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Introduction

Stochastic differential equations (SDEs) were first initiated and developed by K. It
(1942). Today they have become a very powerful tool applied to mathematics, physics,
chemistry, biology, medical sciences, and almost all sciences. Let us explain why we
need SDEs.

In nature, physics, society, engineering and so on we always meet two kinds of func-
tions with respect to time: one is deterministic, and another is random. For example,
in financial market we deposit money m; in a bank. This can be seen as our having
bought some units 1) of a bond, where the bond’s price P satisfies the following

ordinary differential equation
d P = PPrdt, P) =1,t€[0,T)

where 7; is the rate of the bond, and the money that we deposit in the bank is
T = n) P = ndexp| fot rsds]. Obviously, usually, P = exp]| fg rsds] is non-random,
since the rate r; is usually deterministic. However, if we want to buy some stocks
from the market, each stock’s price is random. For simplicity let us assume that in
the financial market there is only one stock, and its price is P!. Obviously, it will

satisfy a differential equation as follows:
dP}! = P}!(b; dt + d(astochastic perturbation)), Py = P5, t € [0, 7]

where all of the above processes are 1-dimensional. Here the stochastic perturbation is
very important, because it influences the price of the stock, which will cause us to earn
or lose money if we buy the stock. One important problem aries naturally. How can

we model this stochastic perturbation? Can we make calculations to get the solution
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of the stock’s price P!, as we do in the case of the bond’s price P’? The answer is

positive, usually a continuous stochastic perturbation will be modeled by a stochastic

integral f(f osdws, where wy, t > 0 is the so-called Brownian motion process (BM), or
the Wiener process. The 1-dimensional BM w,, t > 0 has the following nice properties:
1) (independent increment property). It has an independent increment property,
that is, for any 0 < ¢; < .-+ < ¢, the system {wp, w;, — wo, Wy, — Wy, -+ , Wy, —
wy,_, } is an independent system. Or say, the increments, which happen in disjoint
time intervals, occurred independently. 2) (Normal distribution property). Each
increments is Normally distributed. That is, for any 0 < s < ¢ the increment w; — w;
on this time interval is a normal random variable with mean m, and variance o?(t—s).
We write this as w; — ws ~ N(m,o%(t — s)). 3) (Stationary distribution property).
The probability distribution of each increment only depends on the length of the
time interval, and it does not depend on the starting point of the time interval. That

2

is, the m and o appearing in property 3) are constants. 4) (Continuous trajectory

property). Its trajectory is continuous. That is BM wy, t > 0 is continuous in ¢.

Since the simplest or say, the most basic continuous stochastic perturbation, intu-
itively will have the above four properties, the modeling of the general continuous
stochastic perturbation by a stochastic integral with respect to this basic BM wy,
t > 0 is quite natural. However, the 1-dimensional BM also has some strange prop-

erty: Even though it is continuous in ¢, it is nowhere differentiable in ¢. So we cannot
define the stochastic integral fg os(w)dws(w) for each given w. That is why K. It
(1942) invented a completely new way to define this stochastic integral.

Our first task in this work is to introduce the It6 stochastic integral and to establish
the Ito6 formula and discuss its applications: solving SDE. The second task is to
introduce the concepts of solutions and to discuss their existence and uniqueness and
the related important theory. Since, actually, in the realistic world we will always

meet some jump type stochastic perturbation.

This memory is organized as follows:
An introduction where we place our work and its plan.
The first chapter is devoted to the theory of stochastic calculus.

In the second chapter, we will discuss kinds of stochastic differential equations (SDE)
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with jumps.
In the last chapter discussing solutions for stochastic differential equations (SDEs)
with jumps and with non-Lipschitzian coefficients, is necessary and useful from the

practical point of view.
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Chapter 1

Stochastic calculus

1.1 Martingale theory and stochastic integral for

point processes

A stochastic integral is a kind of integral quite different from the usual determin-
istic integral. However, its theory has broad and important application in science,
mathematics itself, economic, finance, and elsewhere. A stochastic integral can be
completely characterized by martingale theory. In this chapter we will discuss the
elementary martingale theory, which forms the foundation of stochastic analysis and
stochastic integral. As a first step we also introduce the stochastic integral with

respect to a point process.

1.1.1 Concept of martingale

In some sense the martingale conception can be explained by a fair game. Let us
interpret it as follows: in a game suppose that a person at the present time s has
wealth z, for the game, and at the future time t he will have the wealth ;. The
expected money for this person at the future time ¢ is naturally expressed as E[z;/T],
where E[-] means the expectation value of -, § means the information up to time s,
which is known by the gambler, and E[- /] is the conditional expectation value off(.)

under given §s. Obviously, if the game is fair, then it should be
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Elz:/§s] = x5, Vt > s.

This is exactly the definition of a martingale for a random process z;,t > 0. Let
us make it more explicit for later development. Let (Q,§, P) be a probability space,
{S+}+>0 be an information family, which satisfies the so-called "usual conditions":

(1) §s C S, as 0 <5 < t;

(ZZ) 3t+ = ﬁh>0$‘yzt-i-h-

Here condition (i) means that the information increases with time, and condition (ii)
that the information is right continuous, or say, §:, 4 §¢, as h | 0. In this case we
call {F:}i=0 a o-field filtration .

Definition 1.1.1. A real random process {xi}i>0 is called a martingale (super-
martingale, sub-martingale) with respect to {F:}is0,0r {x, §t}eso s a martingale
(super-martingale, sub-martingale), if

(1) x; is integrable for each t > 0; that is, E|z,| < oo, ¥Vt > 0;

(17) xy is §i-adapted; that is, for each t > 0, x; is §-measurable;

(171) Elxy/Fs] = s, (respectively, <,>), a.s. Y0 < s < t.

For the random process {#¢ };cjo,7] and the random process {x,}72, with discrete time

similar definitions can be given.

1.1.2 Stopping times, predictable process

Definition 1.1.2. A random variable T(w) € [0,00] is called a §i-stopping time, or

00
simply, a stoping time, if for any t > 0, {T(w) < t} € F.

The intuitive interpretation of a stopping time is as follows: if a gambler has a right
to stop his gamble at any time 7(w), he would of course like to choose the best time to
stop. Suppose he stops his game before time t, i.e. he likes to make 7(w) < ¢, then the
maximum information he can get about his decision is only the information up to t, i.e
{T(w) <t} € F. The trivial example for a stopping time is 7(w) = t,Vw € Q. That is
to say, any constant time ¢ actually is a stopping time. For a discrete random variable
T(w) € {0,1,2,--+ 00} the definition can be reduced to that 7(w) is a stopping time,
if for any n € N, {7(w) = n} € §,, since {7(w) =n} = {7(w) < n}—{7(w) <n—-1},
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and {7(w) < n} = U}_{r(w) = k}. The following properties of general stopping

times will be useful later.
Lemma 1.1.1. [70] 7(w) is a stopping time, if and only if {T(w) < t} € Fy, Vt.

Lemma 1.1.2. [70] Let o,7,0,,n € N* be stopping times. Then

(i)o NT, 0NV T,
(i7) o = lim o, when o, 1 oro, |,
n— oo

are all stopping times.

Proposition 1.1.1. [70] Let o,7,0,,n = 1,2,--- be stopping times.
1. If o(w) < 7(w),Vw, then §, C .
2. If op(w) | o(w),Yw, then N2 Fon = Fo-
3. 0 € Fo.(we use f € F, to mean that f is §, -measurable).

Definition 1.1.3. An R? -valued process {x;}i>o is called measurable (respectively,

progressive measurable), if the mapping
(t,w) € [0,00) x 0 — 24(w) € RY

(respectively, for each t > 0, (s,w) € [0,t] X Q@ — z4(w) € R) is B([0,00)) x F/B(R)-
measurable); (respectively, B([0,t]) x F/B(R)-measurable); that is, {(t,w) : z,(w) €
B} € B([0,0)) x §,VB € B(R?); (respectively, {(s,w) : s € [0,t],7,(w) € B} €
B([0,1]) x ¢, VB € B(R?)).

Let us introduce two useful o-algebras as follows: Denote by P(respectively,O ) as
the smallest o-algebra on [0, 00) x €2 such that all left-continuous (respectively, right-

continuous) §;-adapted processes
ye(w) : [0,00) x Q — y(w) € RY

are measurable. P (respectively, O) is called the predictable (respectively, optional)

o-algebra. Thus, the following definition is natural.

Definition 1.1.4. A process {x:}+>0 is called predictable (optional), if the mapping
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(t,w) € [0,00) x Q — z4(w) € R?
is P/B(R?)-measurable (respectively OB (R?)-measurable).

Theorem 1.1.1. [70] If {z;}i>0 is a Re-valued progressive measurable process, then

for each stopping time o, Zyl o 1S Fo-measurable.

1.1.3 Martingales with discrete Time

Theorem 1.1.2. [70] Let {x,}neny be a martingale (super-martingale, sub-
martingale), o < T be two bounded stopping times. Then {x,}nen is a strong mar-

tingale (respectively, strong super-martingale, strong sub-martingale), i.e.
Elz, /8] = zo(respectivly, <,>), a.s.

Theorem 1.1.3. [70] Let {z,}nen be a sub-martingale. Then for every A > 0 and

natural number N

AP(maxo<cn<ny zn > A) < E(znlpaxo<n<n®n > A) < E(xy)
< Elayl,

AP(ming<p<y 4, < —A) < —Exg + E(@ylnino<n<n®n > —A) < Ej + E(z})
< El|zo| + E|zn].

1.1.4 Uniform integrability

It is well known in the theory of real analysis that if a sequence of measurable functions
is dominated by an integrable function, then one can take the limit under the integral
sign for the function sequence. That is the famous Lebesgue’s dominated convergence
theorem. However, sometimes it is difficult to find such a dominated function. In this
case the uniform integrability of that function sequence can be a great help. Actually,

in many cases it is a powerful tool .

Definition 1.1.5. family of functions A C L'(Q, §, P) is called uniformly integrable,
if )\lim sup E(f15=2) = 0, where L'(Q,§,P) is the totality of random variables &,

(that is, all & are §-measurable) such that E|¢| < oco.
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Lemma 1.1.3. [70] Suppose that {x,}>2, C L'(Q, T, P) is uniformly integrable and

as n — oo, T, — x, in probability i.e. Ve > 0, lim P(|z, — z| > ) =0, then
n—oo
lim E|z, — z| =0. (i.e. x, = z, in L}(Q,F,P) )
n—o0

In particular, lim E(z,) = E(x)

n—oo

Lemma 1.1.4. [70] Suppose that A C LY(Q,F,P). Any one of the following

conditions makes A uniformly integrable:

1. There exists an integrable g € L' (Q, §, P) such that |z| < g,V € A.

2. There exists a p > 1 such that sup E|z(w)|” < oo .
€A

Theorem 1.1.4. [70] Suppose that {x,}>>, C L'(Q,§,P). Then the following two

statements are equivalent:
1. {z,}o2 is uniformly integrable.

2. supElz,| < oo; and Ye > 0,30 > 0 such that VB € §, as P(B) < 4,
n>1
supE|z, |15 < €.
n>1

3. Furthermore, if there exists an x € L*(Q,§,P) such that as n — oo, x, — ,

in probability; then the following statement is also equivalent to (1).

4. T, — x, in LY, T, P).

1.1.5 Martingales with continuous time

Theorem 1.1.5. [70] Let {z:}+>0 be a real right- continuous martingale (super-
martingale, sub-martingale) with respect to {F:}, and {0 }icp,.0) be a family of bounded
stopping times such that P(oy < o4) =1, ift < s. Then {x;}1>0 is a strong martingale

(respectively, strong super-martingale, strong sub-martingale), i.e. as t<s,

Elz,./Ts] = xo, (respectively, <, >), a.s.
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1.1.6 Doob-Meyer decomposition theorem

In the incomplete financial market to price some option will involve the problem
connected to the Doob-Meyer decomposition of some sub-martingales or super-
martingales. Besides, this decomposition theorem is also a fundamental tool in

stochastic analysis and its applications.

Theorem 1.1.6. [70] Let {z,}nen be a sub-martingale. The there exists a unique

decomposition such that
Ty =M, + A,, n €N,

where {M,}nen is a martingale, and {A,}nen s an increasing process, both
are {§ntnen -adapted, and {A,}nen is predictable, where predictable means that
A, €EFn1,Vn=1,2,--- and Ag = 0.

1.1.7 Poisson random measure

A dynamical system will always encounter some jump stochastic perturbations. The
simplest type comes from a stochastic point process. To understand it properly

requires some preparation. Let (Z,%8,) be a measurable space.

Definition 1.1.6. A map u(B,w) : B, x Q2 — R, U{oo} is called a random measure
on B, x Q, if

1. for any fized B € B, u(B,-) is a random variable but with values in Ry U{oco};

2. for any fivred w € Q, p(-,w) is a o-finite measure. (Here, o-finite means that
there exists {U,}oo; C B, such that Z = U,—1U,, and p(U,,w) < oo, ¥n).

Here the definition of a random variable taking values in R, {oco}, is the same as that

taking values in R. Let us introduce the Poisson random measure as follows:

Definition 1.1.7. A random measure p(B,w) is called a poisson random measure on

B, x Q, if it is non-negative integer valued (possibly co) such that

1. for each B € B, u(B,-) is poisson distributed; i.e.
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P ({w: p(B.w) = n}) = @MD" ¢ .

where A\(B) = Eu(B,w),VYB € B,, is usually called the mean measure, or the

intensity measure of p;
2. if B, D {B;}L, are disjoint, then {u(B;,-)}L, are independent.

Here as in the real analysis we still define 0.oo = 0. Thus if A\(B) = oo, then all
P({w : p(B,w) = n}) = 0,n € N, hence pu(B,w) = oo, P a.s. The existence of a

Poisson random measure is given by the following theorem.

Theorem 1.1.7. [70] For any o-finite measure \ on (Z,B,) there exists a Poisson
random measure i with A(B) = EX(B),VB € B,.

1.1.8 Poisson point process

Now let us introduce the concept of random point processes. Assume that (Z, B,) is
a measurable space. Suppose that D, C (0,00) is a countable set, then a mapping
p: D, = Z, is called a point function (valued) on Z. Endow (0,00) X Z with the

product o-field B((0,00)) x B, and define a counting measure through p as follows:
N, ((0,t] xU)=8{seD,:s<t, p(s) € U},Vt>0,U € B,)

where § means the numbers of - counting in the set {-}. Now let us consider a function
of two variables p(t,w) such that for each w € Q,p(-,w) is a point function on Z, i.e.
p(-,w) : Dy(.wy = Z, where D,y .,y C (0,00) is a countable set. Naturally, its counting

measure is defined by
Np((0,t] x U,w) = Npoy((0,t] x U) =#{s € D, : s < t, p(s,w) € U},Vt > 0,U € B,
and we introduce the definition as follows:

Definition 1.1.8. 1. If N,((0,t] x U,w) is a random measure on ($5((0,00)) x
B,) x Q, then p is called a (random) point process.

