculate the correlation function of the mean-square derivative process, we first
define
Ixorxo(ty, to) = B[ X (t1) X (t2)],

and formally compute, interchanging the order of expectation and differentiation,

ox(ttz) = lim E [n (X (tl + %) - X(tl)) m (X (tz + %) - X(tg))1

[8FXX(751 + 2. to) B aFXX<t17t2):|

= lim n
n—oo

Ota Ota
_ O*I'x x (11, t2)
Ot10t9

Thus, we have finally obtained the following theorem.

Theorem 1.3.2. [11]| If a random process X (¢) with mean function px (¢) and correlation
function I'yx(t1,t2) has an m.s. derivative X'(¢), then the mean and correlation functions
of X'(t) are given by

o (t) = L2
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and
DI x(ty,ts)
O0t10t9 )

Example 1.3.3. ( Mean-square derivative process)

Ixixi(ty, ta) =

We now continue to study the m.s. derivative of the process X (¢) of Example 1.3.2

by calculating its mean function and its correlation function. We obtain

_ dpx(t)

=0
dt

pxr (1)

and
O*I'xx(t1,t2)
Txixo(ty, ) = —22 02
xx (b t2) 10t
= 2002[1 — 2a(t; — t5)*)e )",
We note that in the course of calculating Iy x/, we are effectively verifying the existence of

the m.s. derivative by noting whether this deterministic partial derivative exists at t; = ts.

Remark. The generalized m.s. derivative of the Wiener process is called white Gaussian
noise. It is not a random process in the conventional sense since, for example, its mean-

square value I'x/x/(t,t) at time ¢ is infinite.

For the special case of a stationary or a wide-sense stationary random process, we get

the following:

Theorem 1.3.3. [11] The m.s. derivative of a WSS random process X (¢) exists at time

t if the auto correlation I'yx(7) has derivatives up to order two at 7 = 0.

Proof.
P x(ty,t3)
Ot,0ty

. Now
(t1,t2)=(t,t)

By the previous result we need

I'xx(7) = I'xx(t + 7,t), functionally independent of ¢,

SO
Ol x (t1,t2) _ dl'x x(7)
oty (t1,t2)=(t+7.t) dr
since to = t is held constant, and
OI'xx(t1,t2) _ Olxx(t,t —7)
Oty (ty,t2)=(t,t—7) o—r7
_ dlxx(7)

dr
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since t; =t is held constant here; thus

82FXX(t1,t2) :_d2fxx(7')
8t18t2 d7'2

(t1 ,t2)=(t+7’,t)

Calculating the second-order properties of X', we have

E[X'(t)] = px(t) =0

E[X/(t =+ T)X*(t)] = FX/X(T) = +d[');—);(7—),

E[X(t+ 1) X™(#)] = I'xx/(7) = —CZF*’;—’T{(T),
and ,

BLX(t 4 7)X"(1)] = D7) = - 240,

which follow from the formulas used in the above proof.

One can also derive these equations directly, for example,

MX@+ﬂX%w]:hm(mX“+ﬂX““fﬁ—HX@+ﬂX%mg

e—0 £
— lim <FX)((T +€) — FX)((T)]>
e—0 g
dFX)((T)
= —-—— = F ’
dr i (7)

and similarly for I'x/x (7).

Example 1.3.4. (Mean-square derivative of W.S.S. process)

Let X(t) have zero-mean and correlation function

Iyx(1) = 0% ™,
Here the m.s. derivative exists because ['(7) is infinitely differentiable at 7 = 0. Com-

puting the first and second derivatives, we get

dr

2.2
= —2a270%e .

Then
dr?

= 20%0%(1 — 2a°7%)e """

FX/X/(T) =



1.4 Mean-Square Stochastic Integrals 22

1.4 Mean-Square Stochastic Integrals

In this section, we will be interested in the mean-square stochastic integral. It is defined
as the mean-square limit of its defining sum as the partition of the integration interval
gets finer and finer. We first look at the integration of a random process X (t) over a
finite interval (T7,7,). The operation of the integral is then just a simple "averager".
First we create a partition of (77,75) consisting of n points using (¢q,ts,...,t,). Then

the approximate integral is the sum
I, 2 X(t)At;. (1.4.1)

On defining the m.s. limit random variable as I, we have the following definition of the

mean-square integral.

Definition 1.4.1. The mean-square integral of X (¢) over the interval (7}, 73) is denoted

I. Tt exists when

2
lim E |7~ ZlX =0 (1.4.2)
We give I the following symbol:
T>
I= X(t)dt £ lim I,  (m.s.)
Tl n—oo

Because the m.s. limit is a linear operator, it follows that the integral just defined is
linear, that is, it obeys
T T T
/ WXy () +bXedt = a [ Xydt+b [ Xo(t)dt
T Ty Ty
whenever the integrals on the right exist.

To study the existence of the mean-square integral, as before we make use of the
Cauchy criterion for the existence of a limit. Thus, the integral I exists iff ml}gloo]EHIn —
I,*] = 0. If we expand this expression into three terms, we get E[|1,,]*] — QReE[InI;] +
E[|],,)?]. Without loss of generality, we concentrate on the cross-term and evaluate

E[1,15) =Y Ixx(ti, t;) At At;,
irj
where the sums range over 1 <7 <n and 1 < j <m. As m,n — +00, this converges to

the deterministic integral

/ / FXX tl,tg dt1dt2, (143)
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if this deterministic integral exists. Clearly, the other two terms E[|I,|*] and E[|I,,|?]
converge to the same double integral. Thus, we see that the m.s. integral exists whenever
the double integral of Equation 1.4.3 exists in the sense of the ordinary calculus.

The mean and mean-square (power) of I are directly computed as

1>

IE[I]:E[ X(t)dt} _ / P EX (0],

T1 Tl

and

B[] [ / X)) *(tg)dtldt%

/ / FXX tl,tQ dtldtg

T Ty
0'? = / Kxx(tl,tg)dtldtg.

T T

(1.4.4)

The variance of [ is given as

Example 1.4.1. (Integral of white noise over (0,¢], [11])
Let the random process X (t) be zero mean with covariance function Kxx(7) =

o?(8(7)) and define the running m.s. integral as

t
é/ X(s)ds, t>0.
0

For fixed t, Y (¢) is a random variable; therefore, when indexed by ¢, Y (¢) is a stochastic
t

process. Its mean is given as E[Y (t)] = / px(s)ds and equals 0 since pux = 0. The
0

covariance is calculated for t; > 0, to > 0 as

Kyy (t1,t2) :/ / Kxx(s1,52)ds1dsy

= / / 6 81 — 82 d81d82

=0 / u(ty — s2)dss
0

min(¢1,t2)
= g2 / dss
0

= o? min(ty,ty)

which we recognize as the covariance of the Wiener process. Thus, the m.s. integral of
white Gaussian noise is the Wiener process. Note that Y (¢) must be Gaussian if X (¢) is

Gaussian, since Y (¢) is the m.s. limit of a weighted sum of samples of X (¢).
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We can generalize this integral by including a weighting function f multiplying the
second-order random process X (t) defined on [a,b] C T. Let f(¢,u) be an ordinary
function defined on the same interval for ¢ and Riemann integrable for every v € U. We

form the random variable
[n(u) - Z f(t;m u)X(t;c)(tk - tk—1)7 t;c < [tk—l - tk‘)? k= 07 17 27 e
k=1

Since Ls -space is linear, I,,(u) is an element of the Ly— space. It is a random variable

defined for each partition p,, and for each u € U.

Definition 1.4.2. If, for u € U,

LimlI,(u) = I(u)
i

exists for some sequence of subdivisions p,,, the s.p. I(u),u € U, is called the mean square

Riemann integral of f(¢,u)X (¢) over the interval [a, ], and it is denoted by
b
I(w) = / Ft )X (t)dt (1.4.5)
It is independent of the sequence of subdivisions as well as the positions of t;f € [tr_1,tk).

Theorem 1.4.1. (Integration in Mean Square Criterion, [11] )
The s.p. I(u),u € U, defined by Eq. 1.4.5 exists if, and only if, the ordinary double

Riemann integral
b b
//f(t,u)f(s,u)FXX(t,s)dtds

exists and is finite.

We note again the desirable features associated with the m.s. calculus. The m.s. Rie-
mann integral properties of a stochastic process are determined by the ordinary Riemann
integral properties of its correlation function. For example, on the basis of Theorem 1.4.1,
it is shown that the Wiener process and the Poisson process are m.s. integrable over any

finite interval. The binary noise and the random telegraph signal are also m.s. integrable.

Example 1.4.2. (application to linear systems)
A linear system L has response h(t, s) at time ¢ to an impulse applied at time s. Then

for a deterministic function z(t) as input, we have the output y(t) given as

y(t) = L{z(t)} = /_+00 h(t,s)x(s)ds, (1.4.6)
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whenever the foregoing integral exists. If z(¢) is bounded and integrable, one condition
for the existence of Equation 1.4.6 would be
+oo
o) = L{z(t)} = / Bt 5)|ds < +oo  forall—co <t < +oo.  (LAT)

We can generalize this integral to an m.s. stochastic integral if the following double

integral exists:
+oo +oo
[ bl (s (1,2 s ds

in the ordinary calculus. A condition for this, in the case where ['yyx is bounded and
integrable, is Equation 1.4.7. Given the existence of such a condition, Y (¢) exists as an
m.s. limit and defines a random process,
+oo
Y (t) :/ h(t,s)X(s)ds,
—0o0
whose mean and covariance functions are
+oo
m(®)= [ bt (s

and

—+oo —+oo
I'yy (t1,t2) =/ / h(ty, s1)h*(t2, $2)'xx (1, $2) dsy dss.

1.4.1 Properties of mean-square Riemann Integrals

As in the case of m.s. differentiation, many useful rules in ordinary integration are valid
with in the framework of m.s. integration. In what follows, it is understood that the
integral sign stands for either a m.s. integral or an ordinary integral depending upon

whether the integrand is random or deterministic.

