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Introduction

The study of stochastic equation flows is an essential tool in geometry stochastic
differential. It was Neveu [37], the first who has demonstrated a theorem of continuity
of the solution of a stochastic differential equation as a function of the initial value

in 1973 for the classical type equations governed by a Brownian motion.

The fundamental result in the study of the differentiability of solutions of a stochas-
tic differential equation according to the initial conditions says that, if we consider
the solution of a very good differential equation stochastic, corresponding to the ini-
tial value, there is a differentiable version. This result is due to Malliavin for the
classical type equations on varieties, this is one of the important steps in his prob-
abilistic demonstration of hypo-ellipticity results. In 1979, Paul André Meyer [35]
demonstrated the same result in R™ for an equation governed by a semi-martingale

discontinuous.

In the deterministic case, the flow is a group with a parameter of diffeomorphisms.
For general stochastic differential equations, we can only hope for injectivity if semi-
martingale is continuous. In the case of the Wiener process, Malliavin has actually
demonstrated it by means of the natural time-reversal argument, and Bismut has
demonstrated surjectivity in the case of R"™. More recently (1980), the general case
of injectivity has been treated without reversal of time, firstly the so-called weak
injectivity by Emery [39]. Following the injectivity called strong by Kunita [40].
In 1982, Are Uppman [10] would have by its method of using exponential semi-
martingales, an improved demonstration of the results of strong injectivity. Finally,

recent developments in the stochastic flow are developed by Bismut.

The first goal of this work is to present the basics of stochastic calculus versus semi-
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martingales. The second one demonstrates that the stochastic flow generated by a
stochastic differential equation governed by semi-martingales is a diffeomorphism.
This memory is organized as follows:

An introduction where we place our work and its plan.

The first chapter is devoted to the theory of stochastic calculus for continuous semi-
martingales.

In the second chapter, we will discuss the properties of stochastic flows.



Chapter 1

Stochastic calculus for continuous

semi-martingales

1.1 Preliminaries

Let (2, F,P) be a complete probability space equipped with a family of sub o-fields
{Fi,t € [0,a]} with following properties, where a is a finite positive constant:

(i) Each F; contains all null sets of F.

(i) {F;} is increasing, i.e.F; D Fy if t> s.

(iii) {F:} is right continuous, i.e. ﬂ Fiye =F; for any t < a.
>0

The probability space (2, F, F;, P) will be fixed throughout this chapter.
e Let X, t €[0,a] be a stochastic process with values in R = (—o00, 00).

e We will assume, unless otherwise mentioned, that it is (F;) - adapted , i. e. X}
is Fi-measurable for any t €[0,a]. The process X; is called continuous if X;(w)

is a continuous function of ¢ for almost all w.

e Let L. be the linear space consisting of all continuous stochastic processes. We
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introduce the metric p by

:sup|Xt—Yt|2 >
p(X —Y)=p(X,Y)=E | —

1+sup| X; —Y; ?
t

e It is equivalent to the topology of the uniform convergence in probability:

A sequence { X"} of L. is a Cauchy sequence if and only if for any € > 0,

P(sup | X' = X" |>¢) — 0
t

n,Mm—00

Obviously L. is a complete metric space.

2
e We introduce the norm ||.|| by || X|| = E {sup \Xt|2] and denote by L? the set
¢

of all elements in L. with finite norms. We may say that the topology of L2
is the uniform convergence in L?. Since p(X) < | X]||, the topology by ||| is
stronger than that by p. It is easy to see that L? is a dense subset of L..

Definition 1.1.1. Let X; , t € [0,a] be a continuous (F;)-adapted process.

(1) It is called a martingale if E | X; | < oo for any t and satisfies E[X;/Fs] = X
for any t > s.

(11) It is called a local martingale if there is an increasing sequence of stopping times
{T,} such that T, T oo and each stopped process X = Xing, 18 a martingale.

(111) It is called an increasing process if X(w) is an increasing function of t a.s.

(iv) It is called a process of bounded variation if it is written as the difference of two
INCreasing Processes.

(v) It is called a semi-martingale if it is written as the sum of a local martingale and

a process of bounded variation.

We will quote two famous results of Doob’s concerning martingales without giving

proofs.