2. If N,((0,t] x U,w) is a Poisson random measure on (B((0,00)) x B,) x §, then

p 1s called a Poisson point process.
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3. For a Poisson point process p if its intensity measure n,(dtdr) = E(N,((dtdz))
satisfies that

n,(dtdr) = m(dx)dt

where w(dx) is some measure on (Z,%B,), then p is called a stationary Poisson

point process. m(dx) is called the characteristic measure of p.

One sees that the concept of a Poisson point process is finer than a Poisson pro-
cess, because it also considers where jumps occur, as well as the jumps themselves.
Sometimes to such situations more attention should be paid. For example, in many
cases to count how many times the degree of an earthquake exceeds some level (that
is, the point process drops in some area), where the earthquake happened in some
area, is more important than counting all of the times it has happened. Actually, the
forecast of an earthquake is only that its power is stronger than some degree. When
the earthquake is very very small, usually, it is not necessary to forecast it. So the

point process is more realistic.

1.1.9 Stochastic integral for point process

In a dynamical system the stochastic jump perturbation usually can be modeled as a
stochastic integral with respect to some point process (i.e. its counting measure), or
its martingale measure. In this section we will discuss how to define such stochastic
integral. The idea is first to define it in the simple case by Lebesgue-Stieltjes integral
for each or almost all w € Q (is said to define it pathwise). Then consider it in the
general case through some limits. For this now let us consider a probability space
(Q,F,P) with an increasing o-field family {F; }+>0, which satisfies the usual condition
explained in the first section of this chapter. From now on all random variables and

random processes are defined on it if without further explanation.

Definition 1.1.9. Suppose that p is a point process on Z, and

N(t,U) = Y Lu(p(s))

s€Dy,s<t

18 its counting measure.



1.1 Martingale theory and stochastic integral for point processes 17

1. p is called §i-adapted, if its counting measure is §i-measurable for each t > 0

and each U € B,.

2. p is called o-finite, if 3{U,}52, C B, such that E N,(t,U,) < oo, Vt > 0,Vn,
and Z = U, U,.
From now on we only discuss the §;-adapted and o-finite point process p. Denote
I, ={U € B, :EN,(t,U) < o0,Vt > 0} . Obviously, for any U € I';,, N,(t,U) is a
sub-martingale, since it is non- negative and increasing in ¢. Hence by Doob-Meyer’s
decomposition Theorem 1.1.6 there exists a unique §;-adapted martingale ﬁp(t, U)

and a unique §;-adapted natural increasing process ﬁp(t, U) such that
N, (t,U) = N,(t,U) + N, (t,U) (1.1)

Notice that the equality only holds true P— a.s. for the given U. Hence ]Vp(t, U)

may not be a measure for U € B,, a.s. Moreover, it also may not be continuous in ¢.

However, in most practical case we need ]/\\fp(t, U) to have such properties.

Definition 1.1.10. A point process p is said to be of class (QL) (meaning Quasi

Left-continuous) if in the D-M decomposition expression 1.1:
(i) ]/\\fp(t, U) is continuous in t for any U € T'p;
(ii) ]Vp(t, U) is a o-finite measure on (Z,B,) for any given t > 0, P— a.s.

We will call ]/\\fp(t, U) the compensator of N,(t,U) (or p). We now introduce the

following definition for the §;-Poisson point process.

Definition 1.1.11. A point process p is called an §;-Poisson point process, if it is
a Poisson point process,§i-adapted, and o-finite, such that N,(t + h,U) — N,(t,U) is
independent of §; for each h > 0 and each U € T',,.

Notice that §, = g[N,((0,s] x U);s < t,U € B,] C §, and in general these may
not equal to each other. This is why we have to assume that for a Poisson point
process N,(t + h,U) — N,(t,U) is independent of F;. From now on we only discuss
point processes which belong to class (QL). By definition one can consider that the

following proposition holds true.
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Proposition 1.1.2. [70] A (Fi—) point processes p is a stationary (F;)-Poisson point

process of class (QL), if and only if its compensator has the form:

Np(t, U)=tr(U),Vt >0,U € '), where n(-) is a o-finite measure on B .
Now let us discuss the integral with respect to the point process. In the simple case it

can be defined by the Lebesgue-Stieltjse integral. First, we have the following Lemma.

Lemma 1.1.5. [70] For any given U € B, and any bounded §;-predictable process
f(t,w) let

) = [ $6.00550.0) = [ o, 0) = [ 15,0 (5.0) =

> f(s,w)nU(p<s,w))—/of(s,w)dﬁp(s,U).

§<t,5€D ()

Then x; is a §¢-martingale.

The integral defined in the above lemma motivates us to define the stochastic integrals
with respect to the counting measure and martingale measure generated by a point
process of the class (QL) for some class of stochastic processes as the integrands thru

Lebesgue-Stieltjes integral.

1.2 Brownian motion, stochastic integral and It6’s

formula

For a dynamic system the simplest continuous stochastic perturbation is naturally
considered to be a Brownian motion (BM), since it is a Normal process (or say, a
Guassian process) with independent increments which are also normally distributed.
In general, a continuous stochastic perturbation will be modeled as some stochastic
integral with respect to the BM. However, the BM has the strange property that
even though its trajectory is continuous in t, it is not differentiable for all t. So for
a stochastic integral with respect to BM one has to use a different approach - the

martingale approach is used to define it.
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1.2.1 Brownian motion and its nowhere differentiability

Definition 1.2.1. A d-dimensional random process {x; }1>0 is called a Brownian Mo-

tion (BM) or a Weiner process, if

1. its initial probability law is given by some probability measure u, i.e. VI €

B(RY), Pz €T) = p(T);

2. it has independent increments, i.e. Y0 =ty < t; < --- < t,,, the increments

Tyy Tty — Ttyy Tty — Teyy** Tt — Ty, are independent;

3.V0 < s < tyal—al ~ N(,(t—3s)),i=1,2,---,d, i.e. each real component
increment xt — x' is Normally distributed with the mean E(x; — x,) = 0 and the
variance V(zy — xs) = (t — s); where zy = (x}, 22, ,28), and {zi}L, is an

independent random variable family for each t > 0;

4. it is continuous in t, a.s, that is, for almost all w € Q the trajectory z,(w) is

continuous 1 t.
Now fort > 0,2 € R? let p(t,r) = (2rt)¥? exp|—|x|?/2t].

Now let us set W? = the set of all continuous d-dimensional functions w(t) defined for
t > 0. B(W?) = the smallest o-field including all Borel cylinder sets in W<, where a

Borel cylinder set means a set B C W of the following form
B = {U) . <w<t1)7 T >w<tn)) € A}a

for some finite sequence 0 < t; < ty < --- < t, and A € B(R™). From above
one sees that given a Brownian motion {x;}:>0, this will lead to the generation of
a probability measure P defined on B(W9). Such a probability measure is called
a Wiener measure with the initial measure (or say, the initial law) p. Conversely,
if we have a Wiener measure P with initial measure g on B(W?), let (2, F,P) =
(W B(WH, P),x(t,w) = w(t), Vt > 0,w € W9, then we obtain a BM {z;};>0
defined on the probability space (2, F,P). So the BM is in one to one correspondence

with the Wiener measure. Now a natural question arises: does the BM, that is, the
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Wiener measure exist? The existence of the Brownian motion is established by the

following theorem.

Theorem 1.2.1. [70] For any probability measure pu on (R% B(RY)) the Wiener

measure P, with the initial law p exists uniquely.

Definition 1.2.2. If a d-dimensional BM {x}i>o is such that P(zo = 0) = 1, that
is, i = 0q the probability measure concentrated at the single point {0}, then it is called
the standard BM and denoted by {w;}i>o.

From now on we always discuss the standard Brownian motion, and it is simply
denoted by BM. Brownian motion has some nice properties. For example, its trajec-
tory is continuous, i.e. {x;};>0 is continuous. Moreover, it can be a square integrable

martingale.
Corollary 1.2.1. [70] If {z:}+>0 is a d-dimensional §-BM and E|zo|? < oo, then

1. {zi}i>0 is a square integrable §i-martingale;

2. wix] — 6t is a F-martingale.
However, a BM also has the following strange properties.
Theorem 1.2.2. [70] Suppose that {x;}1>0 is a 1-dimensional BM, then P— a.s, for

any given o > %, {z¢}i>0 is not Holder-continuous with index o for each t > 0.

Definition 1.2.3. We say that {z;}1>0 is Holder-continuous with index v at to > 0,
if Ve > 0,39 > 0 such that as |t — to| < 0, |zs — x| < €|t — to|™.

theorem 1.2.2 actually tells us that the trajectory of BM is not Lipschitzian continu-
ous at each point ¢, so it is nowhere differentiable for ¢ > 0. Hence it is also not finite
variational on any finite interval of ¢, since each finite variational function of ¢ should

be almost everywhere differentiable for ¢. Thus we arrive at the following corollary.
Corollary 1.2.2. [70]

1. The trajectory of a BM is nowhere differentiable fort > 0, P-a.s.

2. The trajectory of a BM 1is not finite variational on any finite interval of t,
P-a.s.
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1.2.2 Spaces £° and >

To discuss [to’s integral we first need to consider its integrand processes.

Definition 1.2.4. Let

( {f(t,w) }>0 : itis§: — adapted, real such that¥' T > 0
L2 = T :
171825 [ Pew)d <o
\ 0
[ {f(t,w)}is0 @ itisF, — adapted, real and )
d:0=ty<ti < ---<t,<---— 00,and
L = Jpi(w) € e, sup; || i ||<x> such that ’
f(t,w) = SOO ]lt 0 + Z‘Pz ]l[t tir1] )
\ /
Ly = L {f(tw)kepn = {F( »w)}tzo € L
ﬁOT = {f(tvw)}tE[O,T] St w)biso € Yo

Here || ¢; ||co= esssup|p;(t,w)|. Now let us discuss the relationship between £2 and

Lo
Lemma 1.2.1. [70] For f = {f(t,w)}i>0 € L? let

o

1
I £ 1= 5L S llzn AD)
n=0
Then
1. || - |lz is a metric, and L? is complete under this metric, if we make the identi-

fication f = f'Nf, f € L2 as || f— [ |lan=0,Yn.

2. L% is dense in L* with respect to the metric || - |2

1.2.3 Tto’s integrals on £?

First, we will define the It integral for £°. Suppose that a §,-Brownian motion

{w:}+>0 (Wiener process) is given on (€2, §, P).
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Definition 1.2.5. For every f = {f(t,w)}>0 € L:

f(t7w) llt 0 + Z@z t tiv1] )

define fort, <t <t,.1,n €N,

n

1(f)(t,w) 2/0 f(s,w)dw(s,w) = Z%(w)(w(tm,w) —w(ti,w)).

=0

Firstly, it is easily seen that the stochastic integral also has an expression, which is

actually a finite sum for each 0 <t < oo,

ngl (tisi A1) —w(t; A L)),

moreover, I(f)(t) is continuous in t. Secondly, it has the following property.
Proposition 1.2.1. [70]

1. I(f)(0)=0, a.s. and for any o, 3 € R; f,g € L°
I(af + Bg) = od(f) + BI(g)

2.V e LY and for eacht > s >0,

EWUW%J(XD/&—-L/fude&]

Definition 1.2.6. I(f) defined above is called the stochastic integral or the Ité integral
of f € L* with respect to a BM {w(t)}y>0, and it is denoted by

/f )dw(s /fswdwsw)

Beware of the fact that the integral is not defined pathwise. So, actually,

100 = ([ 763006 ) ) = ([ #5005, (). B as.
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1.2.4 Itd’s integrals on [2:loc

First, let us introduce the concept of local martingales.

Definition 1.2.7. 1. An Fi-adapted real random process {x;}i>0 is called a local
Si-martingale and denoted by {x;}i>0 € M, if 30, T 00,0, < 00 is a Fi-

stopping time for each n, such that {Tins }1>0 is a Fe-martingale for each n.

2. In addition, if {Tirs, }+>0 @S a square integrable §-martingale for each n, then
{z:}1>0 is called a locally square integrable Fi-martingale, and it is denoted by

{xt}tzt) c MQ,loc_

3. Write

M2loce — { {2150 € M>° {a,} 50 s cotinuous in t withazy =0 }

Now consider the definition of Ito’s integral on £*"¢. For each f € L£*!°¢, that is
t ¢

/ |f(s,w)]?ds < oo, as., let 0, = inf{t > 0 : / |f(s,w)]*ds > n} A n. Then
0 0

0, 1 00,0, < oo is a stopping time for each n. Obviously, {f(t,w)li<,, }+>0 € L2 for

each n, since
T TNon
IE/ |f(t,w) i<y, |Pdt = IE/ fA(t,w)dt <n < oo, VT > 0.
0 0
Define in a natural way

I(f)tNo,) = /Otmn f(s,w)dw, = /Otf(s,w)]lsggndws,‘v’n e N*.

This stochastic integral is well defined, since for m > n,

tAon ¢ ¢
/ f(s,w)ls<q,, dws :/ f(s,w) <o, Ls<o, dws :/ f(s,w)ls<q,
0 0 0

Moreover, by definition {I(f)(t)}+>0 € M2:loce.
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Definition 1.2.8. Vf € £2"¢ define {I(f)(t)}i>0 € M>!°¢ as above, then it is called
the stochastic integral or the It6 integral of f with respect to the BM {w(t)}1>0, and

it 1is always denoted by

I(f)(t) = /Otf(s,w)dws(w) = /Otf(s)dws.
All of these integrals are called stochastic integrals.
Finally, let us consider an r-dimensional §; BM
{w(t)}izo = {w'(t), -, w"(t)}zo

Suppose that f; € £21°¢ i =1,.-- ,r. Then the stochastic integral

t
{/fi(s,w)dwi} € M>loce,
0 >0

is defined for each ¢ = 1,--- ,r. We have the following proposition.

Proposition 1.2.2. [70] There ezist o, T 00, 0, < 00 is a §-stopping time such that
for eachn and ¥Vt > s > 0

E [ /:Mn filu,w)dw, /an fi(u, w)dw] /T } = 0;;E [ /:Agn(fz‘fj)(%w)ds/gs }

Non SAOp, Non
1.2.5 Stochastic integrals with respect to martingales
t
In this section we are going to discuss the stochastic integral / f(s,w)dM;, where
0

t
{M,}>0 € M?. Recall that the procedure for defining It6’s integral / f(s,w)dws
0
is as follows: First we define it for f € L£° which is a simple process, and find
¢
that / f(s,w)dw, € M*°. Then, after establishing the one to one correspondence
0

between space £2 and M?*¢ with the same metric, for each f € £2, we can take a

oo

sequence of {f,}22, C L% which tends to f in £2 So the corresponding sequence of

integrals
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{ /t fn(s,w)dws }OO € M?¢
0 n=1

t
will also tend to a limit in M?¢, which we denote by / f(s,w)dws, and define it to
0

be the stochastic integral for f. Note that for a BM {w,;};>0 we have that

wf = a martingale + t,Vt > 0,

and we establish a one to one correspondence as follows: for each T' > 0,

f€£2T<:>{ /tf(s,w)dws } € M3,
0

t€[0,T]

t 1/2
with the same norm || f [[or= { / f2(s,w)dw, } . Now for a {M,;};>o € M? we
0

want to do the same thing. So first we need a D — M decomposition for its square.