1. Mean square continuity of X (¢) on [a,b] implies m.s. Riemann integrability of X ()
on [a,b]. We see from Theorem 1.2.1 that, if X(¢) is m.s. continuous on [a, b],
its correlation function I'xx(t,s) is continuous on [a,b] X [a,b]. Hence, existence

theorems on ordinary integrals state that

b b
//FXX(t,s)dtds

exists. It is also finite as X (¢) is of second order. Hence, in view of Theorem 1.4.1,

property 1 is established.
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2. The m.s. integral of X (¢) on an interval [a, ], if it exists, is unique. This property

follows immediately from the m.s. convergence uniqueness property.

3. If X(¢) is m.s. continuous on [a, b], then

’/bX(t)dtH < /bHX(t)Hdt < M(b—a), (1.4.8)
where
M = max [ X(@)]-
Proof.

It follows from Property 1 above that the first integral in Eq. 1.4.8 exists. The
second integral exists because || X (¢)| is a real-valued, continuous function of ¢ €

[a,b] (Theorem 1.2.1). Now

n

DX ()t — th)

k=1

1L, || = /abX(t)dtH (1.4.9)

% ‘

as n — ooand 4A,, — 0. We have, from the norm property (triangle inequality)

n b
1l < ST IXE (e — te1) — / 1X(6)dt. (1.4.10)

The above sum also gives

n

Z IX ()t — ter) S MDY (8 — tet) = M(b — a). (1.4.11)

k=1
Equations 1.4.9 and 1.4.10 yield the first inequality; Equations 1.4.10 and 1.4.11
give the second. |

4. If the m.s. integrals of X (¢) and Y (¢) exist on [a, c|, then

/C[aX(t) b BY (1)dt = a/CX(t)dt + 3 /CY(t)dt,

/aCX(t)dt _ /abX(t)dt+/ch(t)dt, a<h<c

5. If X (¢) is m.s. continuous on [a,t] C T', then

I(t) = /atX(s)ds
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is m.s. continuous on 77 it is also m.s. differentiable on T" with

We state without proof two important corollaries to the above result. They are,
respectively, the m.s. counterparts of the Leibniz rule and integration by parts in

ordinary integral calculus.

Corollary 1.4.1. (Leibniz Rule).

If X(¢) is m.s. integrable on T and if the ordinary function f(¢,s) is continuous on
9f(t, )

T x T with a finite first partial derivative 5

, then the m.s. derivative of

](t):/ f(t,s)X(s)ds

exists at all t € T, and

i) = / %X(s) ds + f(t, )X (8).

Corollary 1.4.2. (Integration by Parts).

Let X (¢) be m.s. differentiable on 7" and let the ordinary function f(¢,s) be contin-
af(t,s)
ot

exists. If

uous on 1" X T" whose partial derivative

I(t) = / F(t, )X (s)ds, (1.4.12)

then

of(t,s)

I(t) = f(t, )X (s)| — / SIS X (s)ds. (1.4.13)

6. Let f(t,s) =1 in Eqs. 1.4.12 and 1.4.13. We have the useful result that, if X (t) is

m.s. Riemann integrable on 7', then
t .
X(t)— X(a) = / X(s)ds, la,t] e T

This property is seen to be m.s. counterpart of the fundamental theorem of ordinary
calculus. It may be properly called the fundamental theorem of mean square

calculus.



1.4 Mean-Square Stochastic Integrals 28

1.4.2 Means and Correlation Functions of Mean Square Riemann
Integrals
Consider first the mean of a m.s. Riemann integral. If
I(u) = / ) X (e (1.4.14)
exists, then

E[I(u)] = / £t w)E[X (1) dt,

as, with the aid of Theorem 1.4.1,

BlI(w)] = E |Lian 3 fth w)X(5) (b — ti-t)
An—0 k=1
LS F(E WELY ()]t — i)
An—0 k=1

b
_ / F(t W E[X (1)) dt.

The determination of the correlation function of I(u) in terms of that of X(¢) is also
simple. In fact, if we wrote out the proof of Theorem 1.4.1, it would result that the

correlation function I'j;(u,v) of I(u) in Eq. 1.4.14 is given by

I (u,v) :/ / f(t,u)f(s,v)'xx(t,s)dtds. (1.4.15)

Appropriate changes should be made when the integration limits a and b are functions of
u. If @ and b in Eq. 1.4.14 are replaced by, respectively, a(u) and b(u), Eq. 1.4.15 then

takes the form

b(v)  pb(u)
i, v) = / F(tu) f(s,0) Txx (L, 5) dt ds. (1.4.16)
a(v) (u)

Example 1.4.3. Let us consider the "integrated Wiener process", and compute its cor-
relation function. In this case,
I(u) = / X(t)dt
0
and

FXX (t, S) =2D Hlil’l(t, S)

Hence, from Eq. 1.4.16 we have, for t > s > 0,

s t
Iy(t,s) = 2D/ / min(7, 7') dr dr’
o Jo

!
2 DS2

—op [ (- Toyar = t—
| =T = et
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1.4.3 Mean Square Riemann-Stieltjes integrals

In the development of the following section, there will be the need of considering stochas-

tic Riemann-Stieltjes integrals of the types

vq:i/bfa)¢xax (1.4.17)

and ,
w:/xwﬁ@. (1.4.18)
Riemann-Stieltjes integrals in the mean square sense can be developed parallel to the
development of m.s. Riemann integrals. As expected, the existence of the m.s. integrals V,
and V5 hinges upon the existence of ordinary double Riemann-Stieltjes integrals involving
the ordinary function f(t) and the correlation function of X(¢) . They also possess
the formal properties of ordinary Ricmann-Stieltjes integrals. Finally, the means and
the correlation functions of these integrals can also be determined in a straightforward
manner.
Because of these similarities, we will bypass many of the details and only point out

some pertinent features associated with the integrals of the types represented by V; and

Va.

Definition 1.4.3. Keeping all the definitions given above, let us form the random vari-

ables
Vin =Y ft)IX (t) = X (ti)]
k=1
and
Van = Y X(6)1f (1) = f(tr1))-
k=1
If
lim. Vi,=W lim. Vo, = V5
s i

exists for some sequences of subdivisions p,, the r.v. V; [V5] is called the m.s. Riemann-
Stieltjes integral of f(t) [X(¢)] on the interval [a,b] with respect to X (t) [f(¢)]. It is
denoted by Eq. (1.4.17) [Eq. (1.4.18)].

Theorem 1.4.2. [9] The m.s. Riemann-Stieltjes integral V; [V5] exists if, and only if, the
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ordinary double Riemann-Stieltjes integral

//f 5) ddTxx(t, 5)

{/ / Ixx(t,s)df (t)df (s) (1.4.19)
exists and is finite.

The proof follows directly from the convergence in mean square criterion after appro-

priate substitutions.

Remark. The existence of V; and V5 is determined by the existence of appropriate or-
dinary integrals. From the existence theorems of ordinary calculus, the double integral
(1.4.19) exists if I'xx(t, s) is of bounded variation on [a, b] X [a, b] and if f(¢) is continuous
on [a, b]; the double integral (1.4.19) exists if I'xx (¢, s) is continuous on [a, b] X [a,b] and

if f(t) is of bounded variation on [a, b].

An important as well as practical property of m.s. Riemann-Stieltjes integrals is

contained in the following theorem.

Theorem 1.4.3. If either V; or V5 exists, then both integrals exist, and

/X )df (t) /f ) dX(t (1.4.20)

Equation (1.4.20) shows that integration by parts is valid for m.s. Riemann-Stieltjes
integration, a very useful result.
Without going into details, we mention that, as expected, other properties of ordinary
Riemann-Stieltjes integrals are also valid in this setting.
If V} and V5 exist, the following formulas for the means and the second moments of V;

and V5 can be easily verified.

sl = [ o asix
B[V / / F(1)F(s) ddI (2, 5)

Bl = [ Ex 1)



1.4 Mean-Square Stochastic Integrals 31

1.4.4 Distributions of Mean Square Derivatives and Integrals

This development of the mean square calculus is now fairly complete. Mean square
derivatives and integrals of a stochastic process are defined based upon its second order
properties, which in turn determine the second-order properties of its m.s. derivatives
and integrals.

For practical reasons, however, it is often desirable that we develop a technique for deter-
mining the joint probability distributions of the m.s. derivatives or of the m.s. integrals
of X (t) when the same information about X (¢) is known.

Assuming that the m.s. derivative X (t) exists, we shall give a formal relation between

the joint characteristic functions of X (¢) and that of X (¢).

Let the n' characteristic function of X (¢) be denoted by G, 5 (U, s ug, tog oo Un, By).

Theorem 1.4.4. [10] If X (t) exists at all t € T', then for every finite set t;, to, ..., t, € T,

. U U Uy, Uy,
G (Ur, t15 U, Eos oy Uy, ) = lim  ¢onx (—1,151+Tl;——1,t1;...;—,tn—i—Tn;——,tn)
T1,T2,.e0yTn—0 it 1 Tn Tn
(1.4.21)

forty + m,to+710,... t,+ 1, €T.

We observe that the n'' characteristic function of X(t) is determined by the 2n'™
characteristic function of X (¢). The limiting operations in Eq. (1.4.21) are difficult to

carry out in general. However, it leads to the following important result.

Theorem 1.4.5. [J] If the m.s. derivative X (t) of a Gaussian process X (t) exists, then

X (t) is a Gaussian process.