1.1 Preliminaries 9

Theorem 1.1.1. [/0] Let Xy, t € [0, a] be a martingale.
(i) Optional sampling theorem:

Let S and T be stopping times with values in [0,a]. Then X, is integrable and
satisfies B[ Xs/Fr| = Xsnr-
(i1) Inequality:

Suppose E[| X,|P] < oo with p > 1. Then E {sup |X5]p] < ¢PE [| X,|P] where q is the
s

conjugate of p.

Remark 1.1.1. Let S be a stopping time. If X; is a martingale, the stopped process
X is also a martingale. In fact, by Doob’s optional sampling theorem, we have for
t>S

E[Xﬂfs] = Xiasns = Xgns = XS

s

Similarly if X is a local martingale, the stopped process X*° is s a local martingale.

A martingale is a local martingale, obviously, the following theorem gives us a criterion

that a local martingale is a martingale.

Theorem 1.1.2. [/0] Let X; be a continuous local martingale.

(1) If E[sup | X¢|] < oo then X is a martingale.
¢
(ii) Let p > 1, then X is an L*-martingale if and only if E[sup | X; |"] < occ.
¢

Remark 1.1.2. Let X be a local martingale. Then there is an increasing sequence of

stopping times Sy 1 0o such that each stopped process X is a bounded martingale.
In fact, define Sy by
Sk = inf{t > 0;|X;| > k}

Then Sy, 1 oo and it holds sup | X% | < k, so that each X5% is a martingale.
t

Let M. be the set of all square integrable martingales X; with Xy = 0. Because of
Doob’s inequality, the norm || X || is finite for any X of M,, Hence M, is a subset of L.
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We denote by M the set of all continuous local martingales X; such that Xy = 0.
It is a subset of L..

Theorem 1.1.3. [/0] M. is a closed subspace of L?. M is a closed subspace of L.

Furthermore, M. is dense in M"°.

1.2 Quadratic variations of continuous semi-

martingales

This section is devoted to the study of the quadratic variation of a continuous stochas-
tic process X;,t € [0,a]. Let A be a partition of the interval [0,a] : A = {0 =ty <
... <t, =a} and let |A| = max(t;;1 —t;). Associated with the partition A, we define

a continuous process < X >2 as

k—1
<X >R =D (X, - X))+ (X - X))

i=0
where k is the number such that ¢, <t < ;. . We call it the quadratic variation of
X, associate with the partition A.
Now let {A,,} be a sequence of partitions such that |A,,| — 0. If the limit of
<X >tA’" exists in probability and it is independent of the choice of sequences {A,,}
a.s., it is called the quadratic variation of X; and is denoted by < X >;.
The quadratic variation is not well defined to any continuous stochastic process. We
will see in the sequel that a natural class of processes where quadratic variations are
well defined is that of continuous semi-martingales.

We begin the discussion with a process of bounded variation.

Lemma 1.2.1. [/0] Let X be a continuous process of bounded variation. Then the

quadratic variation exists and equals 0 a.s.

Theorem 1.2.1. [/0] Let M be a bounded continuous martingale. Let {A,} be a

sequence of partitions such that |A,| — 0. Then < M >2" t € [0,a] converges

uniformly to a continuous increasing process < M >, in L? -sense, i.e.,
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lim E [sup| < M >5" — < M >, *| = 0.

n—00 ¢
Lemma 1.2.2. [/0[For any t > s, it holds
E[<M>p /F]— < M> =E[(M, - M,)?*/F,] = E[M}/F,] - M2.
In particular, M}— < M >2 is a continuous martingale.

Lemma 1.2.3. [/0] It holds lim E[| <M >2" — <M >3 |*] = 0.
n,Mm—>00

Theorem 1.2.2. [/0] Let M; be a continuous local martingale. Then there is a

continuous increasing process < M >, such that < M >2 converges uniformly to

< M >; in probability.

Remark 1.2.1. Let M, be a continuous local martingale and let T be a stopping
time. Then it holds < MT >, = < M >T for allt a.s. In fact, it is easy to see that
< MT >2= (< M >2)T holds for any partition A. Letting |A| tend to 0, we get the

desired relation.

Corollary 1.2.1. [/0] M?— < M >, is a local martingale if My is a continuous local

martingale.