For simplicity we discuss the one-dimensional processes.

Proposition 1.2.3. [70/

1. If {M;}1>0 € M?, then {M?}i>0 has a unique D — M decomposition as follows:
M2 = a martingale + (M),,

where (M), is a natural (predictable) integrable increasing process, and it is

called the (predictable) characteristic process for M,

2. If {M,}10, {Ni }1>0 € M?, then {M;N,};>0 has a unique decomposition (it may
be still called the D — M decomposition) as follows:

M;N, = a martingale + (M, N),,

where (M, N), is a natural (predictable) integrable finite variational process, i.e.
it is the difference of two natural (predictable) integrable increasing processes,
and it is called the cross (predictable) characteristic process (or (predictable)

quadratic variational Fi-adapted process) for My and Ny.
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3. If {M;}s>0, {Ni }i>0 € M>!¢, then
(i) do, T o0,0, < o0 is a stopping time for each m such that
{ Mz, } 50, { Nino, }i>0 € M? for each n;
(i) there exist a unique predictable process {(M, N); >0 such that

(M, N)ipo, = (M N, ¥n and ¥Vt > 0,
where we write M;™ = Mp,,, and N/™ = Niro,

For the continuity of (M, N); we have the following proposition.

Proposition 1.2.4. [70] Any one of the following conditions makes (M, N); contin-
uous 1 t:
(1) {St}>0 is continuous in time, i.e. if o, T o and they are all stopping times, then

8o = VaSo.: (i) M, N € M><.

For stochastic integrals with respect to the martingale {M,;};>0 € M?, we need to
introduce the space of integrand processes as in the case with respect to BM {w; }s>o €

M2

Definition 1.2.9. 1. Write

{f(t,w) >0 : it is§; — predictable such that¥T > 0
T
(17 10 =E [ f(tw)did, < o
0

L3, =

For f = {f(t,)}is0 € L3, set

o0

1
I £18= 3 501 1% A,

n=1

{f(t,w) }s>0 : it is§: — predictable such that if 3o, T oo, 0y,
9 E?\’Jloc _ ) is a§; — stopping time for each n, and

TNon
E/ At w)d(M), < 00, YT > 0,Yn
0
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3. L% is defined the same as in Definition 1.2./.

TNon
Note that if ]E/ fAt,w)d(M), < oo,¥T > 0,Vn, then P— as.
0

NAopn T
/ P26 w)d(M); < o0.¥n,YN — 1,2,--- . Therefore, / F2(t,w)d(M), <
0 0

00, VT > 0,P-a.s. In general, the inverse is not necessary true. However, if (M),
is continuous in ¢, then the inverse is also true. Reasoning almost completely in the

same way as in lemma 1.2.1, one arrives at the following lemma.

Lemma 1.2.2. [70] L is dense in L3, with respect to the metric || - ||3”.

t

Now we can define the stochastic integral / f(s,w)dM, with respect to {M;}i>o ,
0

first for f € £°, and then for f € £2,, and finally for f € £3° in completely the

t
same way as when defining / f(s,w)dws. However, we would like to define it in
0

another way, even if it is more abstract and different, because it is then faster and

easier to show all of its properties.

Definition 1.2.10. For M € M> and f € L3°° (or M € M? and f € £3;) if
X ={x:}i50 € MP(X = {x;}150 € M?) satisfies that

(M, N)(t) = / F(w)d(M, N)(u), (1.2)

VN € M?¢(N € M?),Vt > 0, then set x; = IM(f)(t), and call it the stochastic
integral of f with respect to martingale M.

In the rest of this section we always assume that M € M?!°¢. First let us show the
uniqueness of X € M?!¢ in Definition 1.2.10. In fact, if there is another X’ € M?!o¢
such that 1.2 holds, then (X — X', N) = 0,VN € M2, Hence by taking N = X — X’
one finds that X = X’. Secondly, we need to show that such a definition is equivalent

to the usual one, which was explained before this definition.
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Proposition 1.2.5. [70] If f € L3, is a stochastic step function, i.e. f € L3, and

do, T,00 =0, 09 an is a §-stopping time for each n such that

f(ta W) = fO(w)]ltZO + Z fn(w)ﬂ[an,0n+1}<t)7
n=0

where f, € 85, , then
[ee) t
M) (1) = falw)(Ming,., = Ming,) = /0 fw)dM (u) (1.3)
n=0
Lemma 1.2.3. [70] If M,N € M? f € L3, g € L%, then

/0 f - gl(w)d|(M, N, < | / P )d(M) [ / P(u)d(N), |V,

where |(M)|, is the total variation of M;,t € [0,u]. Note that we always write
d|(M, N)|u = |d{M, N)ls.

1.2.6 Ito’s formula for continuous semi-Martingales
In calculus if f(z),z(t) € C* and both are non-random, then

df (x(t)) = f'(x(t))dx(t).

However, this formula for a random process x(t,w) is not necessary true.

For example, one can show that

yw(t)|2:2/0 w(s)dw(s) +1, (1.4)

or symbolically, we can denote it by
dlw(t)]? = 2w(t)dw(t) + dt,

where w(t) is the 1-dimensional standard BM. Actually, this is a special case of the
famous It6’s formula. So one can understand how important and useful It6’s formula

is in stochastic analysis and stochastic calculus.
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Proposition 1.2.6. [70] If f(z) € C*(R), and M € M>!°¢  then

£ = 1) = [ ronyi 3 [ s, (1)

Now let us consider It6’s formula for the continuous semi-martingale. Suppose that
$t:$0+At+Mt,

where zg € §o, {A:}i>0 is a continuous finite variational (§;-adapted) process with

Ay = 0,{M;}>0 € M?leee We will call such an 2, a continuous semi-martingale.

The same proof will show the following result.

Theorem 1.2.3. [70] If f(x) € C*(R), then
Fa) = flao) = [ Fladids [ pagartog [ reaon, 1o

1.2.7 1It6’s formula for semi-Martingales with jumps

In the practical case we will always encounter some stochastic perturbation with

jumps. So we need an Itd’s formula for a semi-martingale with jumps. Consider

t+ t+ .
= x0+ A + M, ~|—/ /(s, z,w)Ny(ds, dz) + / / 9(s, z,w)Ny(ds, dz),
o Jz 0o Jz

where zg, {A; }i>0 and {M, }1>0 are the same as in theorem 1.2.3, and p is a §-point
process of the class (QL), f € F,, g € F'* such that f(s, z,w)g(s, z,w) = 0. We will
call such a z; a semi-martingale with jumps. Here the last two terms are called jump
terms. All jumps of z; are caused by them, and the condition f(s, z,w)g(s, z,w) =0
means that the last two terms do not have the same jump times. We have the following

general [t6’s formula:

Theorem 1.2.4. [70] If F(z) € C*(R), then

Plw) = Fao) = | Pa)dA+ /0 Pa)aM, 4 / (2 )d{M),

0 2 0
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t+
+ / / (Fts + f(5,2,0)) — F(e, )N, (ds, d2)

-|-/O /Z[F(xs + 9(s, 2,w)) — F(x,_)|Np(ds, dz)

+ /0t+ /Z[F<5Us +g(s,z,w)) — F(xs) — F'(25)g(s, z,w)]]/\?p(ds,dz). (1.7)

holds. Moreover, 1.7 also can be rewritten as

Flay) — Flag) = / F/(2)dA, + / F’(xs)dMS+% / FY(2)d(M),

0 0 0

+ /0 " /Z F'(2 )g(s, 2, 0) N, (ds, d=) + /0 N /Z F/(2 ) f (s, 2, w) N, (ds, d=)
+/Ot+/Z[F($S_+f(S,z,W))—F(ass_)—F'(l‘s_)f(s,z,w)]Np(ds,dz)

+ /OtJr /Z[F(xs_ +9(s,2,w)) — F(xs_) — F'(25_)g(s, 2,w)|N,(ds, dz)
or, more simply,
Fla) = Fzo) = /0 F/(e. ), + / F'(2,)d(M),

2.Jo

" / / Flaa + f(5,2,w)) — F(ea) — F'(22) (5, 2, 0)|N,(ds, d2)

t+
+ /0 /Z[F(xs_ +9(s,z,w)) — Fas—) — F'(25-)g(s, z,w)|N,(ds, dz) (1.8)



1.2 Brownian motion, stochastic integral and It6’s formula 31

1.2.8 Ito’s formula for d-dimensional semi-martingales and in-

tegration by parts

The above Ito6’s formula for one-dimensional semi-martingales with jumps is eas-
ily generalized to that for the n-dimensional case. Consider a d-dimensional semi-

martingales with jumps as follows: x; = (xl,--- , x¢), where for i = 1,2,--- ,d

xp = xh + A + M}

+/0t+/zfi(872,w)Np(ds,dZ)+/0t+/zgi(s’z’w)ﬁ;(ds,dz)

where xy € Fo,{Ai}i>0 is a finite variational (F-adapted) process, and {M;};>0 €
M?2loee “all are d-dimensional, and p is a -point process of the class (QL), f €
Fp, g € F2lo¢ such that fi(s, z,w)g(s, z,w) = 0,Vi,j = 1,2,--- ,d. Then we have the

following theorem.

Theorem 1.2.5. [70] If a real function F(x) € C*(RY), then

F(a) — Flxo) Z [ Pt + Ly [ i,

’L]l

/t+/ _CES—“‘f S, %, w ZFIZ To fz s,z CU)] p(ds,dz)

/H/ (7=t g(s,2,0) Z (5, 2,w)INp(ds, dz),  (1.9)

F(xzy) — F(xo) =

Z/ Fli(x,_ dAZ+Z/ i(zs_)dM! + = Z/ Fl (@) d(M', M7),

i=1 3,j=1

t+ ~
N / / [F(we +g(s,2,w)) — F(z, )|N,(ds, dz)
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t+
+ /0 /Z [Fzo_ + f(5,2,w)) — F(z,_)|N,(ds, d2),

t+ N
/ / (rs_ + 9g(s, 2,w) ZFQ (25-)g' (s, z,w)|Np(ds, dz),

Remark 1.2.1. 1. If we denote
(2%, 2], = (x'°, 27¢); + Z(AIiij) = (M", M), + Z(Amiij),
s<t s<t

which is called the cross quadratic variational process (cross characteristics) of

semi-martingales {21 },;50 and {z]};5>0, then 1.9 can be rewritten as

d ot
F(xt)—F(xo)IZ/O Fli(zs_)dal + = Z/ Fl i (zs)dla', 7]
i—1

zgl

+/Ot+/Z[F(xS_+f(szw Z Fi(s, 2.w)

1 : ! /! 1 ]
52 [ Fe ) £ o2 ) s, )l s, )

ij=1

d

t+ .
-I—/O /Z[F(xs_ +g(s,z,w)) — F(xs) — ZF' (2s_)g"' (s, 2,w)

i=1

) Z/ F:gxﬂ S z w)gj(s,z,w)]Np(ds,dz)
0

z]l

2. Ito’s formula 1.9 can also be written symbolically in differential form as
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ZFQ x,_)dat + ZF d(M M),

zgl

/Z[F(mt_ + f(s,2,w) ZFQ ze-) f1(s, 2, w)|Np(dt, dz),

/Z[F(:Et_ +g(s, z,w) Z (s, 2,w)|Ny(dt,dz),

or,
ZF/Z z)dz) + = ZF;’W dz’, 2],
2] 1
where
dn(F,g) = /[F(a:t_ +g(t, 2z, w) ZF/Z z)g'(t, 2, w)]
z
—= Z Fl (20)g' (t, 2, w) g (¢, 2, w)| N, (dt, dz),

z]l

and dn,(F, f) is similarly defined.

By Itd’s formula one easily derives the formula of integration by parts for semi-
martingales with jumps. Suppose the semi-martingale {z}};>¢ are given as above,

i=1,2,--+,d. Then we have the following theorem (integration by parts).
Theorem 1.2.6. [70] We have:
driz] = xide] + x)dai + d[2, 27],,

or equivalently,

t ¢
iod o d i 7.0 390 i j
iy a:oxo—/ :L"des+/ wldzl + [, 2.
0 0
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1.2.9 Independence of BM and poisson point processes

As an application of It6’s formula we can prove the independence of BM and Poisson
point processes, which is very important in stochastic analysis. For simplicity let
us first discuss the independence of a 1-dimensional Brownian motion and a Poisson

point process.

Theorem 1.2.7. [70] Assume that {x:}i>0 is a 1-dimensional §;-semi-martingale,

and p is a §y-point process of class (QL). If
1. Mt =Xy — Xg € MQ,IOC,C’ <M>t = t;

2. The compensator Np(dt, dz) of p is a non-random o-finite measure on [0,00) X Z ;
then {x:}i>0 is a 1-dimensional Fi-BM, and p is a §¢-Poisson point process such

that they are independent.
The above theorem is easily generalized to the d-dimensional case.

Theorem 1.2.8. [70] Assume that {x;}1>0 is a d-dimensional Fi-semi-martingale,
where x; = (x},--- ,2%), and p;,i = 1,2,--- ,n, are F;-point processes of class (QL)

on state spaces Z;,i = 1,2,--- ,n, respectively. If
1. MtZ = ZC% - 5136 c MQ’ZOC’C, <MZMJ>t = (Szjt, Z,j = 1,2, e ,d,

2. the compensator J/\\fpi(dt, dz) of p; is a non-random o-finite measure on [0,00) X
Z,1=1,2,--- ,n; and the domains D, ), = 1,2,--- ,n, are mutually disjoint,
a.s. Then {xi}i>0 is a d-dimensional §F-BM, and p;(i = 1,2,--- ,n) is a §;-

Poisson point process such that they are mutually independent.

1.2.10 Strong Markov property of BM and poisson point pro-
cesses
The martingale characterization of BM and Poisson point processes (theorem 1.2.8)

can be used to show that a BM is still a BM if it starts again from any stopping time,

and this property is also true for a stationary Poisson point process.
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Theorem 1.2.9. [70] If x; = (x},- -, 2%) is a d-dimensional F-BM, and o is a F;-
stopping time with P(o < 00) = 1, then {x]}i>0 = {%t10 }1>0 s a d-dimensional F; =
Stro — BM. In particular, {w]}i>0 = {Ti16 — To}i>0 15 a standard BM independent
of 85 = So-

Theorem 1.2.10. [70] If p is a stationary §-Poisson point process on some space
Z with the characterictic measure w(dz),and o is a {§:}i>o0-stopping time with
P(oc < oo) = 1, then p* = {p*(t)}en,. = {p(t + 0)}t1oep, is a stationary
{Fi}is0 = {Sttott>0-Poisson point process with the same characterictic measure

m(dz).