Turning now to mean square integrals and consider the simple case

I(t):/bX(T)dT, la,t] CT

Theorem 1.4.6. [10] If the m.s. integral I(¢),t € T exists, then for every t;,ts,...,t, €
T

Y

Onr(ur, t1; .5 Uy, b))

= nharglo ¢mnX(u1(7—1 - T0)> 7_17 s ;ul(Tn - Tn71>7 Tr/w
Ap—0

/ /

U (T — 7'0),7'{; e U (T = Te1)y T),s 7 € (11, 75) CT.
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Theorem 1.4.7. [9] If the m.s. integral I(¢) of a Gaussian process X (t), defined by

I(t):/ flt,7)X(7)dr

exists, then I(t),t € T is a Gaussian process.

Remark. Theorems 1.4.5 and 1.4.7 establish the fact that the Gaussianity of a Gaussian
stochastic process is preserved under m.s. integration and differentiation. In view of the
derivations given above, it is not difficult to see that this property of Gaussian processes

holds under all linear transformations.



Chapter

Fractional Calculus

In this chapter we will introduce the basic notions of fractional calculus. The area of
mathematics that allows non-integer order integrals and derivatives. Since its to begin
with appearance within the late 17" century it has ended up well known (particularly
among scientists and engineers) because numerous issues are depicted by, and can be
fathomed utilizing fractional calculus. Further details on fractional calculus can be found

in [0, 7] and references therein.

2.1 Special Functions

We will first discuss some useful mathematical definitions that are inherently tied to
fractional calculus and will commonly be encountered. These include the Gamma func-

tion, the Beta function and the Mittag-Leffler function.

2.1.1 The Gamma Function

The most basic interpretation of the Gamma function is simply the generalization of

the factorial for all real numbers.

Definition 2.1.1.

33
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The Gamma function has some properties.
I'z+1) = zl(x), r€RT.
I'z)y = (z—1), r€RT.
Example 2.1.1.
(1) = I'2)=1
ra/2) =
I'in+1/2) = g@n—l)!, neN
2.1.2 The Beta Function
Like the Gamma function, the Beta function is defined by a definite integral.
Definition 2.1.2. It’s given by:
B(z,y) = /1 (1 —t)vldt, T,y € RT
0
The Beta function can also be defined in terms of the Gamma function:
B(z,y) = %, r,y € RY (2.1.1)

2.1.3 The Mittag-Lefer Function

The Mittag-Leffler function named after a Swedish mathematician who defined and

studied it in 1903, is a direct generalization of the exponential function.

Definition 2.1.3. The standard definition of the Mittag-LefHler is given by :

Ba(z) =Y ———— a>0
(z) 2 Tk 1) o

The Mittag-Lefler function with two parameters o and (3, is defined as:

oo
[Bk

Eop(z) = m,

k=0

>0 a>0

As a result of the definition given in (2.1.2), the following relations hold:

Eaﬁ(l’) = ﬁ + ZL’EQ,Q_;,_B(ZL').

and

d
Fas(7) = 0Faps1(¢) + 03 Fapi(2).

(2.1.2)
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Example 2.1.2.

Eaﬁ(O) =1
o0 oo x
El,l(x) = -— =
— F k +1) = k!
> xk 1 o= zkt! e’ —1
E = == —
12() gr(mz) v 2= (k+ 1) z

2.2 Fractional Derivatives and Integrals

This section is devoted to review the most important definitions of fractional derivatives

and Integrals.

2.2.1 Basic definitions of fractional derivatives and Integrals
Griinwald-Letnikov, 1867-1868.

Griinwald-Letnikov derivative or also named Griinwald-Letnikov differintegral is a basic
extension of the natural derivative to fractional one. It was introduced by A. Griinwald

in 1867, and then by A. Letnikov in 1868. Hence, it is written as

oy f(@) = fl@—h)
f(z) = lim - ,

h—0

Applying this formula again, we can find the second derivative:

" . f/(x) — fl(aj — h)
= 1
f(z) lim - ,
lim f@tha)=f@) _ g5y f@=hi—ho)—f(z—h1)
. ha—0 ha ho—0 ho
= lim
h1—0 hl

By choosing the same value of h, i.e. hy = hy = h, the expression simplifies to

o) — 1 LE =20 =2 ) £ (@)

h—0 h?

For the n'" derivative, this procedure can be consolidated into the following summation

) = D (o) = i o S0 () o = ).
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This expression can be generalized for non-integer values for n with o € R pro-
vided that the binomial coefficient be understood as using the Gamma Function as

fracl'(a + 1)m!I"(oe — m + 1) in place of the standard factorial. Also, the upper limit

t—a
of the summation (no longer the integer, n) goes to infinity as (where ¢ and a are
the upper and lower limits of differentiation, respectively).

We are left with the generalized form of the Griinwald-Letnikov fractional derivative.

[55°]
N 1 m (a—1)!
oD () = ;133% he mzo(_l) m!(a —m+ 1)!f(:v —mh).

For negative «, the process will be integration. Therefore, for integration we write

[557°]

D f(z) = lim b S %ﬂaz —mh),

m=

or equivalently,

- (52) 5 s e (55)

Riemann-Liouville, 1832-1847.

The Riemann-Liouville operator is still the most frequently used when fractional integra-

tion is performed. It is considered a direct generalization of Cauchy’s formula.

We begin by introducing a fractional integral of integer order n in the form of Cauchy

formula.
D@ = s [ @t a

It will be shown that the above integral can be expressed in terms of n-multiple integral,

D" f(x) :/Oxdxl /x dzs / dxg.../jn_l £(t) dt. (2.2.1)

When n = 2, by using the well-known Dirichlet formula, namely

/abdx/;f(:c,y)dyz/abdy/ybf(x,y) dz, (2.2.2)
/;dxl/azl flt)ydt = /jdtf(t)/;dxl s,

_ /m@; O F() dt.

that is

(2.2.1) becomes
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This shows that the two-fold integral can be reduced to a single integral with the help of
Dirichlet formula. For n = 3, the integral in (2.2.1) gives

D) = [an [Caw [T roa (2.2.4)

_ /jdml [/axldxz/amf(t)dt]

By using the result in (2.2.3), the integrals within big brackets simplify to yield

D) = [Can | [T - os0al.

If we use (2.2.2), then the above expression reduces to

D25 = [Caeg o [ (@ = [TESE war

Continuing this process, we finally obtain

D" f(7) = ! )!/$(x—t)"—1f(t)dt. (2.2.5)

(n—1
It is evident that the integral in (2.2.5) is meaningful for any number n provided its real

part is greater than zero.

Definition 2.2.1. (Riemann-Liouville fractional integrals)

Let f(x) € L(a,b), o > 0, then

oLy f(2) = oD% fz) = Iy f(z) = F(la) /z T f(z))l_adt, (2.2.6)
and
Ay f(x) = Dy f(x) = I f(x) = F(la)/ (t_fg))l_adt. (2.2.7)

for x > a is called Riemann-Liouville left-sided and right-sided fractional integral, respec-

tively, of order .

Theorem 2.2.1. Let f € Ly[a,b] and o > 0. Then, the integral I3 f(z) exists for almost

every x € [a,b]. Moreover, the function I f itself is also an element of LL;[a, b].

Proof.

We write the integral in question as

—+00

/x(x — ) f(t)dt = d1(z — t)po(t)dt,
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where
w ™ for O<u<b—a
P1(u) =
0, else
and
f(u), for a<u<b
¢2(u) =

0, else

By construction, ¢; € L(R) for j € {1,2} and thus by a classical result on Lebesgue

integration. |
Example 2.2.1. If f(x) = (z —a)”~!, then find the value of oI f(z).

We have
1 €T
W8 = — 1)t — )Pt
2@ = g [ @0 =
If we substitute ¢ = a + y(x — @) in the above integral, it reduces to

F(ﬁ) (ZE _ a)a+,(3—1

I'la+pB)
where 5 > 0. Thus
2 F(0) = oo =

Having established these fundamental properties of Riemann-Liouville integral op-

erators, we now come to the corresponding differential operators.

Definition 2.2.2. (Riemann-Liouville Fractional Derivative)

Let (n — 1) < a < n. The operator ,Dg, defined by

et = o (5) [ i

2550 5y (&) [ et

is called the Riemann-Liouville left-sided and right-sided fractional differential operator,

and

respectively, of order a.

For o = 0, we set D° := I, the identity operator.
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Caputo Fractional Derivative, 1967

The Caputo fractional derivative is considered to be an alternative definition for Riemann-

Liouville definition, it is introduced by the Italian Mathematician Caputo in 1967.

Definition 2.2.3. Let a > 0, the Caputo left-sided and right-sided fractional differential

operator of order « is given by:

Crop(y— L AN
anf(ZU)— )/a,( dt

I'n—a x — )t
and
1 A0
C Nna
D = dt
x bf(x) F(n—a) \/x (t—x)a_”ﬂ )
and

e D3 f(w) = 177 f ) (x).

Other definitions of fractional derivative

In the recent years, new definitions of fractional derivative have been introduced in the

literature. Interesting examples are Marchaud, Hilfer and Canavati fractional derivatives.

Definition 2.2.4. (Marchaud derivative:1927) For a function defined on R and for
every a € (0,1) distinguishing two types of derivatives, respectively from the right and

from the left one :

L) = gy + | S

and

D) = F ey * /_m T Ty,

These fractional derivatives are well defined when f is a bounded, locally Hélder con-

tinuous function in R.

Remark. If we compare the Marchaud derivative with respect to the Riemann-Liouville
one, we immediately realize that, in the latter one, the classical derivative operator ap-
pears, while, in the first one, it does not. This is one of the key points that Marchaud’s
definition makes evident. That is, Marchaud derivative avoids applying the classical

derivative after an integration in order to define the fractional operator.
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Definition 2.2.5. (Hilfer derivative:2000) Let pu € (0,1), v € [0,1],and f € L'[a,b],a <
t < b. The Hilfer derivative is defined as

v(l—p d 1-v)(1—p
e = (2005 (80 ) ) 0

g = (1005 (10008 ) o

Remark. Notice that Hilfer derivatives coincide with Riemann-Liouville derivatives for

v = 0 and with Caputo derivatives for v = 1.