Corollary 1.2.2. [/0] An element M of M!°¢ of belongs to M. if and only if < M >,

is integrable. In this case, M?— < M >; is a martingale.

Theorem 1.2.3. [/(] Let M, be a continuous local martingale. A continuous increas-
ing process Ay satisfying Ag = 0 coincides with the quadratic variation of My if and

only if M? - A; is a local martingale.

Remark 1.2.2. Corollary 1.2.2 indicates that the sub-martingale M? is decomposed
into the sum of martingale Ny = M?— < M >; and increasing process < M >i.
The decomposition is known as the Doob-Meyer decomposition of the sub-martingale.
Note that we did not use the decomposition theorem for the proof of Theorem 1.2.1.

If one knows the theorem and apply it, then one can prove the theorem more easily.
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We will finally consider the quadratic variation of a continuous semi-martingale. Let
X; be a continuous semi-martingale and let X; = M, + A; be the decomposition to the
local martingale M; and a process of bounded variation A;. The quadratic variation

< X >2 associated with the partition A satisfies
1
<X SP—<M>p —<A>P|<2{<M>P< A>P}2

< M >% converges uniformly to < M >, in probability and < A >, converges
uniformly to 0 a. s. Therefore < X >2 converges uniformly to < M >, in probability.
We then have the following theorem.

Theorem 1.2.4. [/(] Let X; be a continuous semi-martingale. Then < X >2 con-
verges uniformly to < M >, in probability as |A| — 0, where M, is the local martingale
part of X;.

1.3 Continuity of quadratic variations in M, and M

Quadratic variations are continuous in the space M, and M in their topologies.
Theorem 1.3.1. [/0]

1. Let M™ be a sequence in M.. It Converges to M of M. if and only if {<
M™ — M >,} converges to 0 in L' -norm.

2. Let {M"} be a sequence in M . It converges to M of M if and only if
{< M"™ — M >,} converges to 0 in probability.

Theorem 1.3.2. [/0]

1. Let {M™} be a sequence in M. converging to M of M.. Then it holds

sup E sup<]\4”—]\4>tA — 0
A t

n,M—00

2. Let {M™} be a sequence in M!°¢ converging to M of M. Then it holds for
any € > 0
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7,1M—+00

sup P sup<M”—M>tA>6 — 0
A t

1.4 Joint quadratic variations

Let M and N be elements of M. The joint quadratic variation of M, N associated
with the partition A = {0 =1ty < .... < t, = a} is defined by
k—1
< M7N >tA: Z(Mti+1 - Mti)(NtH-l - Ntz) + (Mt - Mtk)(Nt - Ntk>7
i=0

where k is the number such that ¢, <1t < {p.q.

Theorem 1.4.1. [/0] < M, N > converges uniformly to a continuous process of

bounded variation < M, N > in probability as |A] — 0.
Remark 1.4.1. < M, M >=< M >.
The following is immediate from Theorem 1.2.3.

Corollary 1.4.1. [/0] Given M, N of M!¢, a continuous process of bounded variation

C

A coincides with the joint quadratic variation < M, N > if and only if MN — A is a

local martingale.

Theorem 1.4.2. [/0] Joint quadratic variations have the following properties.

(1) _Bilinear: < aM'+bM?* N >=a < M, N > +b < M? N > holds for any M"
M2, N of M" and real numbers a, b.

(ii) Symmetric: < M, N >=< N, M > for any M, N of M.

(#1i) Positive definite: < M >, — < M >,> 0 holds for any t > s and the equality
holds a.s. if and only if M, = M holds for all r € [s,t] a.s.

(iv) Schwarz’s inequality:
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=

|[< M,N > — < M,N >, <(<M> — <M >) (<N>t—<N>S)%.