By the previous two theorems one immediately sees that a standard BM and a sta-
tionary Poisson point processes are both stationary strong Markov processes. That
is to say, if {w;}+>0 is a d-dimensional F-standard BM, then for any §;-stopping time

o with P(o < 00) = 1, it satisfies VA € B(R?),Vt > 0,
P(wi, o € A/T,), as.
In fact, by Theorem 1.2.9 one has that it is equivalent to
P(w; € A/F5) = P(w, € AJFo) © P(wf € A) = P(w, € A)

where {w; }+>0 is a §;-BM. The last equality is obviously true. It is natural to define
the strong Markov property of a stationary §;-point process p as follows: If p satisfies
that Vt > 0,Vk =1,2,--- |

P(N,((0,t + 0] x U) = k/Fs) = B(N,((0,1] x U) = k/§o) as.,

then p is called a strong Markov §;-point process. Thus we arrive at the following

corollary.

Corollary 1.2.3. [70] The §;-standard BM and §,-stationary Poisson point processes

are both stationary strong Markov processes.
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1.2.11 Martingale representation theorem

The martingale representation theorem is very useful in the mathematical financial

market and in the filtering problems. More precisely, we have the following theorem.

Theorem 1.2.11. [70] Let m(t) be a square integrable Ri-valued F"-martingale,
where FF is the o-algebra generated (and completed) by {ws, ke, s < t}, and {w; Y=o

is a dy-dimensional BM, {k:}1>0 is a stationary dy-dimensional poisson point pro-
cess of the class (QL) such that the components {k}}i=o, -, {k Y=o have disjoint

domains and disjoint ranges. Then there erists a unique (q;,p;) € Léw,k(Rd‘@dl) X

F2, . (R¥®%®) such that

gw,k

Here we write

LER®N) = {f(t,w) : f(t,w)is F; — adapted, R*®" — valued such that

T
E/ |f(t,w)|2dt < oo, foranyT < oo}
0
and

FZ(R™%2) = {f(t,z,w) : f(t,z,w)}is R*®® — valued, —F; predictable such that

T
2
IE/O /Z|f(t,z,w)| m(dz)dt < 00, VT < oo}



Chapter 2
Stochastic differential equations

In the practical case a dynamical system will always be disturbed by some stochas-
tic perturbation, one type of which is continuous, and it can be modeled by some
stochastic integral with respect to the BM, and the other is of the jump type, which
is usually modeled by some stochastic integral with respect to the martingale measure
generated by a point process. In this chapter we will discuss such kinds of stochastic

differential equations (SDE) with jumps.

2.1 Strong solutions to SDE with jumps

2.1.1 Notation

Suppose we are given a probability space (2, §,P) with a o-field filtration {§;}i>o.

Consider the following SDE with jumps in d-dimensional space :

t t
T = To+ / b(s, s, w)ds + / o(s,xs,w)dws
0 0

t
—|—/ /c(s,xs_,z,w)Nk(ds,dz),tZO (2.1)
0 Jz

where w! = (w},--- ,wi),0 < t, is a d;-dimensional §-adapted standard Brown-

ian motion (BM),w] is the transpose of w!; kT = (ki, -+ ,kg,) is a dy-dimensional
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S-adapted stationary Poisson point process with independent components, and

Nki(ds, dz) is the Poisson martingale measure generated by k; satisfying

Ny, (ds,dz) = N, (ds,dz) — w(dz)ds,i =1, -+, ds.

Here 7(-) is a o-finite measure on a measurable space (Z,B(2)), and Ny, (ds,dz) is

the Poisson counting measure generated by k;. From now on, for simplicity, we will

t t+
always denote the integral / = / = / :
0 (0,1] 0

Definition 2.1.1. {x;:}4>0 (or, simply, x;) is said to be a (F)-solution of 2.1, if

T beso satisfies 2.1. In the case that z, € F°F, ¥t > 0, where " is the o-algebra
= t t

generated (and completed) by ws, ks, s < t, and then it is called a strong solution.

From Definition 2.1.1 it is seen that for discussing the solution of 2.1 we always need

to assume that the coefficients satisfy the following assumption:

(A);: band o : [0,00) x RT x Q — R c: [0,00) x RT x Z x Q — R? are jointly
measurable and §;-adapted where, furthermore, ¢ is §;-predictable. Moreover,
to simplify the discussion of , we will also suppose that all Vi, (ds, Z),1 < i < d,

have no common jump time; i.e. we always make the following assumption
(A)2: Ni,({t}, U)Ny,({t},U) = 0, as i # j, for all U € B(Z).

Definition 2.1.2. We say that the pathwise uniqueness of solutions to 2.1 holds,
if for any two solutions {zi}i>0,7 = 1,2 satisfying 2.1 on the same probability

space with the same Brownian motion {w;}i>0 and Poisson martingale measure

Ni(dt, dz), P <Sup |z} — 2} = 0) = 1.

t>0

2.1.2 A priori estimate and uniqueness of solutions

Now let us introduce some notation which is useful later.

f(t,w): f(t,w)isF; — adapted, R? — valued such that

E sup |f(t,w)|* < oo, VT < oo,
te[0,T)

S;,loc (Rd) _
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Lemma 2.1.1. Assume that x; is a solution of 2.1, and assume that
1. E|zo|? < 0o, and

2. {z-b(t,z,w)) < ct)(l+ |z[*),

lo(t, z,w)|* + /Z c(t, z, z,w)|*7(dz) < c(t)(1 + |x]?),

T
where 0 < ¢(t) is non-random, such that Cp = / c(t)dt < oo, for any T < oo.
0

Then

]E( sup |$t|2> < kr < oo,
tel0,T)

where kr > 0 is a constant only depending on C; and E|xg|> . Hence one has that

under the assumption of this lemma the solution of 2.1 always satisfies {xi}i>0 €

S1°(RY).

Proof. Let 7y = inf{t > 0 : |z;| > N}. By Itd’ formula

tATN tATN
|Zinry|? = |m0|2+2/ xs-b(s,xs,w)ds+2/ Ts - 0(S, s, w)dws
0 0
tATN tATN ~
+/ lo(s, 2, w)|?ds + 2/ / Ts - (s, xs—, z,w)Ni(ds, dz)
0 0 z

tATN
—I—/ / (s, zs_, 2,w)[*Ni(ds, dz). (2.2)
0 z

Since for any T' < oo, as t € [0,7],

tIATN AT N —
E/ |z - 0 (5, 24, w)|*ds = ]E/ |z - 0 (s, 24, w)|*ds
0 0

t
< N2/ c(s)(1+|N[*)ds < .
0
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tATN
Hence { / Ts - 0(8, s, w)dws } is a martingale. A similar conclusion
0 t€[0,T)

tATN .
holds for / / xs - (s, x5, z,w)Ni(ds,dz). Hence by the martingale inequality
0 z
tATN
Elolf, < Eloof? + kB [ cls)(1+ ]
0

1 1 !
+ §EH$H§ATN < Elzol* + §EH-’EH?MN + /fo/ o(s)(1 + Ellzsary [*)ds, (2.3)
0

where we write ||z||? = sup |z,|?, and we have used the fact that
s<t

SATN tATN
2IE sup / xs-0(s, 15, w)dws | < KE / |zs - 0(s, 24, w)|*ds
s<t 0 0
1 ) o tIATN )
< LEalz kB [ fos.mw)ds
<

1 ) o tATN )
{Blall 478 [ o)1+ s

and a similar inequality also holds for

t/\TN N
/ / xs (s, x5, 2,w)Ni(ds, dz)
0 z

2[E sup

s<t

Therefor
1 t
§EH$H§ATN < Elao|* + ko/O c(8)(1 4 Ellzoary [|*)ds.

By Gronwall’s inequality one finds that when t € [0, T
T
Ellz|2,,, < Kpexp (2k0 / c(s)ds) — ki < o0, (2.4)
0

T
where k), = 2E|xq|* + 2/ c(s)ds. Letting N 1 oo, by Fatou’s lemma one finds that
0

Ellz|7 < kr,
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T T
where kp = (2E|x0\2 —|—2/ c(s)ds) exp (2k0/ c(s)ds> depends on E|zg|* and
0 0
T
/ c(s)ds only. O
0

Lemma 2.1.2. Assume that b(t,x,w) and o(t,x,w) are uniformly locally bounded in

x, that s, for each 0 < r < o0,
b(t, 2, @) + [0 (t, 3, 0)| < ke, as |a] <1,

where k, < 0 1s a constant depending only on r; and assume that for each N =
1,2,---,T < oo there exist non-random functions c¥(t) and p¥(u) such that as
|1, |zo] < N; and t € [0,T]

2(xy — m3) - (b(t, z1,w) — b(t, w9, w)) + |o(t, 21, w) — o (t, 29, w)|?

—l—/ lc(t, 1, 2,w) — c(t, 19, 2, w)|*7(dz) < 5 (1) pF (Jo1 — 22)?),
z

T
where ¢ (t) is non-negative such that / ey (t)dt < oo, and pY (u) defined on u >0,
0

15 mon-negative, increasing, continuous and concave such that

/ dufp(u) =oc.

Then the solution of 2.1 is pathwise unique.

Proof. Assume {z!};>9,7 = 1,2 are two solutions of 2.1 with the same BM {w;};>¢

and Poisson martingale measure Nk(dt, dz). Let

Xt = $% - :E?, /b\(s’x;?‘rsz) = b(s,xi,w) - b(t,xz,w),
and

v =inf{t > 0: |z}| + |z > N} .

Then by [t6’s formula as in 2.2 one sees that
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tIANTN
Ziney = Bl Xiary|?] = IE/ [QX b(s,xs,xs,w) + 15 (s, 2}, 22, w) 2
0
t/\TN,
+ [ stz as<E [ o
0

t
< [ XY (Zunoy s, a5 t € [0.7)
0

Hence by the following Lemma 2.1.3 for any 7' < oo, P— a.s. Ziar, = 0,Vt € [0,T].
Letting N — oo one finds that IP— a.s.

Z, = 0,Vt € [0,T).

By the RCLL (right continuous with left limit) property of {z!};>0,i = 1,2 the
conclusion now follows.

O

Lemma 2.1.3. IfVt > 0 a real non-random function y; satisfies

t
0<y < / p(ys)ds < oo,
0

where p(u) defined on u > 0, is non-negative, increasing such that p(0) = 0, p(u) > 0,

as u > 0; and

/ dufplu) = o

then
Yy = O,Vt 2 0.

Proof. Let

t
ztz/ p(ys)ds.
0
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Obviously, one only needs to show that V¢ > 0, z; = 0. Indeed, z; is absolutely

continuous, increasing and,
4= p(y) < plz). (2.5)
Set
to =sup{t > 0: 2, =0,Vs € [0,¢]}.

If tg < 0o, then 2z, > 0, as t > ty. Hence by assumption and from 2.5 for any 6 > 0

00 = du/p(u) = / dzi/p(z) < / dt <.
(0,2(to+9)) (to,to+9) (to,to+4)

This is a contradiction. Therefore 5 = co. O

2.1.3 Existence of solutions for the Lipschitzian case

In this section we are going to discuss the existence and uniqueness of solution to

SDE 2.1. First, we introduce a notation which will be used later.

t,w): f(t,w)isF; — adapted, R? — valued
f(t,w): ft,w) pted,

L%(Rd) — T )
such thatIE/ (£ w)[2dt < oo
0

Theorem 2.1.1. Assume that

1. band o :]0,00) x Ry x Q — RY,

c:[0,00) X Ry x Z x Q — RY

are jointly measurable and §i-adapted, where furthermore, ¢ is §;-predictable
such that P— a.s.

[b(t, x, W) < e(t)(1 + |x]),

o (t, 2, w)|* + /Z le(t, @, 2,w)*7(dz) < c(t)(1 + |2f*),
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where ¢(t) is non-negative and non-random such that

T
/ c(t)dt < oo;
0
2. |b(t, x1,w) — b(t, x9,w)| < c(t)|xy — 22,

|O'(t,.%‘17w) o O'(t71‘27w)‘2 +/ |C<t7$1727w> - C(twr% z7w)|271'<d2)
Z

< c(t)|xy — 2%,

where ¢(t) satisfies the same conditions as in (1);
3. g € So,E|Qf0|2 < 0.

Then 2.1 has a pathwise unique §¢-adapted solution {x;}i>0 € Sé’loc(Rd). In the case

that b(t,z,w) and o(t,z,w) are 5N _adapted, and c(t,z, z,w) is 5N _predictable,

then the solution is also SQU’N’“-a,dapted, i.e. it is a strong solution.

Proof. Let us use the contraction mapping principle to prove this result. Introduce a

new norm as follows: for any given 7' < oo and for (z.) € B = L%(Rd) let

()3 = sup e A OE|z|?,
t€[0,T]

where ||z]|; = sup |z;|, and by > 0 is a constant, which will be determined later, and
s<t

write
H=A{(z.) € B: l(x)]|ar < o0}

Then H is a Banach space. For any (7'.) € H,i = 1,2, denote (2°.),i = 1,2, by the
following SDE:
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t t
1’715 = Ty + / 6(37 JTS,CU)dS + / (S’ xs’ w)dws
0 0

// s, 7, 2, w)N(ds,dz),0 < t,i=1,2.

By assumption (1) one easily sees that (z°.) € H,7 = 1,2. Let
Xt = ]}% — ZE?

Similarly, define X, Then by Itd’s formula as in 2.2, and discussing similarly as in

2.3, one has that
t _ t
E[IX[2 <! / Foc(s)E| X |2ds + / oc(s)EJ| X | 2ds
0 0

t
:71]§+7/ koc(s)E[| X |[2ds
0

<t / exp(ko(A(t) — A(s)) koc(s)I1ds

where kg > 1 is a fixed constant, and we have applied Lemma 2.1.4 below. Note that

0 < A(t) is increasing, so that

gAML = oAl / koc(s)E|| X [|2ds
t
< supe‘boAs)IEHXHi/ A=A kye(s)ds
s<t 0 t
< supe ORIk [ c(s)ds
s<t 0
< kTsupe RALE) X 2.