Definition 2.2.6. (Canavati derivative:2009) Let n — 1 < a < n,f € C*([a,b]).

Then, the Canavati derivative of order « is defined as
1 d [t fO=Y(r)
Can na
Dift) = ——+— | —————dr.
@ e f(®) F(n—oz)+dt/a (t—T)a_"“T
2.2.2 The basic properties of fractional operator
Representation

Lemma 2.2.1. [7]

e The Riemann Liouville fractional derivative is equivalent to the composition of the
same operator ((n — «)-fold integration and n — th ordre differentiation) but in

reverse ordre i.e

D5 f(x) = DI f(x)
eletn—1<a<n neN, acRand f(z) be such that “D? f(x) exists. Then,

o Dif(x) = 1;7°D" f(w).

Proposition 2.2.1. In general the two operators, Riemann-Liouville and Caputo, do not
coincide, i.e,

D5 f(a) # DS f(2)
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Proof.
The well-known Taylor series expansion about the point 0 is

n—1

o)

F@) = FO0)+2fO0) + L 00 + L 00 + FD0) + B

n—1

- ZF(,H /0 + R

(x — )"t 1 v
R, = / A n—l ) ds—rm)/o f™(s)(x — )" ds

= I"f™(x).

Using the linearity property of R-L and representation property of Caputo
e DS f(a) =I"""D" f(x).

and

D5 f(x) = <Z G D(0) + R 1>

n—1 Dogh

= ,;F(kx—k 1)f(’“( )+ «DYR,_,
n—1 k—a

- ;F@H)ﬂ’f( )+ DI ()

oA L e

= ;F(k,ﬂ)f (0) + 1" " ()
ol ko

= mf(k)(o) + DS f(x).

o

[e=]

This means that
DS f(z) # CD2 f(x)
[ |

Proposition 2.2.2. The relation between the Riemann-liouville and Caputo fractional
derivatives is given by:

CD2f(2) = WDS <f<x> - %f““(@) .

Proof.

The proof result of Proposition 2.2.1 is

n—1

=2 ! O S0 )
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This means that

CDIf(x) = oD (f(:v) -y ji—'ff(wm) .

Interpolation
Lemma 2.2.2. eletn—1<a<n neN acRand f(t) be such that Df(t)
exists. Then the following properties for the R-L operator hold:

lim Df(t) = fO(),

a—rmn

lim Def(t) = fOY().

a—mn—1

eletn—1<a<n,neN,acRand f(t) be such that “D*f(t) exists. Then the
following properties for the Caputo operator hold:

C
lim Df(t) = f™(),

a—rn

lim Df(t) = o) — ().

a—mnm—1

Proof.

The proof uses integration by parts.

c o _ 1 ! f(n)(s)
DO = o fy e

_ v (w (t—sna
F(n_a)( fo s =

et

Now, by taking the limit for « — n and @« — n — 1, respectively, it follows

t

Jim D*F(e) = (F70) + V) | = £
s=0
and
Jim D) = (500)+ 7)) / —F(s)
= f(n—l)()
s=0
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For the Riemann-Liouville fractional differential operator the corresponding interpola-

tion property reads

lim D*f(t) = f™(t),

a—n

lim Df(t) = f"D(t).

a—mn—1

Non-commutation

Lemma 2.2.3. eletn—1<a<n mnéeN, o€ R and the function f(x) is
such that D3 f(x) exists. Then, in general, Riemann Liouville operator is also

non-commutative and satisfies
D™ (oD f(x)) = Dy f(x) # Dy (D™ f(x))

e Letn—1<a<n, mnéeN, acR and the function f(z) is such that €D f(x)

exists. Then in general
e DY (D™ f(x)) = DI f(x) # D™ (G Ds f(x))

Proof.

Let a = =, f(z) =1, and m = 1. using the definition of D,

1
2

That means

The same proof of Caputo. [ |

Composition

e Fractional integration of a fractional integral
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The Riemann-Liouville fractional integral has the following important property

oD @D (1) = oD (oD f(1) = oD (1), (2.2.8)
which is called the composition rule for the Riemann-Liouville fractional integrals. Using
the definition the proof is quite straightforward

D77 (LDif() = % / (t — 7y (D (1)) dr

= @ [e=mp (5 [ - ar
- o | [ - oo dean

Changing the order of integration we obtain

= tr [, 1 [ - gt
¢

D7 (D f (1)

We make the substitution 77; = ( from which it follows that dr = (¢t — &) d¢ and the

new interval of integration is [0, 1]. Now we are able to rewrite the last expression as

D7 (D) = W [ re ((t oot - opieriac) dg
- o | FO (e B0) e

Using identity (2.1.1) to express the Beta function in terms of the Gamma function we

obtain

o r(p)I( 1
D (WD) = i T [ g - gt ag

1 ' p+q—1
- —)/a@f—&) £(6) de

I'p+q
= D7)

e Fractional differentiation of a fractional integral
An important property of the Riemann-Liouville fractional derivative is
DY (oD (1)) = oD f(1), (2.2.9)

where f has to be continuous and if p > ¢ > 0, the derivative , DY ? f exists. This property

is called the composition rule for the Riemann-Liouville fractional derivatives. We shall
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prove this property, but first we need another property which actually is a special case of

the previous one with ¢ = p
DY (D f(1) = f(1), (2.2.10)
where p > 0 and ¢ > a. This implies that the Riemann-Liouville fractional differentiation

operator is the left inverse of the Riemann-Liouville fractional integration of the same
order p. We prove this in the following way.
e First we consider the case p = n € N*, then we have
a1

oDf (D" f(1) = %m/a(t—T)n_lf(T)dT

d t
- & | foar= s,
e For the non-integer case we take k — 1 < p < k and use (2.2.8) to write

DFf(t) = D7 (WDIPf())

Now using the definition of the Riemann-Liouville differintegral we obtain

D DIW) = o [D7 S (D ()]
d* _
= TLD) = £(0)

e Now we are able to prove (2.2.9). We consider two cases. First we’ll deal with

q > p > 0. Then we have

DY (WD) = DY [oD7 (D7 F)] = WD),

This follows directly from (2.2.8) and (2.2.10). Now we will consider the second case
in which we have p > ¢ > 0. Using (2.2.8) we see that

- d* —(k—p) -
DEDIW) =[O0 (D ()]
k k
= (WD) = o (D )
— LDPA().

So in both cases we proved equation (2.2.9).

Remark. The converse of (2.2.10) is not true, so D, ” (,DY f(t)) # f(t). The proof for

this can be found in [?].
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Semigroup

Theorem 2.2.2. For any f € C([a,b]) the Riemann-Liouville fractional integral satisfies

L1 f(x) = 1317 f (),
fora > 0,6 > 0.

Proof.
The proof is rather direct, we have by definition:

o 1 r dt t f(u)
T (@) = F(@)F(ﬂ)/a <x—t>1a/a (f —uys

and since f(z) € C([a,b]) we can, by Fubini’s theorem, interchange order of integration

and by setting t = u + s(z — u), we obtain

: Blas) [+ fw) oo
BT = s [, Gt = )

Linearity

Let f and g are functions for which the given derivatives or integrals operator are defined

and A\, u € R are real constants.
oDIAf () + pg(t)) = A oDV f(E) + 1 o Dig(t).
Proof.

e For Griiunwald-Letnikov fractional derivative, we have:

DEOF() + pglt) — T h? Tﬁ?—l) (P) st = rhy + gt = 1)
. )\}gr[l)hp ’"()ft—rh
+ ,u}lg%hp ()gt—rh
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e For Riemann-Liouville differintegral:

TS + pg(t) = / (t— 7P M) + pg(t))dr
p—1 1 ' p—1
— / (t—7)P " f(r )dT+,uF( )/(t—T) g(T)dr

= AaDPf() + Dy g(t).

[ |
Zero Rule
It can be proved that if f is continuous for £ > a then we have
lim D, P f(t) = f(¢t).
p—0
Proof.
The proof can be found in [7]. Hence, we define
DYf(t) = f(1).
[ |

Product Rule & Leibniz’s Rule

If f and g are functions, We know the derivative of their product is given by the product

rule
(f9) =rf.9+1g"

This can be generalized to

n n B
(F)™ = ( k) fRg s,
k=0

which is also known as the Leibniz rule. In the last expression f and g are n-times

differentiable functions.

Corollary 2.2.1. (Leibniz Rule, [7] )
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elett>0,aceR n—1<a<n, neN If f(r) and g(7) are C*([0,z]) . The
Riemann-Liouville fractional derivative of Leibniz rule is given by

o0

D) = 3 (1) (D7) a0 (22.11)
k=0
elett >0, aeR n—1<a<n neN If f() and g(7) are C*([0,z]). The

Caputo fractional derivative of Leibniz rule is given by

S n—1 _
xk «

CD(t @) = X (1) (D) 00 3 s (@) )

k=0 k=0



Chapter

The mean-square fractional calculus

This chapter presents the elements of the theory of fractional calculus in the mean
square framework, in which we will introduce several definitions for the mean square
fractional integral and derivative based on some of the common definitions from the de-
terministic fractional calculus, and consider various properties of m.s. fractional integrals
and derivatives: such as the m.s. continuity of the integrals and derivatives. This chapter
focuses also on the concept of stochastic fractional operators, a new definition applied to
second-order stochastic processes and differs from those defined only for the mean square
continuous second-order stochastic process, which is a short family of operators, these
new stochastic fractional operators provide a rich calculus with interesting properties for

more information and detailed results see [3, 4, 12|, and references therein.

3.1 Basic approaches of mean-square fractional integral

and derivative

3.1.1 Mean-square Riemann-Liouville fractional integral

As in the deterministic case, below we find an expression for the n'" integral of X (), €
T, over the interval [a,t] where t € [a,b] by showing that Cauchy’s formula for repeated

integrals holds for mean-square integrals.