(v) Extended Schwarz’s inequality: Let f., g, u € [0,a] be processes measurable with

respect to the smallest o-field on [0, a] X Q for which all continuous stochastic processes

are measurable. Suppose

t t
/ |ful?d < M >,< oo,/ |gu]?d < N >,.
0 0

Then
¢ 1 ¢ 1
g(/ |fu|2d<M>u) (/ |gu|2d<N>u> .
0 0

1. Let {M"} be a sequence of M. converging to M. Then it holds for any N of M.

t
/ fugud < M, N >,
0

Theorem 1.4.3. [/0]

lim E [sup |[< M"™ —M,N > =0

n—oo ¢

lim supE [sup| <M"™ - M,N >% |} =0
n—o0 A t
2. Let {M"} be a sequence of M*° converging to M. Then it holds for any € > 0
and N of M'*
lim P[sup |[< M"™ — M, N >|> ¢ =0

n—oo t

lim sup P[sup |< M"™ — M, N >2|> ¢] =0
n—oo A t

Finally we will mention the joint quadratic variations of continuous semi-martingales.
Let X and Y be continuous semi-martingales. The joint quadratic variation associated
with the partition A is defined as before and is written as < X,Y >%. The following

theorem is immediate.

Theorem 1.4.4. [/0] < X, Y >2 converges uniformly in probability to a continuous
process of bounded variation < X,Y >;. If M and N are local martingale parts of X
and Y, respectively, then < X,Y > coincides with < M, N >.
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1.5 Stochastic integrals

Let M, be a continuous local martingale and let f; be a continuous(F;)-adapted
process. We will define the stochastic integral of f; by the differential dM;. Here, the
differential does not mean a signed measure, since the sample function of a continuous
local martingale is not of bounded variation, except a trivial martingale M; = constant
a. s. Nevertheless, the integral is well defined if the integrand f; is (F;)-adapted: our
discussion will be based on the properties of martingales, specially those of quadratic
variations. Let A =0 =ty < .... < t,, = a be a partition of the interval [0, a]. For any

t € [0, a], choose t;, of A such that ¢, <t < t;4; and define

k—1
Lz‘,A = Z fti(Mt¢+1 - Mtz) + ftk<Mt — Mtk> (11)
1=0

It is easy to see that L2 is a continuous local martingale. The quadratic variation is

computed directly as

k—1
SLA>=) fASM >, — <M >, +fA(< M > —<M>,)
1=0

t
< LA >t:/ |2 1P d < M >, (1.2)
0

where fsA is a step process defined from f; by fsA = fi, if ty <'s < tpy1. Let A be

another partition of [0, a]. We define L2 similarly using the same f, and M, Then it
holds

t
<LA—LA'>t/ 1fA = fAPd < M >, .
0

Now let {A,} be a sequence of partitions of [0,a] such that |A,| — 0. Then <
LA — [Am >, converges to 0 in probability as n,m — co. Hence {L?"} is a Cauchy

sequence in M!*® by Theorem 1.3.1. We denote the limit as L.

Definition 1.5.1. The above L; is called the Ité integral of f; by dM; and is denoted

t
by / fedM,.
0
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The It6 integral can be defined to more general class of stochastic processes called
predictable ones. Here the predictable o-field is, by definition, the least o-field on
the product space [0,a] x © for which all continuous (F;)-adapted processes f;(w)
are measurable. A predictable process is, by definition, a process measurable to the
predictable o-field. A continuous (F;)-adapted process is predictable, obviously.

Now let M, be a continuous local martingale and let < M >, be the quadratic

variation. We denote by L?(< M >) the set of all predictable processes f; such that

/ |fs|*d < M >,< oo a.s. Then the set of continuous (JF;)-adapted processes is
0

dense in L?(< M >), i.e., for any f of L?(< M >), there is a sequence of continuous

(Fi)-adapted processes f;* such that / |f— fs|*d < M >, converges to 0 a. s. Then
0
t
the sequence of stochastic integrals / frdMs, n = 1,2, ... forms a Cauchy sequence
0
t
in M. Denote the limit as / fsdM, and call it the 1t6 integral of f; by dM;.
0

Theorem 1.5.1. [/0]

1. Let M € MY and f € L*(< M >). Then Ité integral satisfies the following

relation:

t
< /fdM,N > = / fed < M,N >, VN € M (1.3)
0
2. Conversely suppose that L of M satisfies:
t
< L,N >= / fid < M,N >, VN € M (1.4)
0

Then L is the Ito integral of f; by dM, , i.e., Ité integral is characterized as the

unique element L in M satisfying 1.4.