T
where k7. > 0 is a constant depending on / c(s)ds only. Thus, if we write u(s) =
0

E|X,[?, then

etoA() / exp(vko((A(t) — A(s))))huc(s) ' ds
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t b,
< supe- A1 / ¢ REENAD=AG) g
s<t 0

b
<y sup e AOu(s)(22 7)™ < K sup e Au(s) (22 — 7))
s<t kO s<T kO
Hence
b - _
(X3, < maX(kéﬁv*,k%(k—Z — )OI )

After appropriately choosing v and by to make

b
max(kpy ™ R (> =)™ <

by the contraction mapping principle one finds that there exist a unique solution
{Z.}1>0 € LA(R?) satisfying 2.1. Let us show the following result: there exists a
version {z;}>0 of {Z:}i>0, that is, for each t € [0,7] P(x; # z;) = 0, such that
{z¢}1>0 is RCLL (right continuous and with left limit) and {x};> is a solution of

2.1. In fact, write

t t
xt—x0+/ b(s,js,w)ds+/ o(s, Ts, w)dws
0 0
t ~
+/ /C(S,i’s_,z,w)Nk(ds,dz),t € [0,7];
0 Jz
t t
yt:x0+/ b(s,xs,w)ds+/ o(s,xs,w)dws
0 0
t ~
+/ /c(s,xs,z,w)Nk(ds,dz),t € [0,7].
0 z

T
Then IE/ |z, — Z;|*dt = 0. So, there exists a set A; x Ay € ([0,7]) x § such that
0

T
IE/ T, xa,(t,w)dt =0, and x,(w) = T (w), as (¢, w) does not belong A; x Ay. Hence,
0

for each t € [0, T7,
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E|.flft -

—l—E/ lo(s,Z,) — o(s, x,)|*ds

¢

E’ / |b(s, Zs) — b(s,xs)|ds
0

—i—E/ /] c(s, s, 2) — c(s, x5, )‘QW(dZ)dS] = 0.

So, the above fact holds true. Now, by Lemma 2.1.1 and 2.1.2 the solution is also

pathwise unique such that E( sup |2,|*) < kr < oo, for each T < oo, where kp is
t€[0,T]

T
a constant depending on 7' and / c(s)ds only. So we have show that there is a
0

unique solution {x;};c1 for each given 7' < co. By the uniqueness of the solution

we immediately obtain a solution {z;};>0 , which is also unique. When all coefficients

'ka ka

are §, " F-adapted, then by construction one easily sees that {x;}:>0 is also §;

adapted, i.e. it is a strong solution.

Lemma 2.1.4. [70] (Gronwall’s inequality)
t

If 0 <y <y +/ c(s)ysds,Vt > 0, where v > 0 is a constant, and c(s) > 0, then
0

vVt >0

t t
Y < Yy +/ exp ( / c(r)dr ) c(s)vsds.
0 s

2.2 Examples of weak solutions

For the existence and weak uniqueness of a weak solution of SDE with jumps we have

the following examples.
Example 2.2.1. Assume that

[b(t, )| < ko,

o, 2)* + /Z le(t, @, 2)*m(dz) < ko(1 + [2[*),
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and for each N = 1,2,--- there exist a non-random function c™(t) such that as |z,

and |z3| < N,

lo(t, z1,w) — o(t, xe,w)|? +/ c(t, z1, 2,w) — c(t, 29, 2, w)|*m(dz) < N (t)|x) — 2|2,
z

T
where ¢ (t) > 0 satisfies that / cN(t)dt < oo for each T < oo; and o~ (t, ) exists
0

and is bounded |0~ (t, x)| < ko, where x,b,c € R o € R*®4. Then the following SDE

with jumps in d-dimensional space ont € [0,T):

¢ ¢ ¢ _
Ty = To +/ b(s,xs)ds +/ o(s,xs)dws +/ / c(s,xs—, 2)Ng(ds, dz), (2.6)
0 0 0 Jz

where 1o € R? is a constant vector, has a weak unique weak solution.

In the case that the SDE 2.6 has no jump term, that is, ¢ = 0, if 0 = o(z) does not
depend on t, then we can weaken the condition on ¢ to get a weak solution. However,

in this case the weak uniqueness is not necessarily true.
Example 2.2.2. Assume that o0 = o(x) does not depend on t, and
|b(t, z)| < ko,
jo(@)? < ko(L +|2f?),

and o~ 1(x) exists and is bounded |0~ ()| < ko, where z,b € RY, o € R4

Then for any T < oo

T ¢
Ty = To +/ b(s,xs)ds +/ o(zs)dws,t € [0,T],
0 0

has a weak solution, where xy € R? is a constant vector.



Chapter 3

Stochastic differential equations with

non-Lipschitzian coefficients

In this chapter we will use the smoothness method and the Skorokhod weak conver-
gence technic to discuss the existence and uniqueness of strong solutions and weak

solutions for SDE with jumps and with non- Lipschitzian coefficients.

3.1 Strong solutions, continuous Coefficients with p-

conditions

In this section we will use the smoothness method to obtain the existence and unique-
ness of a strong solution for a SDE with continuous coefficients, which satisfy some

so-called p-condition. Consider the following SDE with jumps:

t t
Ty = To + / b(s,zs,w)ds + / o(s, s, w)dws
0 0

t
+/ /c(s,xs_,z,w)Nk(ds,dz),Vt >0 (3.1)
0 z

where {w;}y>0 is a d-dimensional BM, Ny (ds, dz) is the Poisson martingale measure

generated by a Poisson point process k(-) such that Ny(ds, dz) = Ny(ds, dz)—m(dz)dt,
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where Ny(ds,dz) is the counting measure with the compensator 7(dz)dt generated
by k(-),n(+) is a o-finite measure on some measurable space (Z,8.), and b € R o €
R4 ¢ c R% In 3.1 if ¢ = 0, we get a continuous SDE. Furthermore, if ¢ = 0, then
3.15 will be reduced to a continuous ODE for each fixed w. So we will call the case
o = 0 a degenerate case, no matter if ¢ = 0 or not. We will use the smoothness

technic to show the results.
Theorem 3.1.1. [70]

1. Assume that

b = bt,r,w):[0,00) x RT x Q — RY,

o = o(t,r,w):[0,00) x R x Q — R
c = c(t,r,w):[0,00) x RT x Z x Q — R,
are Sff’ﬁ’“— adapted and measurable processes such that IP- a.s.

[b(t, z, W) < e ()1 + []),

lo(t, x,w)|? +/Zc(t,:v,z,w)]27r(dz) <c(t)(1+ |z,

where S;’J’N’“ is the o-field generated by w and N, up to time t, that is, S};”’N’“ =

o(ws, Np((0,s],U),YU € B.,s < t), and c1(t) is non-negative and non-random
such that for each T' < oo

T
/ c1(t)dt < oo
0

2. b(t,x,w) and o(t,x,w) are continuous in x; and

h—0

lim/ le(t, z + h, z,w) — c(t, z, z,w) 7 (dz) = 0;
Z
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3. for each N =1,2,---, and each T' < 00,

2((z1 — x2), (b(t, z1,w) — b(t, 2, w)))

‘HO'(t,l'l,Cd) o U(t,$2’w)|2 + /C(tvxla va) o C<t7x27zuw)’2ﬂ-(dz>

z

< (t)pp (| — x2]?),

T
as |x;| < N,i = 1,2,t € [0,T]; where / cr(t)dt < oo; and p¥(u) > 0,as
0

u > 0, s non-random, strictly increasing, continuous and concave such that
| dwpw =cc.
0+

Then for any given constant xy € R? 3.1 has a pathwise unique strong solution.
First, let us give an example of the existence of a solution to an SDE in the case that
T
VT < o0, / c1(t)dt < oo, ¢1(t) is unbounded and, moreover, b; is also unbounded
0

and non-Lipschitzian continuous in z.

Example 3.1.1. Let b(t,x) = —1,201, 20t x|z|™?, where a; < 1,0 < B < 1, and
suppose that o and c satisfy (1) and (2) in Theorem 3.1.1, and satisfy the condition
(3) in Theorem 3.1.1 with b = 0. Then 3.1 has a pathwise unique strong solution.
Obuiously, c(t) = Lsz05~*", is unbounded in t, and b is also unbounded in t and x,

and is non-Lipschitz continuous in x.

Proof. Notice that Yz, 2’ € R?
(@ — ', —ale|™? + 2’|/ |77) = —|a]*P — 2" 7
Ha' |, 2') + 2| P, 2y < —[afP — JalP P

[T | + |2 ] = (Jf = [ D(J2 7 = [ 7F) < 0.
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Hence Theorem 3.1.1 applies. O
Before we prove Theorem 3.1.1, let us first establish a lemma.

Lemma 3.1.1. Under assumptions (1) and (2) in Theorem 3.1.1 there exist b™, oy,

and c*,n=1,2,--- | satisfying the following conditions:

1|0 (t, z,w)| < 2¢1(t) (1 + |x]), as n > No;
lo™(t, z, w)|* + / c"(t,x,z,w)]%r(dz) < 8¢ (t)(1 + \x!Q),
z

where Ny > 0 s a constant;

2. as v,r' € RY

10" (t, z,w) — b (t, 2", w)| < kper(t)|x — 2|,
lo™(t, z,w) — o™ (t, 2, w)|? +/ len(t, 2, 2, w) — " (t, 2, z,w)|*(dz)
z

< kper(t)|x — 2],

where k, > 0 is a constant only depending on n,

3. for any N > 0 and for eacht > 0,w € ), asn — oo

sup |b"(t,z,w) — b(t, z,w)| = 0,
|| <N

sSup |0n(t7 x,w) - O'(t,.l',td)|2
lz|<N

+ sup / " (t, 2, 2,w) — c(t, z, z,w)*r(dz) — 0.
|z|<N JZ

Proof. Let us smooth out b only with respect to x to get 0", i.e. define
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b (t, x,w) = / b(t,r —n'7,w)J(2)dz,
R4

where for all u € R

Ju(ur) = caexp(—(1 — |u*)™1), for [u] < 1,
0, otherwise,

and the constant ¢, satisfies / (u)du = 1. Then
R4

16" (t, z,w)| < / b(t,x —n'z,w)|J(T)dz
Rd

< (t) /Rd(l + |z —n"tz|)J(7)dz

< (t)(1+ x| + nl/ Z|J(2)dz) = c1(t)(1 + |x| + n" k)
Rd
< (T4+n"tho)er () (1 + |z|) < 2a1()(1 + |z]), as n > k.
So b" satisfies (1). On the other hand,

Bt 2, w) — Bt 27, w)] = |nd/ b(t, 7, w) I (n(z — 7))dz

—nd /Rd b(t,z,w)J (n(z" — z))dz| < n /Rd b(t, Z,w)||J(n(x — T))

—J(n(z' — 2))|dz < niei(t)|z — |

« /R /O (14 |2)grad [J(n(z — & + 0(2' — 2)))] d0dz < kner ()] — ).

So (2) is established for b". Now by Heine-Borel’s finite covering theorem for any

N > 0 and any given € > 0 one can find a 6 > 0,0 may depend on ¢ and w such that

1
— <0, |b(t,x—n"" w) = b(t,z,w)| <& V|z| < N;because b is continuous in 2. Hence,
n

asn >

Y

ST
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sup [0"(t, z,w) — b(t, z,w)|
2l <N

<| sup |b(t,z — n~ 'z, w) — b(t, z,w)|J (z)dz|
R4 |z|<N

= | sup |b(t,r —n~'z,w) — b(t, r,w)|J(z)dT < E.
<1 2| <N

Thus (3) is also true for . Now, defining o™ and ¢" similarly, it is easily seen that

on,m =1,2 -+ also satisfy (1), (2) and (3). For ¢" the proof is also similar. In fact,

/Z|c”(t,a:,z,w)\27r(dz) = /Z | /Rd c(t,r —n 1'%, z,w)J(z)dz|*m(dz)

/ [ et =071, 2.0 P @)l r(d:)
< cl(t)/ (14 |z —n'z)J(2)dz < 2c1(t)(1 + 2|2|?
20t [ (2I(@)dz < 2a()(1 4 o)

< ey (t )(1 + |z]?), asn > 2k

So (1) is proved for ¢”. On the other hand,
/ | (t,x, 2,w) — " (t, 2, z,w)|*w(dz)
<t [ elt, ) Pr(ds)| (e - 3) = Jn(a’ — 0) P
< ndey(t)|x — 2| / / (1+ |z2»)|grad[J(n(z — 7 + 0(z' — x))))*|dbdz
< kper(t)|x — z|.

So for ¢ (2) is also established. Finally, by a similar proof as in " one easily derives

that (3) is also true for ¢”. O
Now let us prove Theorem 3.1.1.

Proof. For b", o™ and ¢" obtained from the above lemma by theorem, there exists a

pathwise unique strong solution (z}') satisfying the following SDE
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t t
Tt = 10 + / b" (s, 2, w)ds +/ (s, 2%, w)dw
0

// s, 2" z,w)Ny(ds, dz). (3.2)

By Ito’s formula

Efjzp® — a7 ]?] = QE[/O (" —ag) - (V"(s, 25" w) = V" (s, 2, w))ds
—i—/o lo™ (s, 2™, w) — o™ (s, 2™, w)|*ds

t
+/ / ™ (s, 2™, 2z,w) — (s, 2", 2, w) |*7(dz)ds]
0o Jz

= [ ot ) x (0,07 — w70

—b(s, 2" —n7 'z, w)) + |o(s, 2™ —mT T, w) — o(s, 2" —n T, w) 2

/| ™ m 7, z,w) — (s, 2" — n7'T, 2, w) [Pr(dz)]. J (7)dT]
= E/ /Rd{cl p(lay =i — (m™ = n7 ")z
+20c1(s)[(m™ — n~Hz|}J(Z)dzds.

Hence as t € [0, 7]

El|lz" — 27> < kKp(m™ +n71)

K / {e(s) / BlT — ol — (7 eI @d)ds (33)

So for all n and VT < oo

E(sup |z}[*)ds < kr < oo, (3.4)
t<T

Hence, by Fatou’s lemma, it is easily seen that
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t
Em,n%mEth — | | < k:T/ c1(8)p1 (Em,nﬁmE\xT — x?|2) ds,
0

where p;(u) = p(u) + u. Therefore, lim,, ,, . E|z]" — z'|* = 0. By 3.3 one also finds

T
that for each T' < oommm_mE/ |z}* —a}|*dt = 0. So there exists an (z;) € L3(R?)
0

such that for each T < oo
L T
lim,, ;o E / |z — x,|*dt = 0.
0

On the other hand, by the above result one also has that for each t > 0
lim,, oo E|2} — 24]* = 0.