49
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t s
Suppose / / X (u)duds exists in a m.s. sense. Using mean-square IBP we have

/at [/:X(U)dul ds — S/QSX(u)dui_/atsx(s)ds

— o [t [s [ xwa] -~ [oxis
Using the fact that o
{t /atX(u)du] = [t /at %X(U)du] -0
/at { asX(u)du] ds = /: £X () du — /at uX (1)

- / - W)X (u)du

(- w)
—/a WX(u)du.

Continuing in this manner we are able to show that

/at // /aSQX(sl)dsl dsy ... dandsnlz/at (t=s"" ;ig;_lX(s)ds -

21X (1).

Thus

Equation (3.1.1) leads us to the first definition for the m.s. fractional integral. The m.s.
Riemann-Liouville fractional integral is found by replacing n € IN by # > 0 in equation

(3.1.1).

Definition 3.1.1. Let X (¢),t € T, be a second-order stochastic process and let 5 > 0.
The mean-square Riemann-Liouville (R-L) fractional integral to order 8 of X (¢) is given

by

I°X (1) & /t (t_s)ﬁ_l)(( )d telabCT (3.1.2)
& = ————X(s)ds, a, . 1.

o 1B
Remark. 1. Inm.s. theory, the above integral will exist in a m.s. sense iff the following

ordinary double Riemann integral exists and is finite:

L= s) (= 0)F !
/G/a T'(B) I'xx(s,0)ds db. (3.1.3)

r'(p)
2. If E[X(t)X(t)] < oo then X( ) is a second-order s.p. and noting that
—6)F~1
/ / F( S Dox(s,0)ds d = E[IZX (/X (1),

we see that if I°X (¢ ) exists in a m.s. sense then it is a second-order stochastic

process.
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Example 3.1.1. Let ¢ be a second-order random variable with F(®) = 0 and finite
variance Var(®) = 0®. Then the s.p. X(t) defined by X (t) = &t will be a second-order
s.p. for finite ¢ and will have

Ixx(s,0) = o?s0.

Then

(t—s)"" (t—0)"
// rp) () FXX(S,Q)deH

[ e L] e

[a< a)’ <t—a>ﬂ+1r
NCESVR )

where ordinary integration by parts was used to get the last line. Clearly I g X(t) will

exist and be finite for 0 < 5 < oo.

Remark. Note that under some circumstances it is not necessary to evaluate (3.1.3)
in order to check the existence of the m.s. integral. For example, when X (t) is m.s.

continuous for ¢ € [a,b] and 1 < § < oo, the integral in (3.1.2) will exist in a m.s. sense.

Recall that from Definition 1.3.1, the n', n € N, m.s. derivative of the second-order

s.p. X(t) at t is given by
XM (t) = Lim. [i > (~1)y <77)X(t - jT)] (3.1.4)

provided this limit exists.

3.1.2 Mean-square Riemann-Liouville fractional derivative

Below we give the definitions for the Right-Hand and Left-Hand definitions of the m.s.

fractional derivative.

Definition 3.1.2. Let X (¢),t € T, be a second-order stochastic process and let 5 > 0 be
such that 8 € (m —1,m),m € IN. The mean square Left-Hand (LH) fractional derivative
of X(t) at t,t € [a,b] C T, is given by

dm
— I PX(t pe(m—1,
DEX(t) = dtmd " =) (3.1.5)
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Definition 3.1.3. Let X (¢),t € T, be a second-order stochastic process and let 5 > 0 be
such that 8 € [m—1,m],m € IN. The mean square Right-Hand (RH) fractional derivative
of X(t) at t,t € [a,b] C T, is given by

rAXM™(),  Be(m—1,m)
DPX(t) =
dm
X -
aem () p=m
When 8 =m € N, both ,D?X () and DX (t) give us ordinary repeated m.s. deriva-

tives and so will exist if a suitable generalized derivative holds.

Remark. For (3.1.5) to exist, I ?X(t) must exist as a m.s. Cauchy-Riemann integral

i.e. the (deterministic) repeated Cauchy-Riemann integral

/ / s (tp_(i)i_;;lpxx(«?ﬁ)dsde,

must exist.

3.1.3 The mean-square Griinwald fractional approach

We will now consider a third definition; this one based on the form given in (3.1.4) for

the n™ m.s. derivative of X (t). Using the notation

_1\J n _ F(]—ﬂ) _w(]ﬂl)
=1 ( ) B E T )

we can re-write equation (3.1.4) as follows:

B N-1
M) =174 _
X0(t) {5&-@6 _ n;) () (t jdtN)]
r . N-1
= l.i.m. W(7,n) X (t — jotn)
N—oo i ) o N

Definition 3.1.4. (Griinwald fractional derivative)
Let X(t),t € T, be a second-order stochastic process and let a € T. The mean-square

Griinwald fractional derivative of order 5 > 0 of a second-order stochastic process X (t),

is given by
_g N-1
XC(LB) (t) = ZNZJ?O (]{t{?ﬁ)ﬁ 2 (4, 8)X(t — j5tN)] (3.1.6)
where, for N =1,2,3
(t—a) : V)
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Remark. 1. Using the convergence in mean-square criterion we see that the above
limit will exist iff

BAN 1N'—1

&N(SSNI Z (g, B)U(k, B)xx(t — jotn , s — kdsn)

7=0 k=0

tends to a finite limit as N and N’ tend to infinity in any manner whatever.

2. It is important to note that the limit in (3.1.6) is a restricted limit so that for
g =m €N, (3.1.6) will give us integer order derivatives only when those derivatives

exist i.e. when the unrestricted limit in (3.1.4) exists.

A second definition for the m.s. fractional integral can be found by allowing negative
values of 3 in the formula for the Griinwald m.s. fractional derivative. Doing so we have

the following definition:

Definition 3.1.5. (Griinwald fractional integral)
Let X(t),t € T, be a second-order stochastic process and let @ € T. The mean-square
Griinwald fractional integral of order 5 > 0 of a second-order stochastic process X (t), is

given by

(t=a) g N—1 .
vt | G- SRR (-0 [5)

By replacing 8 by —/ in the existence condition for the Griinwald m.s. fractional deriva-

tive, we have the existence condition for the Griinwald m.s. fractional integral.

3.2 Properties of mean-square fractional integrals and
derivatives

This section reviews some basic properties of fractional integrals and derivatives in the

mean square framework.

Theorem 3.2.1. Let X (#) and Y (¢) be second-order stochastic processes for which I° X (t)
and I°Y (t), 3 > 0, exist for t € [a,b] C T. Then

(a) (Linearity)
IPIX()+Y@))=I°X(t) + I°Y (1).
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(b) (Homogeneity)
I’leX ()] = c- I°X(t)

a

where ¢ is a constant.
(c) I} X(t)],_, = 0.

Proof.
Letting: a = s9 < 51 < S < ... < s, =t < b, s € [sx_1,5k) for k =1,2,...,n and

A, = mgx(sk — S_1). We have

I
~
=
Ja]
~
S~—
+
~
=
'~<
—~
~
N—

(b) Similarly,

eX(t)] = Lim ()" c X(sy)(sk — Sk—1)
i 1)
R Y )
=c Li. X — Sk
c ZZ;)T}O p F(ﬁ) (Sk>(sk Sk 1)
=c-I°X(1)

(¢) Since I?X (t) is defined as follows

19X (t) 2 /t (t—s)""

i WX(S)dS,

Corollary 3.2.1. Let 8 € [m — 1,m] where m € IN and let X (¢) be a second-order
stochastic process such that DX (t) exists for t € [a,b] C T. Then

DP.X(t)

t=a
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Proof.
For 8 € [m — 1,m], D?X(t) is defined as follows

DX (t) £ [m=PX™)(y).

This is of the form I2Y (t) where « = m — 8 and Y (¢) is a second-order stochastic process.

Thus, using Part (¢) of Theorem 3.2.1 we have

DX =I"FxXM@E) =0

t=a t=a

Remark. Later in this chapter we will come across terms like 7° X (a). By this we mean

I°[X (a)] and not I°X ()

t=a

In the following theorem we consider the continuity of I° X (t).

Theorem 3.2.2. Let § < 0 and let X (¢) be a second-order stochastic process such that

I°X(t) exists for t € [a,b] C T. Then I? X (t) is mean-square continuous provided that,

for h > 0, .
th (4 1 — g)B-1
[ X s

and

Pt +h—s)f7t—(t—s)ft
/ 7 IX(s)] ds

exist as Riemann integrals when § > 1 and as CR integrals when 5 € (0, 1).

Proof.
To show that I°X(¢) is m.s. continuous we must show that, for ¢,t + h € T where
h > 0,
I1I°X(t+h)—I°X ()| =0 ash— 0.

Now,
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IIPX (t+h) — IPX ()| = ‘/HhMX(s)ds

I'(p)
Pt —s)Pt
- [ e
= " t+h_8 1X(s)ds
t+h /3 L (t—s)f1
/ IXE) X(s)ds
< " t+h 5" 1X(s)als
(t+h—s) L (t—s)Pt
+ /a T X(s)ds
= [[3ull + 11321l
where
g =[RS an
e R
R A (e e e ) e s
w- I'(3) Mot

Consider J;.

R t+h (t +h— 5)5*1
i< [ X ) s

provided the integral on the right exists as a Riemann integral when 5 > 1 and as a CR
integral when 5 € (0, 1). Then, letting M = r[naxh]HX( s)||, we have
sE[t,t+

t+h ¢ h — B—1
|’31||§M/ %ds%o as h — 0.
¢

Similarly,

t _§)B1 _(f — )A1
foal < [ = SO s s

provided the integral on the right exists as a Riemann integral when 5 > 1 and as a CR

integral when § € (0,1). Then, letting N = m{ax}”X(s)H, we have
s€la,t

||32||§N/t (t—i_h_s)ﬁ;(g)(t_s)ﬁ_lds—)O as h — 0.