Corollary 1.5.1. [/0] It holds

t
</fdM>t—/f3d<M>S.
0
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We will list a few properties of [t6 integrals.

Theorem 1.5.2. [/0] Let M be an element of M.

1. If f, g are in L*(< M >) and a, b are constants, then af +bg is in L*(< M >)

and satisfies

¢ ¢ ¢
/ (afs +bgs)dMs =a | fodM,+ b/ gsd M,
0 0 0

t
2. Let f € L*(< M >) and L; = / fsdM,. Let g5 be a predictable process such
0

that/ f2g%°d < M >,< oo Then g is in L*(< L >) and

t t
/ gdes = / gsfdes (15)
0 0

3. Let T be a stopping time. Then it holds

tAT t tAT
/ JdM, — / fodMT = / FdMT
0 0 0

Definition 1.5.2. Let X be a continuous semi-martingale decomposed to the sum of

a continuous local martingale M and a continuous process of bounded variation A.
Let f be a predictable process such that f € L*(< M >) and/ |fs|d|As| < oo. Then
0

the Ito integral of f by dX; is defined as

t t t
/ fsd X :/ fsd M, +/ fsdAs
0 0 0

We will define another stochastic integral by the differential o d.X;:

k-1

/0 fs OdXs - |i1m {Z% ftz+1 + ftZ th+1 th) + %(ft + ftk)<Xt - th)}

=0
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Definition 1.5.3. If the above limit exists, it is called the Stratonovich integral of f
by dXs.

Theorem 1.5.3. [/0] If f is a continuous semi-martingale, the Stratonovich integral

1s well defined and satisfies

¢ ¢
1
/fsodXs:/fsts+§<f,X>t.
0 0

1.6 Stochastic integrals of vector valued processes

Let B a separable reflexive Banach space and let f, be a B-valued process. Let M

be a real valued continuous local martingale. In this and the next section, we will

t
discuss the stochastic integral of the form / fsdMyg, which is to be a B-valued local
0

martingale.

We begin with introducing conditional expectations for Banach space valued random
variables. Let B be a separable reflexive Banach space with norm ||.||, and let B be
the topological Borel field of B. We denote by B’ the dual space of B. Let f(w) be a
mapping from 2 into B. It is called a B-valued random variable if it is a measurable
mapping from (£2,F) into (B, B). This is equivalent to saying that (f,¢) is a real
valued random variable for any ¢ of B’, where (., .) is the canonical bilinear form on
B x B'.

Definition 1.6.1. Let G be a sub o-field of F. A measurable mapping g : (Q,G) —
(B, B) is called a conditional expectation of f with respect to G if

(9,0) = E[(f,¢)/9] (1.6)
is satisfied a.s. for any ¢ of B'.

Lemma 1.6.1. [/0] Suppose that ||f| is integrable. Then a conditional expectation

exists uniquely.

Definition 1.6.2. The conditional expectation of f with respect to G is denoted by
E[f/G] .
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The following lemma corresponds to Doob’s convergence theorem of a real L mar-

tingale.

Lemma 1.6.2. [/0] Let f be a B-valued random variable such that E[||f||?] < oo
for some p > 1. Let G,, n = 1,2,... be an increasing sequence of o-fields such that
VG, =F. Set f, =E[f/Gn]. Then it holds E[||f — fn||’] = 0 asn — oo .

Definition 1.6.3. Let M,; be a real continuous local martingale and let f, be a B-

valued predictable process such that

4HﬂWd<M%<m (1.7)

A B-valued local martingale L; is called the stochastic integral of f; by dM; if it

satisfies

(Lo, ) = /O (f,, )M, (1.8)

t
for any ¢ of B'. If it exists, we denote it by / fedM,.
0

It is obvious that stochastic integral is at most one. The existence is easily seen if f; is a
step process, i. e., f; = f;,. holds for all t € (;,t;41], where 0 =ty < t; < ... < t, = a.

In fact,
k—1

Lt = thi<Mti+1 - Mti) + ftk(Mt - Mtk>7tk‘ <t< ka+1 (19>

i=0
is a B-valued local martingale satisfying 1.8. However, it is not an easy problem
to show in general the existence of stochastic integrals of any B-valued predictable

processes satisfying 1.7.