So z} — x4, in probability for each ¢, and one can choose a subsequence {ns} of {n}

, denoted by {n} again, such that P— a.s. as n — oo,
o = 0Vt =1, k=1,2,-

where {ry}72, C [0,T] is the totality of rational numbers in [0, T]. Hence by Fatou’s
lemma

]Esup]a:t\ < E[sup hm |2 1] < lim [sup]xt] | < kr. (3.5)

n— 00

So, we have

t . t .
/ /c”(s,x?_,z,w)Nk(ds,dz) —>/ /c(s,xs_,z,w)Nk(ds,dz),in]P (3.6)
0o Jz 0o Jz

one may assume that sup |z}| < ko, Vn and sup |x;| < ky. However, in this case, as
t<T

t<T

€ [0, 77, for any € > 0

(I

s, 2", z,w)Ny(ds, dz) // (s, xs_, 2, w)Nip(ds, dz)| >

< @E/ /|c 5,2 z,w) — c(s, 2", 2, w)[? L1 <ho Lo |<hoT(d2)ds
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1 T
+@E/ /Z|C(3,IZ_7Z,M) — (8, %5, 2, W) L g <o Ljay <o T (d2)ds
0

1 (T
< —2/ sup / (s, 2, z,w) — c(s, 7, z,w)|*m(dz)ds
€ Jo z

|z|<ko

—l— ]E/ /| (s, xl, z,w) — s, g, 2,w) " Liap <ho Ly <k T (d2)ds

— Il,n + I2,n'
Notice from Lemma 3.1.1 one finds that

sup / |c™(t, x, 2) P (dz) < 8cy(t)(1 + k), and

|z|<ko

lim sup / (s, 7, 2) — c(s,z,2)*m(dz) = 0.

Thus one can apply Lebesgue’s dominated convergence theorem to get

lim I'" =0

n—o0

Moreover, one also finds that as n — oo,

/ /| (s, 2l z,w) — c(s, Ty, 2,w)|*Ljan <h Ly <ko T (dz)ds — 0.

In fact,
(/ lc(s, 2l z,w) — (s, s, 2, w) [P Ljap <ho Ly <o T(d2) > e)
< P(lzd — 2] > 9)
+P(ﬂx?—x8|<6,|x2|<ko,x2<ko/Z| (5,27, 2) — c(s,2°, 2) P71 (dz) > €)

= J + Iy,

(3.8)



CHAPTER 3. STOCHASTIC DIFFERENTIAL EQUATIONS WITH
58 NON-LIPSCHITZIAN COEFFICIENTS

Now since

lim sup / lc(s, 2+ h, 2) — c(s,z,2)*m(dz) = 0,
z

h—0 |z|<ko

one can take a small enough § > 0 such that

sup / lc(s, 2+ h, 2) — c(s,, 2)*m(dz) < e.
z

|z|<ko,|h|<é

Hence for this § > 0, J3 0 = 0. Furthermore, for arbitrary given € > 0 there exists a
N such that as n > N, Jf“(s < €. Thus, for each s, as n — oo,

[ le(s, a2, z,w) — c(s, &g, 2,w) |*Ljgp <io Liay <o ™ (d2) — 0, in P.

Hence, Lebesgue’s dominated convergence theorem applies, and 3.8 holds. Thus 3.6

follows. By the same token one easily shows that as n — oo,

t t
/ b" (s, 2%, w)ds — / b(s, s, w)ds, in P;
0 0

and

t t
/ o"(s,zl,w)ds — / o(s, xs,w)dws, in P.
0 0

Therefore, (x;) is a solution of 3.1. O

3.2 The Skorokhod weak convergence technic

To discuss the existence of a weak solution for a SDE under some weak conditions
the following Skorokhod weak convergence technic is very useful and we will use it
frequently in this chapter. Let us establish a lemma, which is very useful in the
discussion of the existence of a weak solution to an SDE. In the rest of this Chapter

let us assume that

Lemma 3.2.1. Suppose that
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16" (t, z,w)| < c1(t)(1 4+ |x]), as n > Ny;
W%%M”/W%%MWWMSMWHMW
7

where Ny > 0 is a constant. Assume that for each n =1,2,--- , x} is the solution of

the following SDE:

t t
Yy =T+ / b" (s, zl)ds +/ 0" (s, zl)dws
0 0

t
4 / / (syat, 2)alds, d2),
0 7

where we denote q(dt, dz) = Ny (dt,dz) the Poisson martingale measure with the com-
pensator w(dz)dt such that q(dt,dz) = p(dt,dz) — w(dz)dt and

p(dt,dz) = Ni(dt,dz).

Then the following fact holds, this fact we may call "the result of SDE from the
Skorokhod weak convergence technic": There exists a probability space (ﬁ,@, ]13) (ac-
tually, © = [0,1],§ = B([0,1])) and a sequence of RCLL processes (&, d%, (M), n =
0,1,2,---, defined on it such that (T}, W}, Qt[”),n =1,2,--- have the same finite prob-

ability distributions as those of (x}', wy, (;),n =1,2,---, where

t ¢
G —/ / 2Ny (ds,dz) +/ / 2Ny (ds,dz)
0 Jlzl<1 0 Jlz>1

and as n — oo, Vt > 0,
7 — i, in probability, as i} = #7, 4}, ¢ =0,1,2,- -
Write

Pt dz) =Y L ingoean (), @ (dt, dz) = p(dt, dz) — w(dz)dt,

sEdt
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¥n=0,1,2,

Then p"(dt,dz) is a Poisson random counting measure with the compensator m(dz)dt

for eachn =0,1,2,---, and it satisfies the condition

t t
Ctn = / / an(dS,dZ) +/ / ZﬁTL(dS,dZ),?’L:O,l,Q,"'
0 Jizl<1 0 J)z|>1

Moreover, w" and W) are BMs on the probability space (Q,@, P) and, P™(dt,dz)
and p°(dt,dz) are Poisson martingale measures with the same compensator w(dz)dt.

Furthermore, (Z}) satisfies the following SDE with w} and §"(dt,dz) on (Q,@, E’)

t t
TP =1x0+ / b" (s, z%)ds +/ o™ (s, T)dwy
0 0

[ [ e s,

Proof. By the properties of b",¢", and ", we have

SupE(Sup|x %) < k.
t<T

Moreover, as r <t < T}

¢ ¢
Elxf — 2> < 3]E|/ b (s, x™)ds|* + 3E/ 0" (s, 2™)|*ds
¢
—|—3E/ / |c"(s, 27, 2) |2 (dz)ds < 6(75—7")/ E(1+ \x?|)201(3)ds

t
+24/ E(1+ |27])%e1(s)ds < kot — ).

So

n n |2 /
sup sup E(|lzy — 2 |%) < kph.
n t1,ta<T;[t1 —t2|<h

Thus for each T'> 0,¢ > 0
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kr
< lim -+ =
1E?,OS?ZP§E$P{|@| >N} < lim —5 =0,

limsup  sup  P{|a} — x| > €} <limkph =0
RO ' 4y 9 <T |t —t2|<h ! 2 h10 ’

Therefore,Vn > 1

hm supsup P(|z}| > N) =0,

N—oo n 4<T

lim su su zr — xm| >€) =0.
im sup p P(|zy — 2| > €)
n 1,6 <T,|t1 —t2|<h

t _ t
G = / / Ny (ds, dz) + / / Ny(ds, dz) = ¢} + 2.
0 J|z|<1 0 Jlz[>1

Let us show that (; also satisfies 3.9. In fact, by the martingale inequality

T 2
Esup |¢;[* < / / |22 (d2)ds < ZT/ 12 57(dz) < oo.
t<T 0 Jlz<1 s1<1 L+ 2]

Hence lim supP(|¢}| > N) — 0.

N—oo <

t
Write I2 :/ / |2| Nk (ds, dz).
0 Jlz|>1
Since I? is RCLL, {0 < s < T : AI? > 1} is a finite set, so

Now write

Z AT Iar2s1) = Z|2k W)Lz, (w))>1 < 00.

0<s<T
Hence P(sup|[}| < oo) = 1. In particular, hm supP(|¢?| > N) = 0. Now for
t<T =00 4<T
arbitrary € > 0
ZNy(ds, dz)

P(IG = ¢ > €) < P( > €/2)

z|<1

ZNi(ds, dz)

[>1

>€/2) =Ji + J.

|z
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It is evident that as [t —s| < h — 0

t ~
/ / 2Ny (ds, dz)
s Jz|<1

2]
< 2(2/6)2/|<1 T ’|Z|27T(dz)|t —s|—0.

J1 < (2/€)’E

< (/e /| B

Notice that Ny (dt,dz) is a Poisson random measure with the compensator

m(dz)dt,as|t —s| < h — 0
t
Jy < P(Nul((s, 8], 12| > 1) > 0) = 1 — exp(—/ / r(dz)dr)
s Jz|>1
<1—exp(—mn(|]z| > 1)h) — 0,

2
where 7(|z] > 1) = / m(dz) = 2/ 12 7(dz) < oo. Hence (; satisfies 3.9,
|

z|>1 1+ |Z|2

|z|>1
that is,
lim sup P(|¢;| > N) =0, and
N—oo t<T
m s (G, — Gal > ) =0,
0 4 2 <T [t1—ta|<h
Since E|w; — wy|*> = |t — s|. One also easily shows that 3.9 holds for w;. Hence
Skorokhod’s theorem applies to {z}', (;, w;}. ]

Remark 3.2.1. By this lemma one sees that if "the result of SDE from the Skorokhod

weak convergence technic " holds, and we can prove that

— 0, wn probability INP,

/0 (b (s, 7") — bls, 2°))ds

t t
/ (s, T)dw] — / o(s, 20 dw?, in P,
0 0
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// 5,37, 2)"(ds, dz) %// i (ds,dz), inP, (3.10)

then (0,5, (§0)iz0, P; {@0 V=0, @ (dt, dz), {79 =0), or say 0, is a weak solution of

3.11 in the next section.

3.3 Weak solutions, Continuous coefficients

The technic used in proving Theorem 3.1.1 motivates us to obtain an existence the-
orem for weak solutions of SDE with jumps and with o, which can be degenerate.

Consider the following SDE with non-random coefficients: V¢ > 0,

t t t _
T = T +/ b(s,xs)ds +/ o (s, xs)dws +/ / c(s,xs_, 2)Ni(ds,dz).  (3.11)
0 0 0o Jz

Theorem 3.3.1. Assume that

1.
b = b(t,x):[0,00) x RY — R,
o = o(t,r):[0,00) x R — R
c = c(t,r,z):[0,00) x R x Z — R,

are jointly Borel measurable such that P— a.s.

/Z e(t, 2, 2)Pr(dz) < ea(8)(1 + [2]?),

where ¢1(t) is non-negative such that for each T < oo

T
/ c1(t)dt < oo;
0

b(t, 2)|? + |o(t,z)| < cer(t)(1 + |x]?), where c1(t) has the same property as in
(1);

3. b(t,x) is continuous in x and o(t,x) is jointly continuous in (t,x); and
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lim / lc(t+h x4 h,z) — c(t,x,z)Pr(dz) = 0;

h,h/*)O VA

7(dz) < co. Then for any given constant o € R? 3.11

/ Z:Rd—{o},/

z 14|27

has a weak solution.

n

Proof. We can smooth out b,o and ¢ only with respect to z to get 0", ¢”, and ¢,

respectively. Then we have a pathwise unique strong solution z} satisfying a SDE

similar to 3.2, but here all coefficients 0", o™

, and ¢" do not directly depend on w.
Now applying Lemma 3.2.1 "the result of SDE from the Skorokhod weak convergence
technic" holds. So we only need to show 3.10 in Remark 3.2.1 holds. However, since

Vi >0,
79 — 70, in probability P, as n — oo,

as in the proof of Theorem 3.1.1 one finds that 3.4 and 3.5 hold. So, we
may assume that all {z},t € [0,7]};°, are uniformly bounded, that is,
|z7] < ko,Vt € [0,T],¥n = 0,1,2,--- in all following discussion on the conver-

)

gence in probability. Now for an arbitrary given € > 0

(// F, )7 (ds, d2) // P (ds, dz)]| >

< <// 6 37 2) — ols, 3, 2))(ds, d) >e/3)
¥ P(// §.3,2) — s, B0 2))(ds, ) >e/3)
+ IP(// ) (ds, d2) /Ot st (ds,dz)>e/3)

:Z,

Obv10usly7

< —EP/ sup [ |c"(s,x,2) — c(s,z, 2)*n(dz)ds = I}, and
0

lz|<ko J z

Iy < —E]P/ " (s, 2%, z,w) — (s, T4 zw)\ 11|,,~cﬂ§k0]1m|gko7r(dz)ds:Igl,

Y R
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Now as the proof of 3.7 and 3.8 one finds that

lim I7 < lim I{} =0,and

n—o0 n—0o0
lim Iy < lim I} =0
n—o0 n—o0

Let us show that lim I3 = 0. In fact, for any 0 <7T" < oo,

n—oo

12\*_ (7 )
[§l§2 — E ‘ S,.I'S,Z)| (dZ)
€ 0 Jo<|z|<é

]l\ffg\ﬁkoc( y Lg% dS dZ / /|>6]1|20|<k0 y Ly ) (ds dZ)

t

+f15(

;)

126

= I+ I},

Notice that as d | 0,

T
IE/ / (s, 72, 2)|*n(dz)ds < oo, and {0 < |z| < 8} | 0.
0<|z|<é}

So one can take a small enough § > 0 such that I3 < €/3. Observe that

2 T
<o (B) g Lol (s, 3, 2)]
5= € sup |Tg| < ko' Vs
0 Jlal20 0

2m—1

- Z ’ 7,T7 ) (’LT7(Z+1T) ( )’27'('((12)618

T
c (;—me z) 7 (ds, d2)

om_1 (i+1)T

~ 2m
+P( Z ]lsup 170 < k’()’ /iT /
=0 s<T om

|2|>8
(i+)T

om T
—/ / c (Z—,isoiT,z> P°(ds,dz) > —
o Jze \27T T

om

m m,o
2131"‘[32 )
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T 2T T
where 0 < om <gm < < ;—m < --+ < Tisadivision on [0,T]. Since by conditions
(1) — (3) lim I§} = 0, one can choose a large enough m such that I} < €/6. For
m—oQ

these given m,  there exists a N such that as n > N, I;Z"S < €/6. So, we have proved

that lim I3 = 0, and eventually we obtain that

n—oo

3
fim 3 1 =0

That is, the third limit in 3.10 holds. The proofs of the remaining results are similar

and even simpler. Thus #¥ is a weak solution.
O

For that the coefficient b can be greater than linear growth we can establish the

following thoerem.

Theorem 3.3.2. Assume that

< a@) + 2L gk (@),
bt )] < ko(L+ [2lIL gu()),

where ¢1(t) > 0 and g(x) is such that

gr(x) =1+In(1+In(l+---In(1+ |z]?™))),

~
k—times

(no is some natural number).

Then for any given constant xy € R? 3.11 has a weak solution on t > 0.