Thus
17X (t+h) = IFX @) < 3]l + 132/l = 0 as b — 0.

So we see that 17 X (t) will be m.s. continuous. |
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Theorem 3.2.3. Let X(¢) be a second-order stochastic process such that I7X(t),t €
la,b] C T exists for all ¥ > 0. Then, for & > 0 where o # 3,

Lim. IPX(t) = I*X(t).

B—a

Proof.

Using the convergence in mean-square criterion to prove that

Lim. IPX(t) = I*X (1),

B—a

we need to show that E[I°X (t)I? X (t)] tends to a finite limit as 8 and £’ tend to « (in
any manner whatever) and that the limit is E[I$X (¢)/2 X (¢)]. Now,

Bgﬂ EUﬂX()I;X@ﬂ

B'—1
= ﬂ’llgln_l}a/ / (Hﬁ)/) FXX(S, 9) ds df

:/t/ L%& t_s)f -4 }(95)6) ] Frex(s.6) dst
// t_sal F(eo);_leX(S,e)de9<oo

_EPX)PXU]

By looking at the proof of Theorem 3.2.3 it is clear that we could not consider the

case f — a where a = 0. In the following theorem we consider this case.

Theorem 3.2.4. Let X (t) be a second-order stochastic process such that X (¢) exists and

is mean-square continuous on [a,b] C T. Then

lﬁgﬂxu X(t).

Proof.

Using integration by parts we have for § > 0

. —5)8 t t(t_ )81
ﬁ“x@:{%ggﬁm@]+/£%m%ﬁm@@

(t—a)’
—mX(a) +I°X(1).
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So

Lim. I°X(t) = Li.m fﬂ“X(t)JrMX(a)
Bo0 e poo e I(B+1)

7 +1y . (t - a>ﬁ
= l.givoz. IPFEX(t) + l.givg. [m){(a)}

= Li.m. IX(t) + X(a)
= I'X(t) + X(a)
= X(t) — X(a) + X(a)
= X(b).
|

Theorem 3.2.5. Let 5 € (m—1,m) where m € IN. Let X () be a second-order stochastic

process such that X (™ (t) exists and is mean square continuous on [a,b] C 7. Then

(a)
Lim. DPX(t) = X™(t).
B—m
(b)
Lim. DPX(t) = XD (#) — XM (q),
B—(m—1)
Proof.

Lim. DPX(t) = Lim . I™ P XM (¢)
B—m

B—m

= Li.m. I)X™(¢)
v—0

= X (1)

where Theorem 3.2.4 has been used in the last step.

(b)
Lim. DX(t) = Lim. I™PXM(¢)
B—(m—1) B—(m—1)
= Li.m. I)X™(¢)
y—1
=1} X1

where IBP has been used in the last step.
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From Part (a) of Theorem 3.2.5 we know that

Lim. DPX(t) = X™(¢)

B—m

and from Part (b) we see that we will have

Lim. DSFIX (1) = XM () — X (q).

B+1—=(m)

The Composition Rule

Since [ f X(t) and DfX (t), when they exist, are second-order stochastic processes, we

can consider expressions such as I®I° X (t) and D*I° X (t). These expressions, and those

like it, make up what we will call the composition rule ([3], [4]).

Theorem 3.2.6. Let 5> 0 and o > 0 and let X (¢) be a second-order stochastic process

such that I®I° X (t) exists for ¢ € [a,b] C T. Then

IMIPX () = I9TP X (1),

Proof.
t(y  na—1 g0 _ )81
Jfflfx(t)—/a ( p& /G(HF(B)) X(s)dsdf
N R ) e Gt g I
=[x [ ] e
Consider

=0 (0 — sy
"‘/s ) I "

Letting v = # — s we have

J= RORG! /0 (t —v —s)*" " dv.
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Now letting v = (t — s)u we have

”——1 1 — ) M1 —w) Nt = 8)P WPt — 8) du
3= Fmr L T T = 9 = 9
_ (t — S>a+ﬁ_1 ! —u a—luﬁ—l »
= T)(®) [ e

(t—s)* 1 I(a)[(B)
F()r(p)  I'la+p)
B (t _ S)a+/3—1
- I'(a+p)

So

t(p — g)atB-1
I°1°X (1) = / %X(s)ds

= [P X(t).
|

Theorem 3.2.7. Let @ > 0 and f € (m — 1,m],m € IN. Let X(¢) be a second-order
stochastic process such that DX (t) exists for t € [a,b] C T. Then

m—1
o a— t_aalg—m
DX (1) = 17X (1) Zra—ﬁ+j+1)

J=0

X(j)(a), a > .

Proof.

Using integration by parts we have
t

IxOe = | XW(s)ds

and
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BxXO@t) = /t (= S)QX@’)(S) ds

)
_ (t—s)? (@) (4 ' Lt —s) () (5) ds
Ty <>L+\/@ X
12X (2)(t)
(t —a)? (t—a)

XW(a) - X(a) + X(2).

~Te Y@ )

Continuing in the same manner we have, for « = § = m,

ImX™ () = X(t) —

<.
Il
o

Fora=pg¢€ (m—1,m)

I°DPX(t) = IP 1= X)) = ™ X (™) (t)

where we have used equation (3.2.1) to find the last line.

Let n € N. When o« =n and §=m

LDYX () = I3 1 X ™ ()
m—1 ;
_ (t — a)j 0]
=" X)) - Y XY
m—1 (t . a)"_m+j

I'n—m+j+1)

= 17" X(t) -

7=0
When a € (n —1,n) and f =m

b=m<n—-1<a<n
so that @ — m > 0. Under these conditions we have

19X M) = e X ()
= 137X (¢

m—1

— X Z X

(t — ayo—mti

INao—m+j+1)

— [mX () —
§=0

X(j)(a).

X(j)(a).

(3.2.1)
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For « € (n—1,n] and B8 € (m — 1,m)
I°DPX(t) = 1eTm P X ™) (t)
= 197 P XM (¢)
m—1 ;
t—a)’
— 9B X (4) — ( (4)
m—1 ;
t — q)o—P+i
= [°PX(t) — =)™ i)
= I'Na—p+j5+1)
|
Theorem 3.2.8. Let n € IN and m € N and let 0 < o < § where o € (n — 1,n] and

B € (m—1,m]. Let X(t) be a second-order stochastic process such that D?X(t) exists
for t € [a,b] C T. Then

(a)
I°DPX(t) = DX (1)

when 5 —a € (m —1,m) and 8 # m.

(b> (t _ )mfﬁflm
I;DIX(t) = DX () - -7 (ma_ e Xm=1)(q)
when o € (0,1),5 —a € (m—2,m—1) and 8 # m.
<C) nt (t — a)m=5+i ,
I"DPX(t) = DP "X (¢ ]Z Fm BT 1)X(m_”“)(a)

for g € (m —1,m].

(d)
5 5 —  (t—a)mfried
I1°DPX(t) = DP7*X(t) —
aDIX(t) = Dy X (t) ;F(m_ﬁ_n+&+j+1)

X m=n+d) ()
when o € (n — 1,n),a > 1.

Proof.
(a)
I9DPX(t) = 1o =P XM (1)
— _];n—(b’—a)X(m) ()

= DPX(¢).
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(b) Let f —a=m — 1.

I°DBX(t) = 1o P X (¢t)

— ];n—(ﬁ—a)X(m)(t)

= I;X™(t)

= XM=V (1) — xm=1(g)

_ b« I )

= DS X (1) F(m—6+a)X Y(a).

Now let 5 —a € (m—2,m—1).

I°DPX (t) = =B x (m)(¢)
— ](gm—l)—(ﬁ—a)le(m)(t)

_ ]C(Lm—l)—(ﬁ—a)X(m)(t) _ [ém—l)—(ﬁ—a)X(m—l)(a)
t— a)(m—l)—(ﬁ—a)

_ 7(m=1)—(B—a) y(m—1) ( (m—1)

= [(m-1 X0 - S g X
B—a (t a)m—ﬁ—l—l—a (m—1)

= DX () - g X (a).

(c) Using equation (3.2.1) and recalling that we are working under the assumption that
B > «, we have, for 5 =m and a = n,

dn

LDFX(t) = I3 [X (1)
n—1 ‘ (3.2.2)
— x(m= n)( t) — ](f(j +)1) (m— n+y)(a)'

<.
Il
o

Using equation (3.2.2) we have, for 5 € (m — 1,m) and a = n,

I"DEX(t) = " Im=P XM (¢)

= "B XM (1)

n—1

(t—a

— Jm=>B | x(m- n)
“ F(] + 1

(m—n-+j) (a)

L ear
I'm—pB+j+1)

5 n—1 . m B+j ( )
= DFX(t X (m=nti) (g),
me 5+y+1) (a)

Jj=0

= X (m=n) (t) — X(m—nﬂ‘)(a)

=0

.
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(d) Using equation (3.2.2) we have, for § =m and a € (n — 1,n) where a > 1,
[X (1) = 15 X
— ]Cc:—n—l-l X(m—n—H) (t) i

(m—n+1+j) (a)

n—2 (t — a)>—ntiti

I'la—n+j+2)

_ ]g—n+1X(m—n+1)(t) _ X m=nt149) ()

7=0
n—1 (t o a)a_n_;’_j

I'a—n+j+1)

= D" X (1) — X m=nti)(g).

1

<.
Il

Let 8 € (m—1,m) and a € (n — 1,n) where a > 1. If n = m, then § — « € (0,1).