Lemma  1.6.3. [/0] Suppose that the step process f;  satisfies

EUHM%<M%
0

isfies

< oo Then L; defined by 1.9 is a martingale and sat-

Bl L) =& [ 1h1a<ars] v (1.10)
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Lemma 1.6.4. [/0] Let f; be a predictable B-valued process such that

JE[/ | fslPd< M >,| <o (1.11)
0

Then there is a sequence of B-valued step processes f* such that

E[/a\|fs—f§||2d<M>s} 0 (1.12)
0 n—oo

Theorem 1.6.1. [/(] For any predictable Hilbert space valued process f; satisfying

t
1.7, the stochastic integral / fsdMy is well defined. Furthermore, it is a strongly
0

continuous Hilbert space valued local martingale.

1.7 Regularity of integrals with respect to parame-

ters

Let fs(A) be a real valued predictable process with parameter A\ € A and let M,

be a continuous local martingale. If / If{(M)Pd < M >,< oo as. for any A,
0

t
Itd’s stochastic integral / fs(N)dMj is well defined except for a null set for each A.
0

However, the exceptional set may depend on the parameter \. Therefore, in order to
discuss the regularity of the integral with respect to the parameter, we have to choose
a good modification of the integrals so that the exceptional set does not depend on
A. For this purpose, we shall consider that fs()\) is a Sobolev space valued process
and we shall define the integral as a Sobolev space valued local martingale.

Let us introduce some notations concerning Sobolev space. The parameter space A is

assumed to be a bounded domain in R%. Let A = (A\;---\g) € A and k = (k; - - ky)

be a multi-index of non-negative integers. We denote by D* the differential operator

o \" a \™
(W) e (a) . Let p be a real number greater than 1 and m be a nonnegative
1 d
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integer. A Sobolev space of type p, m, denoted by W}, is the set of all L, functions ¢
on A such that derivatives D¥¢, |k| = (ki + - -+ + kq) < m in the distributional sense

are all L, functions. For ¢ € W), we define the norm ||. ||, by

1
P

1Bl = Z;Aw%uww

lk<m|

Then W) is a separable reflexive Banach space.
Now let C}" be the set of all m-times continuously differentiable functions whose

derivatives up to m are all bounded. For ¢ € C}", we define the norm

16loom = Y sup |DF(N)|

|k<m|

Then C}" is a separable Banach space. A fundamental result concerning Sobolev

space is the following.

d
Theorem 1.7.1. [/0] Let { be a nonnegative integer less than m — —. Then it holds
p

Wi C Cf and there is a positive constant ki, such that

Plloc.e < Kl D llpm Vo e W

In the following, we will fix p ,m and omit it from the notation of the norm.
We shall now define the stochastic integral of W)™ -valued process. If f; is a predictable
W -valued step process, the stochastic integral was defined by 1.9 in the previous

section. In order to define the integral for more general class of f; , we need a lemma

analogous to lemma 1.6.3.

Lemma 1.7.1. [/0] Let p > 2. There exists a positive constant C' such that
t -
Bl L) < CEI[ I AP d<M>)<M>f) vebad (113
0

holds for any step process f;.
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For the proof, we require Burkholder’s inequality.

Theorem 1.7.2. [/0] Let p > 2. Then there is a positive constant CP) such that
E[|M)] < CPE [< M >t} . Vte[0,d] (1.14)

holds for any M € M. such that E [|M,|P] < cc.
Lemma 1.7.2. [/0] Let p > 2. Let f; be a predictable process such that
]E[(/Oa | fs de<M>S)<M>§_1} < 00.
Then there 1s a sequence of step processes f;' such that
2

E[(/Oaufs—fjde<M>S)<M>a }—>0

Theorem 1.7.3. [/0] Let p > 2. Let f; be a predictable W -valued process satisfying

/ | fs IPd <M >< o0a.s. (1.15)
0

t
Then the stochastic integral / fsdM; 1s well defined. It is a strongly continuous
0
W, -valued local martingale.