Proof. For each n = 1,2,--- introduce a real smooth function W"(z),r € R%, such
that 0 < W™(z) < 1and W™(z) =1, as |z| < n;W"(z) =0, as || > n+ 1. Write

b (t,x) = b(t,x)W"(x),0"(t,x) = o(t,z)W"(x).
Then by Theorem 3.3.1 for each n there exists a weak solution z} with a BM z} and

a Poisson martingale measure Nkn(dt7 dz), which has the same compensator 7(dz)dt,
defined on some probability space (Q",§", {§}}, P") such that P"— a.s. Vt > 0,
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t t t
xp = xg +/ b (s, x%)ds +/ o™ (s, xT)dw? +/ / c(s,x? , 2)Nga(ds, dz).
0 0 0 Jz

Construct a space Q" = D x Wy x D, where D and W, are the totality of all RCLL
real functions and all real continuous functions f(¢) with f(0) = 0, defined on [0, c0),

respectively. Map (z"(.,w), w™(.,w),("(.,w)) into the Q, where

t _ t
0 Jlz|<1 0 Jlz|>1

Nkn((O,t], U) = Z ]lo#AC;LeU,fOI"t > 0, U e %(Z),
0<s<t

Nin(dt,dz) = Nyn(dt,dz) — 7(dz)dt.

and

From this map we get a probability law 7 on 2. Now let
Q=1 ,Q"§=1,8",P =1 P,

xo?

where §" = Bp X By, X Bp, and define Vw = (W, - w0 --+) € Q,

I(w) = W) d(w) = 0w).¢w = §)
T(w) = W), opw) = wpw"),('w) = GW"),

Then one finds that for each n, &} satisfies the following SDE: P— a.s.

¢ t
I =1x+ / b"(s,Z7)ds + / on(s, Zhdw:)
0 0

t ~
—l—/ /c(s,i?_,z)Nkm(ds,dz),Vt >0,
0o Jz

where

New((0,4,U) = > Iy ngnepsfort > 0,U € B(Z),
0<s<t

Nk/n (dt, dZ) = Nk/n (dt, dZ) — W(dZ)dt,
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and

¢ ~ t
& :/ / 2Ngm(ds, dz) +/ / 2Nym(ds, dz).
0 Jlz|<1 0 Jz|>1

Let us show that the following facts hold for 5 = ¢*, @, and ?:

lim supsup P(|n;'| > N) =0,

N—oo n ¢<T

lim sup sup P(lnt, — i, > €) =0, 12
RO ' ) 49<T |t1 —t2|<h

In fact, as the proof of Lemma 3.2.1 one easily sees that (;* satisfies the condition:

hm supsup P(|('| > N)

N—oo n ¢<T

= lim supsup P} (|¢/'| > N)
N—oo t<T

= Tim supP!, (¢}] > V) = 0,
N—o0 t<T

and

lim sup sup P(|¢;; — | > €)
RO ' ) 49<T [t1—t2|<h

= lim sup sup P2 ([¢h — ¢l > €)
RO ' 4y 60 <T[t1—ta|<h

P! (I 1
= lim sup P, (|, — ¢l >€) =0,
PO 4y 40 <T |ty —to|<h

because all {(}'}1>0,n = 1,2,--- have the same probability laws. So 3.12 holds for
¢;'. Similarly, w} also satisfies the 3.12. Now applying Itd’s formula to g,,,+1(Z}'), one
finds that P— a.s.
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Im+1(T7) = gms1 (0 +/ Gy (ZD)O" (s, 27 )ds
0

+ / G P00t 720w+ 5 [ s (ot 7

+ //gmﬂ 5,7, 2) Ny (ds, d2)
+ / / Gms1 (B (5, #7_, 2)) = g1 (1)

In1 (T 57)0(87 Ty )]Nk/n(ds dz),

02 d
where we write ¢/, (%) = gradgm+1(z), and g/, ., (z) = axiaxjgm“(“”) =

i,j=1

By evaluation and from the assumption one sees that

2n0|x|2n072

WVU 0" (s, )| < koca (1),

|G g2 (2)b" (5, 2)| < T g; (@)

g i1 ()o (s, )|

< Z {ILg; {27105”’%‘2”0_2 + dng(ng — Dyl dngasay|z[* ™
R ] D o S
T (7) (i + |J$|2no)2 ZHZ:M; ") Hoaou)(t, x) < ko,
k=0

g1 (@)II* < Ko,

where ko > 0 is a constant, and we write go(x) = 1. Hence using the fact that

sup In(1 + |z¢|) = In(1 + sup |z;|)
t<T t<T

one finds that as T' < oo, Vn, when N — oo,

1
P(sup|z}| > N) < ———Eg,, sup |z,
(Sup [37] > N) € B (V) (sup 7))

1

- — B g (V) < K1+ [ a)d)/g, () =0
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This means that

lim sup (]P sup |7)'| < N) = 0. (3.13)

N—oop=132,. t<T

Furthermore, by It6’s formula to g,,11(Z2 — '), s € (r,t], one finds that P— a.s.

¢
Gma1 (T2 — 7)) = 1+/ Grpi1 (T4 — Z7)V" (s, 2%)ds

t
T / Ghaa (B7 — )0 (5, 37)duw, + / g a (& — 570 (s, 57)|2ds
+ / [ a1 = a3l s, )
+ / a2 = B, 222l (72— 3
9m+1 xr>c<87 T, 2)Ngm(ds, dz).

Thus one similarly has that Ve > 0,0 <t —r < h,t <T,Vn,

P(|zy — 27| > €) < sup P(sup |Z}| > N)
n t<T

1
(g (@ — ") — 1)1
o =1 mn ( — 2) )jgg\xtKN

< k|, l/t c(t)dt+ (t—r)| /(1 = gmi1(e)) = 0,whenh — 0.

Therefore, 3.12 holds for n; = 2. Hence Skorokhod’s theorem applies. By this and
by "the result of SDE from the Skorokhod weak convergence technic" holds. (See
Lemma 3.2.1 and Remark 3.2.1). So we only need to show that 3.10 in Remark 3.2.1

holds. For this let us first show that lim P(sup|i?| > N) = 0. In fact,
N—oo t<T
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P(sup|%{| > N) =P( sup |&0|> N)
t<T k=12,

N N
< P(sup [, —apF > o)+ P( sup |77r| > )
k=1,2,-- 2 k=12, 2

1 N
< P(sup |@) — &% > )+ P( sup [@p* > =) =1 +1)
k=12, 2 k=12, 2

where {71 }52, is the set of all rational numbers in [0, 7. However, for arbitrary given

€ > 0 and for each ), we may take an ny, large enough such that P(|z), —Z]*| > =) <

5)

2k+1 Jk=1,2,---. Hence I} < Z 2k—€+1 = % On the other hand, by 3.13 there exists
k=

a N such that as VN > N, IV < < Therefore, hm P(sup |#}| > N) = 0 holds true.
N—oo

t<T

(\]

Now let us prove the second limit in 3.10. Notice that from 3.13 and the result just
proved we may assume that |Z}| < ko, Vt € [0,T],Vn =0,1,2,---. Now for any given

t t
/ 0" (s, 7)du / o(s,30)da?
0 0
2N\’ [t ;
(E) E/O ‘U"(S,i'Z)—O(S,ZZ’S)‘ Wiz <k Ljs0(<ko 08
¢ t

+ IP(’/ 1|zg|gk00(57fg)dw?—/ Ljzoj<h,0 (5, Z)dw,
0 0

= Iy +1I7.

e>0

P(

> €)

IA

€

>§)

Notice that for any € > 0 as n > ko,

]A].i(|0'n(8’i'?) — 0-(875’/‘0)|2 l|fn‘<ko]l‘530‘<ko > 6)
I’?<|U(87;ﬁs) - U(S T )| ]l\xo\<k0]l|xo|<ko > €

P(|#r - ) > )

S

IN

+ P(|U(87js) - U(S T )| ]l\z0\<ko]l|:c0|<ko]l|a:"—x0\>n > 6)

Since o(s, ) is continuous in z, so it is uniformly continuous in |z| < ko Hence one

can choose a small enough n > 0 (which can depend on s) such that as [/ — 27| <7
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and |2'|, |2"| < ko, |o(s,2") — o(s,2”)| < e. This means that we can have the result

that as n — oo,

P(jo"(s,2%) — o(s, 2)I” Lazjcno Lizsich > €) < P77 —72] > 1) = 0

So, by Lebesgue’s dominated convergence theorem as n — oo, I§ — 0. Now notice

that o(t,x) is jointly continuous, so if we write o,,(t, z) as its smooth functions, then

lim |o,,(t,x) — o(t,z)|* = 0,Vt, z;

m—0o0
and
o (t, ) = om(s,y)| < k|t — s| + [z —yl],

where k,,, > 0 is a constant depending only on m. Observe that

2 2 T 2
IZ§2(—) E / 105, 29) — 05, 2 L i ds
0

€

t t
IP(\ | venon(s, 0@ ~ [ Lpen,on(s. a8 >
0 0

=17+ "

So for any given € > 0 by Lebesgue’s dominated convergence theorem we can choose

a large enough m such that Ij} < €/2. Then we can have lim ;5" = 0. Thus we
n—00

obtain that lim I;" = 0, and the second limit in 3.10 is established. The proof for the

n—o0

remaining results are similar. [

3.4 Existence of strong solutions and applications to

ODE

Applying the above results and using the Yamada-Watanabe type theorem, we im-
mediately obtain the following theorems on the existence of a pathwise unique strong
solution to SDE 3.15.
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Theorem 3.4.1. [70] Under the assumption of Theorem 3.3.2 if, in addition, the
following condition for the pathwise uniqueness holds: (PWU1) for each N = 1,2, -
, and each T < 00,

2((xq — x2), (b(t, z1) — b(t, z2))
+lo(t,x1) — o(t, z9)]* + /Z c(t, 21, 2) — c(t, 9, 2)|*m(dz)
< (t)pr (Jo1 — 22]?),

T
as |z;| < N,i = 1,2,t € [0,T]; where (t) > 0 such that/ ey (t)dt < oo; and
0

PN (u) >0, as > 0, is strictly increasing, continuous and concave such that

/ dufp(n) =oc;

then 3.11 has a pathwise unique strong solution.

Furthermore, by using Theorem 3.3.2 and Theorem 3.4.1 we immediately obtain a
result on the ODE.

Theorem 3.4.2. 1. Ifb(t,x) is jointly Borel measurable and continuous in x such

that
b(t, )| < a1 (D)1 + 2|1 gu(2)),

where ¢1(t) and gi(x) have the same properties as in Theorem 3.3.2, then the
ODFE

t
2 = x0+/ b(s, )ds,t > 0 (3.14)
0

has a solution. (It is not necessary unique).

2. In addition, if b(t, z) is such the (PWU1) condition only for b in Theorem 3.4.1,
then ODE 3.1} has a unique solution.



CHAPTER 3. STOCHASTIC DIFFERENTIAL EQUATIONS WITH
74 NON-LIPSCHITZIAN COEFFICIENTS

Proof. (1) is obtained by Theorem 3.3.1 by setting o = 0, ¢ = 0; and (2) follows from
Theorem 3.4.1 by letting 0 = 0,c = 0. O

Example 3.4.1. Let b(t,x) = Lyzol ot z|z|™?, where oy < 1,0 < B < 1. Then
ODE 5.1/ has a solution. Let b(t,x) = —140l,z0t ' z|z|® where ay < 1,0 < B < 1.
Then ODE 3.14 has a unique solution.

3.5 Weak solutions, measurable coefficient case

In this section we will discuss the existence of weak solutions of SDEs with measurable
coefficients. In this case we have to assume that the SDEs are non-degenerate. In this
case one sees that the Krylov type estimate is a very powerful tool for establishing the
existence theorem for weak solutions of SDE with jumps under very weak conditions.

Consider a d-dimensional SDE with jumps as follows: ¢ > 0,

t ¢ ¢
T = T +/ b(s,xs)ds +/ lo (s, xs)dw, +/ / c(s,xs—, z)Ng(ds,dz), (3.15)
0 0 0 Jz

where w; and Nj(dt, dz) have the same meaning as in 3.1 and all coefficients b, o and

¢ are non-random.

Theorem 3.5.1. [70] Assume that
1. Z =R*— {0}, and 7(dz) = dz/|z|*";
2. |b(t,z)| + |o(t, z)| +/ lc(t, x, 2)|*7(dz) < ko, where ko > 0 is a constant, b, o
z
and ¢ are Borel measurable functions;

3. there exists a constant &y > 0 such that for all p € R,

(o(t,)p, 1) > |pl?d.
Then there exists a weak solution for 3.15.

Before we prove this theorem let us establish the following lemma.
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Lemma 3.5.1. Under assumption of Theorem 3.5.1 there exist smooth functions:
Yn=12,---

bi(t, ), 0™ (t, z), (t,r) € [0,00) x RY,

which are the smoothness functions of b(t,x), o (t,x), on [0,00) x RY, respectively; and

there exist smooth functions: VYn = 1,2, ---
&tz 2), (t,x,2) € [0,00) x R x {e, < |2| <€,1} = A,

which are the smoothness functions of c(t,x, z), on A, where en €, | 0, such that set

"(t,x,z) = 5”(t,$,z)]l{en§‘zlgegl}, then

10t 3)| < ko, 0" (¢, 7)| < ko,
/ |Cn<t7$7 Z)|27r(d2) S 2k’0,vn = 1, 2’ cee
Z

2. Vu e REY(t, z) € [0,00) x RY,
(o™ (t, @), ) > |pf*do;
3. VYn=1,2---,Yt>0,Vz,2' € R?,

0" (¢, ) = 0" (', )| + |o"(t, 2) — o™ (¢, )| < knkollx — 2] + [t — '],
/ (5,2, 2) — (5,2, 2)|Pn(d2) < kpko[|x — /> 4 |t — '],
{en<lz|<en’}

4. for each T < oo,VN =1,2,--- ,¥g>1, asn — oo,
16" = Bllotorsy + o™ = Ollagoiryesy — 0. and

n 1
| " — Pm(d2)]| g 0,80 < o
{en<|z|<en'}
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where S, = {x e R : x| <n
J. ||/ " — C|27T(dZ)Hq,[0,T]st — 0 asn — oo; VI, N < .
z

Proof. Let us smooth out o to get o, i.e. let for all u € R*!

can exp(—(1 — [uf?)™1), forlu| < 1,

Jap1(u) = {

0, otherwise,

such that the constant ¢y, satisfies the condition

/ Jar1(u)du = 1.
Ra+1

and write for (¢,2) € [0,00) x R4, n =1,2,---

e /R olt— 0w — )7, 2)dids

= / / ot —n"'t,x —n'7)J(t, 7)dtdz
Rre JRI

where we define o(t,z) = 0, for t < 0. ¢" are usually called the smoothness functions
of o on [0,00) x R%. For these 0",n = 1,2,--- let us show that they satisfy (1) — (4).
In fact, Vu € R?

|o"(t, x)| < / o(t —n ', x —n'2)J(L, 7)dldz < k,
Rd+1

<Unluaﬂ> = / <0(t - n_lfa L= n_lj)ﬂv M)J(j j)dfdj < ko = ’:u|2507
Rd+1

Moreover, because the o™ (t, x) are the smoothness functions of o(t, z), so o"(t,z) —
o(t,x), a.s.[7],|28]. Hence for any ¢ > 0, for each T' < oo and N = 1,2,--- | as
n — 0o,

||O'n — 0-||q7[().T]><[_N7N}®d — 0. (3.16)

Furthermore, one easily sees that for each n =1,2,--- as z,2’ € R?
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lo™(t,x) — o™ (t,2")| < kokolx — 2'|.