Under these conditions we have

I°DPX (t) = 1otm=Bx(m)(¢)

- [;—(B—a)];n—lX(m) ()

m—2

t— a) :
_ Il—(ﬁ—a) Xm—m+1 t ( X(m—m+l+])
m—2 ;

t —a —B+a+j )

— i~ x U+
a ]ZFJ+2—5+04) (a)
m—1

t _ m B—n+a+j )

= DX -y %) X (m=nti) (g),

I'm—-06—n+a+j+1)

7j=1
Let B € (m—1,m) and @ € (n — 1,n) where a > 1. If n = m, then § — « € (0, 1)

and n # m. Using equation (3.2.2) we have

I°DPX (1) = IeT™ P XM (1)
—_ 12175+a7n+11271X(m) (t)

n—2
_ ]m—6+a—n+1 Xm—n+1(t) . (t — CL) (m—n+j+1)(a)
= IU+1)
n- (t _ a)m—ﬁ—n+a+1+j

— [(Zﬂ—ﬁ-i—oz—n-‘rle—n-i-l (t) . X(m—n-i-j""l)(a)

—~ I'(m—-pB+a—-n+j+2)

<.

n—1 ;
t _ a)mf,b’fnJraJr] )
= DI X (t X+ (q).
;Fm B—n+a+j+1) (a)
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Theorem 3.2.9. Let § > 0,n € IN and m € IN. Let X(¢) be a second-order stochastic

process such that I? X (t) exists for ¢t € [a,b] C T. Then

when a € (n — 1,n] and
(a) f=mand n < 3, or
(b) & (m

Proof.

(a) Let o = n.

DRIfX(t) = I =X (1)

—1,m) and n < g.

Using Leibniz’s rule for § = 1 we have

d
— X (t
b (t) =

For 5 = 2 we have

d o
%IX()

— 1 X(t
d2 e ( )

For 8 = 3 we have

d2
de2’e
d3

—1
de3 ¢

SX(t) =
X () =

X(t).

it J, T(2)
CERX(1) = SIX() = X(1),
_ %/: (tr_@S;QX(s) ds
- /: z}zsz(s)dstO
= 12X (t).
CERX() = SRX(0) = X
ij;fj)(( t) = %];X(t) = X(t).

Continuing in this manner we have, for 5 =m and a =n

DITX(t) =1"""X(t) forn <m.

i/tt‘sx(s)ds:/:X(s)derozfgx(t).

(3.2.3)
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Now let @ € (n — 1,n) and = m. Using equation (3.2.3) we have for n =m

dn
DOIPX(t) = IZ}*O‘%I;”X@)
dm
=" X(t
a dtm a ( )

= I"OX (1),

and for n < m

dn
DRIX () = 17— I X (1)
dt
= IP7OI X (t)

=17 X().
(b) Here we have the conditions
n—1l<a<n<m-1<pg<m.

Since n > 1 we have § > 1.

Let a = n. Using Leibniz’s rule we have

d d (" (t—s)1!
— b . A
dtI“X(t) dt/a X(s)ds

)
[Tt—s)P? o) ds (t—s)’1 }
= [Tt [
=I77'X(t), B>1. (3.2.4)

Taking the derivative of (3.2.4) we have

d? d d

—IPX(t)= ——I°X(t

dt2™® (t) dtdt " ®)
d

= I X(t
7 la (t)

=1572X(t), B>2 (3.2.5)

where (3.2.4) has been used - with 5 replaced by (8 — 1) - in the last step.

Taking the derivative of (3.2.5) we have

d? d d?
O Py
Sl X (1) = < S X (1)
d
= —IP2X(t
17X ()

=1;7°X(t), 8>3
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where (3.2.4) has been used - with 8 replaced by (8 — 2) - in the last step.

Continuing in this manner we have

dn
%IfX(t) =I°""X(t), B>n. (3.2.6)

Now let @ € (n — 1,n) and 5 € (m — 1,m) where > n. Using equation (3.2.6) we have

dn
DRIX(t) = I~ = X (#)
=71 X (1)

=157 X(1).
|

Corollary 3.2.2. Let € (m —1,m),m € N, and let X (¢) be a second-order stochastic
process such that I° X (t) exists for ¢t € [a,b] C T. Then for j € {0,1,2,...,m — 1}

& °x 0
— t)| =0.
Ze XM
Proof.
Using the definition of DYX (t) we have DY I° X (t)| =1°X(t)] =0.
t=0 t=0

Using Parts (a) and (b) of Theorem 3.2.9 we have

A .
%IfX(t) =1°77X(@1), je{,2,...,m—1}.

Using Part (c¢) of Theorem 3.2.1 we have

J
d—JﬁX(t)

: =I5 X(¢
dt] a a ()

t=a

Using Corollary 3.2.2 we see that the result in Theorem 3.2.7 becomes I®D? X (t) =

Io7PX(t) if X(t) is itself a mean-square fractional integral or derivative.

Theorem 3.2.10. Let n € IN and m € IN where m < n. Let X(¢) be a second-order
stochastic process such that X "~™(¢) exists and is mean-square continuous on [a, b] C T'.
Then, for a € (n — 1,n],

DI X(t) = DX ().
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Proof.
Let a = n. Using Leibniz’s rule we have for m =1
j—;[(}X(t) = %%IiX(t) = X(t)
GIXW) = LX) = X0 =X
Tnx = LU = Lk - xo)
dr

%I;X(t) = XY@, n>1.

Using equation (3.2.3) we have for m = 2

a3 d d? d :
%[fX(t) = %@ffX(t) = aX(t) = X(t)
d* d d® d . iy
@IfX(t) = E@ij(t) = EX(t) = X(t)
d° d d* d

—IPX(t) = ——IPX(t) = —X(t)=X®
g5 la (t) 7 gt (t) i (t) (t)
dn

d?@X(t) = X0 21), n>2

Continuing in this manner we have for n > m

dn
Tl X(t) = X=m) (), (3.2.7)
When « € (n — 1,n) and n > m we have
dn
DRIX() = LS InX ()

= I X0m()
where we have used equation 3.2.7 to find the last line.

Since « —m € (n —m — 1,n — m) we have
]Z_QX(n_m)<t) _ ]C(Ln—m)—(a—m)X(n—m) (t) _ Dg_mX(t)
and so DSIT X (t) = DS ™" X(t) when o € (n — 1, n). [

Let X(t) be a stochastic process such that X™ (), n € IN, exists and is mean-square
continuous. Since X (™ (t) exists, all XY(t),5 € {0,1,2,...,n — 1}, exist and are mean-

square continuous. Thus 17X () and I7XY)(¢) exist and are mean square continuous for
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ally>1and j €{0,1,2,...,n—1}.

Let 5 > 1. Using IBP we have
N () L A A () e
X = "7 ﬁ/a FE—1)
_ 7B-1 _ (t—a)’!
IP72X(t) —F(ﬁ)

X(s)

(3.2.8)

Using Leibniz’s rule we have

d d [t (t—s)!
%IgX(t) = %/a WX(S) ds

_ bt —s)2 o) ds (t—s)P! ;
= [ e *[ e )Lt
= I571X(¢). (3.2.9)

Substituting 3.2.8 into 3.2.9 we have
d : (t —a)’t
—IPX(t)=IPX(t) + ——%—

Taking the derivative of 3.2.10 we have

X(a). (3.2.10)

d? d (t—a)’?
(ngm_aﬁXO+ﬁ{ ) X@}
.. —a)f 1 — q)P2
— PR + % (a) + %X(a) (3.2.11)

where we have used 3.2.10 - with X(t) replaced by X(t) - to find an expression for
d

—IPX(t

SIX ().

Taking the derivative of 3.2.11 we have

d? d

o QT k) S R Ul i
dt3IaX( ) = dt]“X( )+ o 05) X(a) + ) X (a)
T TC TP (TR Cloll) ORI (k) it
=1 XW(t) + T X(a) + AT X(a) + = X(a)
where we have used 3.2.10 - with X (¢) replaced by X (t) - to find an expression for
i[BX( )

dt

Continuing in this manner we have the following result
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Theorem 3.2.11. Let n € IN and let X (¢) be a second-order stochastic process such that

X™(t) exists and is mean-square continuous on ¢ € [a,b] C T. Then, for 8 > 1,

dn ]BX n—l t—a B—n+j
(B—n+j+1)

dgn

IPX™ (1) = XU(a).

“M
H

Theorem 3.2.12. Let n € IN and let X (¢) be a second-order stochastic process such that

XM (t) exists and is mean-square continuous on [a,b] C T. Then, for o € (n — 1, n)
DeISX(t) = X(1).

Proof.

DRIX() = IS IX ()

t_aa n-+j

n—1
_ Ina IaXn) X(g)
[ +J20Foz—n+j+1) (a)]

= nx Z (¢t —a) X(J( )

F(]+1
n_l t—a)l ol t—a)l .
) [X(t) —;&ﬁi)wn = TESTRC

In the following two theorems we find expressions for D*D? X (t). In Theorem 3.2.13
we will consider the case when § = m,m € N, and in Theorem 3.2.14 we will consider

the case when 8 € (m — 1,m).

Theorem 3.2.13. Let n € IN and m € IN and let X(¢) be a second-order stochastic

process such that X"+ (t) exists for ¢ € [a,b] C T. Then, for o > 0
DeXM™ () = DA™ X (¢).

Proof.
When a = n, the result clearly holds.

If n—1l<a<n then n—1+m<a+m<n+m

and so

DM X (t) = [tm=(adm) xntm) 3y — proe xntm) (),
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Using this, we have forn — 1 <a <n

DEX(t) = 174 X0 (1) = 170 X0 1) = D ().

Theorem 3.2.14. Let a € (n — 1,n] and § € (m —1,m) where n € IN and m € IN. Let
X (t) be a second-order stochastic process such that X ™™ (t) exists and is mean-square

continuous on [a,b] C T. Then

(a) DyDyX(t) = Dyt X (1)

for « € (0,1) and a+ 8 € (m — 1, m].

(t —a)ymF-a
I'lm—-pg—a+1)
for « € (0,1) and o+ 8 € (m — 1,m].

(b) DiDIX(t) =Dy ’X(t) + X (a)

(t — a)m—pB-nti

DocDﬁX DOH-BX + (m+3)
() DDIX(t) = Z P @
for = n.
Proof.
(a) For a € (0,1)
d
DEDEX(0) = 117 | G X))
t—a)mFL
= [Iy-ﬁXW“) t) + (=)™ g
0+ =g X @
t — m—pB—«
= AL D () 4 (t=a) ™) (q) (3.2.12)

I'm—-p05—a+1)

Thus, when o + 8 = m, we have

DeDPX(t) = I' XM (1) + X (a)
= X () — X™(a) + XM (a)
= XM (1)

= DPX(1).
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When a+ 5 € (m — 1,m), the first term on the right hand side of 3.2.12 becomes

];—a+m—ﬁX(m+1)<t> _ ]Crbn—(&-ﬁ-ﬁ) [X(m)(t) _ X(m)(a)]
(t —a)ym=F-a
I'm—pg—a+1)

R ad
F(m—ﬁ—oz—i—l)X( '(a).

— [g%(wﬂ) x (m) (t) — X (m) (a)

= DX (t) —

Substituting this into equation 3.2.12 we have, for a« + g € (m — 1,m),

(t —a)ym=F-a

DeDPX (t) = DAPX (t) — XM (a) +

(t— a)m*B*O‘

I'm—-pg—a+1)
= DX (1),

(b) If « € (0,1) and a4+ 8 € (m — 1,m) then

d
DeDPX(t) = I {%ng—m)((m) (t)

I'm—-pg—a+1)

t — a)m*[g*l
= [1;”—5)((”“) t) + =A™ yomq
O+ =g X" @
o m—LB—a
— ]ém+1)f(a+ﬁ)X(m+1)(t) + (t—a) X(m)(a)

I'lm—pg—a+1)

(="
Tm—B—a+ 1)X( (a).

= DOPPX(t) +

(¢) When ao = n we have

dTL

DD (1) = dtnfém X(1)
n—1
t— a)™ p—n+tj ,
_](m B) _|_ X (m+i) (4
;Fm B—n+j+1) (@)

— J(min)=(B+n) X(m+n
“ +ZFm f—n+1+j)
n-l _ g \m—B—n+j
=DIPX(t) + ) X4 (q).
]:OFm B—n+1+47) (a)

3.3 The New Stochastic Fractional Operators

XM+ (q)

In this Section, we introduce the new stochastic fractional operators. Their fundamental

properties are then given next. for more detail the about this operators see (Zine and all

[

D

x (m) (a)
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3.3.1 The New Stochastic Fractional Operators Definitions

We introduce the stochastic fractional operators by composing the classical fractional
operators with the expectation E. The new stochastic operators add to the standard

notations an ’s’ for "stochastic".

Definition 3.3.1. Let X be a stochastic process on [a,b] C I,a > 0,n = [a] 4+ 1, such
that E(X(t)) € AC"(]a,b] — R) with AC' the class of absolutely continuous functions.
Then,

(D1) the left stochastic Riemann-Liouville fractional derivative of order « is given by
JDPX(H) = WDY[E(X)]

_ ﬁ (%)n / (L= P IR(X ), > a

(D2) the right stochastic Riemann-Liouville fractional derivative of order a by

ng“X(t) - tD?[E(Xtﬂ

_ ﬁ(%f)n /t (¢ R ), < b

(D3) the left stochastic Riemann-Liouville fractional integral of order « is given by

LI X (1) = oI [E(X)]

Lo |
_ m/(l(t—ﬂ E(X,)dr, t>a;

(D4) the right stochastic Riemann-Liouville fractional integral of order a by
fII?X(t) = t[ba[]E(Xt)]

1 ol ‘
_ m/t(f—t) E(X,)dr, t<b:

(D5) the left stochastic Caputo fractional derivative of order « is given by

2 DyX(t) = ¢Dy[E(X))]
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(D6) and the right stochastic Caputo fractional derivative of order a by
(CDPX () = [ Dy[E(Xy)]

(= bT_ n—l-a (") gr .
_ —F(n—a)/t( D" CE(X) M dr, < b

Remark. The stochastic processes X () used can be of any type satisfying the announced
conditions of existence of the novel stochastic fractional operators. For example, we can

consider Levy processes as a particular case, provided one considers some intervals where

E(X(t)) is sufficiently smooth.

3.3.2 Basic properties of the stochastic fractional operators

Several properties of the classical fractional operators, like boundedness or linearity,

also hold true for their stochastic counterparts.
Proposition 3.3.1. If t — E(X}) € Ly([a, b]), then I7*(X;) is bounded.

Proof.
The property follows from definition (D3):

S TO 1 ! o—
2120 = |y [ (€= B O ar| < KK,
which shows the intended conclusion. [ |

Proposition 3.3.2. The left and right stochastic Riemann-Liouville and Caputo frac-

tional operators given in Definition 3.3.1 are linear operators.

Proof.

Let ¢ and d be real numbers and assume that > Dy X, and ; D'Y; exist. It is easy to
see that D (c- Xy + d - Y;) also exists. From Definition 3.3.1 and by linearity of the
expectation and the linearity of the classical/deterministic fractional derivative operator,

we have
JDi(c- Xe+d-Y) = DPE(c- Xy +d-Y))]
= ¢ DYE(Xy) +d- DYE(Y;)
= ¢ Di(Xy) +d-;Df(Yy)

The linearity of the other stochastic fractional operators is obtained in a similar manner.
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The next proposition involves both stochastic and deterministic operators.

Proposition 3.3.3. Assume that 317X, (I’X,, :I®X,, .DY[I°X)], I [ZIEXJ,
and ([} [f 1 1;8 Xt] exist. The following relations hold:

I LX) =20

2 [fIth} —sotPX,,

oD L7 Xa] = E(Xy).
Proof.

Using Definition 3.3.1 and well-known properties of the deterministic Riemann-Liouville

fractional operators see (Zine and all [12]), one has

alta [Z]th} :alg [aIEE(XQ]
= E(X)

=100 X,
The second and third equalities are proved in a similar manner. [ |
Proposition 3.3.4. Let a > 0. If E(X;) € Ly (a,b), then
o Df [ X)) = E(X,)

and

tCDI? [?IbaXt] = ]E(Xt)'

Proof.
Using Definition 3.3.1 and well-known properties of the deterministic Caputo fractional

operators, we have
o DP I X) =0 Dp (oI E(X)]
The second formula is shown with the same argument. [ |

Lemma 3.3.1 (Stochastic fractional formulas of integration by parts). Let « > 0,p,q > 1,
1 1 1 1

and —+—- <14 a (p#1and q#1in the case where — + — = 1+ a).
p g b q
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(i) I E(X}) € Ly(a,b) and E(Y;) € L,(a,b) for every t € [a,b], then

E < / (X ;fmdt> _E < / ‘v f[g‘Xtdt> |

(ii)) It E(Yy) € +[;'(Ly) and E(X;) € I](L,) for every t € [a,b], then

e (| (x) Gorvpar) = ( | m fD?Xt)dt) .

(iii) For the stochastic Caputo fractional derivatives, one has

e[ [ oot o] == [ [onGopxoa] e [Gr-x) v,

and

e[ [ coepmoa] = [ voCpexa] B (Grex v,
for e € (0,1).
Proof.

(i) We have

E < / b(Xt I‘W}dt)

b
E((Xy) ;1'Y;)dt (by Fubini-Tonelli’s theorem)

bE ) JEE(Y))dt (by (D3))

i
E(X:) o [fE(Y;)dt  (the expectation is deterministic)

o
JPE E(Y;)dt (by fractional integration by parts)

Il
= \\\\

</ Wi (Xt)(Yt)dt> (by Fubini-Tonelli’s theorem [12]).

(ii) With similar arguments as in item (i), we have

b ( / (X0 <;';Dmdt) -/ "B((X,) 105l

/ E((X,) JDYE(Y)dt (by (D1))

b

E(X;) .DE(Y;)dt

[ =
/ " DYE(X,) - E(V)di
E (/ sDa(Xt)(Yt)dt> .
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(iii) By using Caputo’s fractional integration by parts formula we obtain that
b b
B | [Coneome] = [ Bpo ey
b
— [ (DpELX) BN+ [4ELX) B,
b
_ / (:Dg(X,) - EYi)dt + [, I "E[X,] - E[Y;]]"
b
=FE [/ (;Dy(Xy) - (Yy)dt| + E [tfbl’aE[Xt] : (Yt)}z

The first equality of (iii) is proved. By using a similar argument and applying the
integration by parts formula associated with the right Caputo fractional derivative,

we get the second equality of ((iii), Zine and all [12]).



Conclusion

point of this master thesis was to ponder the deterministic fractional calculus and
T h e to display too the fractional calculus within the mean square setting. By extend-
ing some key concepts and results from deterministic fractional calculus to the random
framework using the so-called mean square approach, by furnishing first extensions of im-
portant ideas from ordinary calculus such as continuity, differentiation, integration, and
also to stochastic processes.
These extensions are known as the mean-square calculus. This enabled us to define some
useful integral and derivative operators for a wide class of second-order random processes.
In so doing, we derived further results on m.s. convergence, including the notion of
random variables with finite mean-square value, that is, second-order random variables.
Secondly, fractional derivatives and fractional integrals, shortly differintegrals are given,
some preliminaries and definitions such as the Griinwald-Letnikov and Riemann-Liouville
approaches for defining a differintegral are presented; then some of their important proper-
ties are proved. Finally, definitions for the mean square fractional integral and derivative
based on some of the common definitions from the deterministic fractional calculus are
presented , more over properties of m.s. fractional integrals and derivatives are demon-
strated. At the same line of taught, other new stochastic fractional operators and their
fundamental properties are obtained.
In conclusion, we hope and predict that research in this subject will be active and promis-
ing for quite some time to come as many questions remain unanswered. For example, it
is possible to extend this proposed definition for many classes of stochastic fractional

differential equations which will be considered by others for future work.
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