Thus 0",n =1,2,- -, satisfy (1)—(4). In the same way one can construct b"(¢,z),n =
1,2,--- , such that they satisfy (1), (3) and (4). However, for the smoothness of ¢, to

meet our purpose we need more discussion. First we take a sequence en ¢, | 0. Set

Cén - C]l{CnS|Z|SE;,1}(Z)7 and
Atz z) = ]l{eng‘zlgegl}(Z) - EM(t, x, 2),

where
'tz z) = / o, (t —m H, x —m 2, 2 —m2)J(L, 7, 2)dtdzdz,
RIxRixZ

where we define ¢(t,z,z) = 0, as t < 0. That is, é"(¢, x, z) is the smoothness function

of c(t,x,z) on A, = [0,00) x R? x {¢, < |2| < €,'}. Then

fersarsf L
A {en<|z|<en'} JRE J R J{e,<|2|<en'}

lc(t —m™H, 2 —m™ 17,2 —m~12)]* | |z —m 1z
[z — mo1z|dH 2|2+

gko/ / / 2J(t, x, z)dtdzdz < 2k,
{en<|z|<en'} JRE JRY

where we have used the fact that for ¢, < |z| < ¢!, and ¢, < |2] < ¢, !

J(t, %, z)dtdzdz

|z’d+1

<1+ Z/—m)dﬂsz

z

1
if we take m > —e¢, 2, and ¢y > 0 is a constant such that (1 + ¢)g1 < 2. Thus we

)
Eon

1
have proved that / |c™|*m(dz) < 2ko, as m > —¢, 2. Now for each ¢, by assumption
z €0

dz
o> | = [ et
(nslel<erty 12 {en<lzl<en)
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So for each ¢,,Sy and T' < o0 c[*dtdzdz < oo. Thus by the
[0, 7] S x{en<[2|<en}

property of the smoothness functions as m — oo,

/ lc — cm|2dtdxdz
[0,T)x SNy x{en<|z|<ern}

lc — & |?dtdxdz — 0.

/[O,T}XSNX{enSIZISEnl}

Hence as m — oo,

ydtdxdz
— " d+1
[0,7]x S x {en<|2|<en} ||
dtdxdz
</ o erp il
[0,T]x Sy x{en<|2|<en'} n

for each fixed n, N and T' < oo. This deduces that as m — oo,

dz
m|2
c—c""——= —0,ae.(t,x) € |0,T] x Sy.
/{6n§2’|§e;1}‘ | ’z‘d—l-l ( ) [ ] N

(Otherwise, a contradiction is easily derived). Now applying Lebesgue’s dominated

convergence theorem one finds that for any ¢ > 1 as m — oo,

dz

———||La(jo,17,xsx) —+ 0,for eachn, N andT.

m|2
|Z’d+1

| lc—c
{en<|z<en'}

2

1
From this for each n one easily choose a m,, such that m,, > —e¢_ < and

€o

dz

| lc —
{en<|z<en'}

For simplicity write ¢ for ¢™». Since ¢" is smooth in ¢ and x, so
dz

Jensisizazty 16706 @1, 2) = (620, 2P

dz
< knllzy — 2o? + [t — t2]?]—
/{en§z|§e;1} | | | 2|4+
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< Epflon — zof? + [t — ta]?).

Finally, as n — oo,

| /Z e = cl*m(d2)llg orixsy < | lel*m(d2) g, 0,m1x 5%

{0<|z|<en 1 YU{en t<|2|}

+ll | = cl*n(dz)llgo11xsy — 0.

{en<lz|<en’}
The Proof is complete. O
Now let us prove Theorem 3.5.1

Proof. For b",¢™ and c¢", which are constructed in the previous lemma, for each

n=1,2,--- there exists a unique strong solution (z}) of the following SDE, ¢ > 0:

t ¢
Tt = x0 + / b" (s, x)ds + / " (s, ) dws
0 0

+/Ot/zc”(s,x?_,z)ﬁk(ds,dz). (3.17)

Now applying Lemma 3.2.1 "the result of SDE from the Skorokhod weak convergence
technic" holds. So we only needs to show 3.10 Remark 3.2.1 holds. As in the proof
of Theorem 3.3.1 we may assume that |7}'| < ko, Vt € [0,T],¥n =0,1,2,---. Notice
that for any given € > 0

P(/O(b”(s,gzs)—b(s )ds| > 6 < gEP[/ﬂ (" — 57 (s, 3) | L <pds

+ P(| [ (b7(s,77) — b (s,7%))ds| > 3)

+ CEF / (17— B)(s, 29)|1 oy ds]
— Inn0+1n0n ]”n()

Obviously, by (4) in Lemma 3.5.1 and by the Krylov type estimate there exists a N

such that aan]v,nO > N,
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n,n n €hn n -
Il’ o+ 130 <2- §||b —b 0Hd+17[0,T]XSk0 < 26/4

Now for each ng > N, by 3.9 as n — 00, Vt € [0,T].
" =0

Thus the first limit in 3.10 is proved. Now notice that for each n® =1,2,---

s, 2%, 2)q"(ds,dz) — // 5,30 2)3°(ds,dz)| > €)

() //wc_c &%@’%mm@md
+ |// s, 2%, 2)q"(ds,dz)

€
_ // s, To_, (ds dz)|1 sup 7 + sup ‘i,g’ < 2%k, >§)

[o,T] te[0,T]

N () //‘ &)(5,, )| 1pojcrom(dz)ds

IN

For an arbitrary given € > 0, as above (by using the Krylov estimate) one can show

that there exist a large enough N such that for any fixed n® > N ,asn > N

0
L+ 17 <

=] w
™

On the other hand, one also finds that as n — oo, Vn?

" 0. (3.18)



3.5 Weak solutions, measurable coefficient case 81

< B )

6

t
/ /(C”O(s,jg,z) —c"o(s,f;gf,z))]lm‘%o #0|<koq " (ds, dz)| >
0,Jz

/O Zc”O s, 3", 2)§"(ds, dz) // P (ds, dz)| >
()= fjee
i (?> //|z<<s}u{z|<a 1}

+ |/ / Tjz0/<koC & (s,x(s) ,2)p" (ds, dz)
< |z|<6—1

- ]1|500|<k0 (57'%2 ) ) (dS dz)‘ > 1
0 Jé<|z|<st
3

_ TLO,TL
= E:I&‘ :

=1

D™

TL

c 2)— (5,70, 2)

) 87

]l‘wn‘<k0’|m0|<k0 (dZ)dS

(5,70, 2) 27T(dz)ds

) R

2)

Notice that Vs > 0,27 — 7, in probability, as n — oo, so applying Lebesgue’s

dominated convergence theorem,

t
non ~n ~012
I;" < knoE/ |zt — 2| Lz <ko 70| <kods — 0, as m — oo.
0

t
Now by IE/ /|c”0(s,f2,z)]27r(dZ)ds < kot < oo for any € > 0 one can choose a
0 Jz

small enough 6 > 0 such that

IN™ < /3.
Let us show that for any 6 > 0 and n°, as n — oo,
10" = 0. (3.19)

To show this we make a division: 0 = 59 < s1 < -+ < S;01 = t. Then
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n%n,N
[33

IN

t
IP(’/O /6 2] <5-1 ]1|jg|§kocno(5,fi’gi,Z)ﬁn(ds’dz)
<|z|<é-
k Si+1 0 " . p
- Z ]l‘fg‘ﬁkoc (Si7$5i—7z)p (dS,dZ)| > _)
i=0 v Si 0<|z|<o~t 12
~ k Si+1 o
T PUZ/ / Liagj<ho ¢ (5, 75, 2)p" (ds, d2)
i=0 7 si 5<|z|<6—1
: o n® ~0 ~0 €
- > Ligoj<ro €™ (80 5, 2)p" (ds, dz)| > —
i—0 7 si d<|z|<é6—1 12
t
T ]P(|/O /5 s 11|f§|gk00”0(8¢,5£ﬁZ)ﬁo(ds,dz)
<|z|<6~

: s 0 0 0 €
- Z/ / Ljzo<ho ™ (80, &g, 2)p (ds, dz)| > 12
i=0 Sq (5<|Z|<571
_ ]TLO,'I’L I'I’LO,TL ITLO,'I’L
= g3 t gzt lzz3 -
Because ¢ is a smooth function satisfying the condition that as e,0 < &

0

/ \c"o(s,ac, z) —c" (8,4, 2)|*n(d2)

6<|z|<é1

< knolz:oﬂx — 2>+ |s —&], and | (s, 2, 2)| < ];?no,a,ko,
as (s,2,2) € 0.7] x {la] < ko} x {6 < |2| <51},

where k,, s > 0 is a constant only depending on ng and ; kngsx, > 0 is a constant
only depending on ng,d and ko; and z° is right continuous such that s | s; =
Ts — S;. So by using Lebesgue’s dominated convergence theorem, one finds that as

A= ax <8i+1 — 8i> — 0
0, ym

0 1m0 DA 0
n’n n’mn n ~0
[331 7133 < <_) E/ / |]l|5€(5)|§koc (S,JTS_,Z)
€ 0 Jo<|z|<st

k
o Z 1|@Q|Skocno (Si? jjgi’ Z)]l(siﬂasi] (5) |27T<dz)d5 —0
=0

For any given division,



3.5 Weak solutions, measurable coefficient case 83

- nozn —
lim I355" = 0.
n—oo

Therefore, 3.19 holds. Thus 3.18 is proved, and the third limit in 3.10 is also estab-

lished. Finally, the second limit in 3.10 can be similarly proved. In fact, for arbitrary

t

|/ "dwy —/ o(s,7°)duw’| > ¢)

0

3\* [ 0
< (—) B [ 10" = o). 2 s

0
t 0
+P( |/ "dwy —/ o™ (s,30)duw’|
0

€

I sup |71 < 2ko + sup |7}] < 2ko 3)
te[0,T] t€[0,7]

3 ? ! n0 ~01 (2
+(-) E (0" — 0)(s,Z3) "] 130/ <kods
€ 0o Jz

n,n° n,n0 0
:]2’ —'__[37 +];1n.

e>0

Now the proof can be completed. So the second limit in 3.10 is established. Thus we

have proved that {#)},5o satisfies the following SDE on probability space (ﬁ,%, IAE;)
for any 7' < oo as t € [0, 7]

t
:i?:xo+/b( )ds+/ Ndw? +// 5,30 2)3°(ds, dz),
0

where w? and ¢°(dt,dz) are a BM and a Poisson martingale with the compensator

m(dz)dt, respectively. O

By using Theorem 3.5.1 and the Girsanov type theorem we can obtain the existence

of a weak solution to a BSDE with jumps under much weaker conditions.
Theorem 3.5.2. Assume that b,o and ¢ are Borel measurable functions such that

1. Z =Re— {0}, and w(dz) = dz/|2|**";
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2. lolt,x)| + / e(t, 2, 2)Pr(dz) < ko,
7

where kg > 0 is a constant;

3. there exists a &y > 0 such that for all p € R,
(o(t, 2)p, ) > |pf*d.

4. {2, 0(t,2)) < er()(1 + [2"IL gx (@),
Furthermore, b(t,x) is locally bounded for x, that is, for each r > 0, as |z| <
r,|b(t, x)| < K,
where k. > 0 is a constant only depending on r.

Then there exists a weak solution for 3.15.

Proof. In fact, by Theorem 3.5.1 there exists a weak solution for the following SDE
with jumps: Vt > 0,

t t _
Ty = To +/ o(s,xs)dws +/ / c(s,xs—, z)Ni(ds, dz).
0 0 Jz

Notice that by Skorokhod theorem we know that the above SDE holds in a probability
space (2, §,P), where Q = [0, 1], § = *B([0, 1]), P = Lebesgue measure on [0, 1]. Since
such (€2, §) is a standard measurable space. So the conclusion follows on V¢ > 0.

O

In the above theorem we assume that o is bounded. Now we relax the coefficient o to
be less than linear growth, (so, it can be unbounded). In this case we have to assume

that o and c are jointly continuous.

Theorem 3.5.3. Assume that conditions (1),(3) and (4) in the previous theorem

hold, and assume that

L /Z\c(t,x,z)|27r(dz) < eit),

2. o(t,x) is jointly continuous in (t,z); and
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lim / lc(t +h x4+ h,z) — c(t, @, 2)r(dz) = 0;
Z

h,h/ =0
3. there exists a g > 0 such that o|(t,x)| > &y, and
lo(t, )] < er(t)(1 + []?)

Then for any given constant xy € R? 3.15 has a weak solution on t > 0.
Now let us prove Theorem 3.5.3.

Proof. The proof can be completed by applying Theorem 3.3.1 and the Girsanov type
theorem. Since it is completely similar to the proof of the previous theorem. We do
not repeate it.

O

Finally, applying the above results and applying the Yamada-Watanabe type theorem
we immediately obtain the following theorems on the existence of a pathwise unique
strong solution to SDE 3.15.

Theorem 3.5.4. [70] Under the assumption of Theorem 5.5.3 if, in addition, the
(PWU1) condition in Theorem 3.4.1 holds, then 3.15 has a pathwise unique strong

solution.
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Conclusion

In many cases we need to minimize some target functional subject to a controlled

dynamical system; for example, to minimize the energy expended by the controlled
T
system during a period of time, like, minimizing E / |z|?dt, where u(-) is a control,
0

x} is the solution of the system corresponding to the applied control u(-). We will
find that the minimal value of the target functional will be obtained when we can
apply some extreme solution of the dynamic system. For this example the idea is that
at each time when the trajectory of the state process leaves the point 0, we should
immediately use a feedback control to fully pull back the trajectory directed towards
0, because if the state z¥ is closer to 0, then the energy |z¥|? expended is also closer to
zero and so it is smaller, even though it cannot be 0. Such an extreme feedback control
is called a Bang-Bang control. Obviously, such a feedback control is not Lipschitz
continuous, and so it also makes the coefficients of the system non-Lipschitzian, for
example, when the system is linear with respect to the control u(:) : the system
coefficient is A(t)x; + B(t)u;. However, we need the state of the system, that is,
the solution, to exist for such a control, so the system can be controlled. Therefore,
discussing solutions for stochastic differential equations (SDEs) with jumps and with
non-Lipschitzian coefficients, is necessary and useful from the practical point of view.
The interesting thing is also that in the ordinary differential equation (ODE) case,
if its coefficients are only continuous then a solution, even when it exists, is not
necessary unique. However, in the SDE case we can have a unique solution even
when the coefficients are not continuous. This means that a stochastic perturbation

can some- times improve the nice properties of the solution. The stochastic integral

term is very important in the financial market. Actually, its coefficient corresponds to
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a part of a portfolio of investment of the stocks by an investor in the financial market.
In the optimal consumption problem the SDEs with non-Lipschitzian coefficients also

need to be considered.
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