We shall apply the above theorem to the regularity problem of the real valued stochas-

t
tic integral / fs(N)dM with parameter \ .
0

Theorem 1.7.4. [/0] Suppose p > 2 and mp > d. Let fy(\), X € A be a predictable

Cy' -valued process satisfying

/ | fslBe md < M >,< occa.s. (1.16)
0

t
Then the real valued stochastic integral / fs(N)dMg with parameter X\ has a modifi-
0

cation Ly(\) which satisfies the following properties.
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1. Li(N) is continuous in (t, ) and C-times continuously differentiable in A\ where

d

{<m— 2.
p

2. If k| <m — g, then D¥ L;()\) is continuous in (t,)\) and satisfies:

DF Ly()\) = /t DFf,(N)dM, Vta.s. (1.17)
0

for any A.
Theorem 1.7.5. [/0] Suppose that mp > d and p > 2. Let {fI'} be a sequence of

predictable W -valued processes such that / | fs — [ ||P d < M >4 converges to 0
0

t
in probability. Let L} = / fordMg. Thensup || Ly — Ly || converges to 0 in probability
0 ¢

as n — oQ.

Corollary 1.7.1. [/0] Suppose that f, is a predictable strongly continuous W) -valued

process. Then there is a sequence of partitions A, of [0,a] with |A,| — 0 such that

t t
sup | / FdM, — / FAML > 0 as

¢ ¢
If 6 <m — %, then / A (N\)dM, converges to / fs(N)dM; by the norm ||.||cce a-s.
0 0

Corollary 1.7.2. [/0] Let Y be a A-valued Fo-measurable random variable. If fs(X\)

is continuous in (s, \) and continuously differentiable in A, then it holds

/ oMy = / V)M,

Theorem 1.7.6. [/0] Let f;(\) be a continuous random field satisfying the following
properties.

1. It is m + 1-times continuously differentiable in \ a.s.

2. For each A, fi(\) is a continuous semi-martingale represented as
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AV = 5o+ Y [ g,

where N}, --- NI are continuous semi-martingales, g/(\) are continuous random

fields satisfying
o gJ(N\) is m + 1-times continuously differentiable a.s.

e For each X, it is F-adapted.

t
Then the Stratonovich integral / fs(\) odM; has a modification which is continuous
0

in (t,\) and m-times continuously differentiable in \. Furthermore, it holds for any
k such that |k| < m,

k t (@) prng t k O
DAﬂWdM KDMMM@

1.8 Itd’s formula

One of the fundamental tool for studying stochastic differential equations is so called
It6’s formula, which describes the differential rule for change of variables or compo-
sition of functions. We present here a differential rule for the composition of two

stochastic processes, which is a generalization of the well known [t6’s formula.

Theorem 1.8.1. [/0] Let Fy(z), t € [O,a], x € R be a random field continuous in
(t,z) a.s., satisfying

e F,(x) is twice continuously differentiable in x.

o [or each z, Fy(x) is a continuous semi-martingale and it satisfies

noopt
Fy(z) = Fy(x) + Z/ fi(x)dY?, Vo e R (1.18)
=170
a.s., where Y} -+ Y™ are continuous semi-martingales, fI(x), s € [0,a], x €

R? are random fields which are continuous in (s, z) and satisfy
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1. fi(x) are twice continuously differentiable in x.

2. For each z, fi(x)) are adapted processes.

Let now X; = (X}, -+, X?) be continuous semi-martingales. Then we have

F(X) = Fy(Xo) +Z/ X dY“rZ/ - S )dX!

Observe that the above formula is not like the classical formula for the differential of
composite functions, where the last two terms do not appear. We will see later that
if we replace It integrals by Stratonovich integrals, then we have a rule similar to
the classical rule. See theorem 1.8.2.

If we take Fi(x) as a C? function F(z) in the theorem, we obtain a well known Itd’s

formula.

Corollary 1.8.1. [/0] Let F : R — R be a C? function and let X; = (X},---, X?)

be continuous semi-martingales. Then we have

F(X) =Fy(Xo)

dXZ s)d XZ X7 >,
Z/ 8:(:189(:] < -

In applications it is sometimes useful to rewrite the above formula using Stratonovich
integral. The new formula is close to the classical formula for the differential rule of

composite function. We need, however, additional assumption for processes.

Theorem 1.8.2. [/(] Let Fy(x), t € [0,a], # € R be a random field continuous in
(t,x) a. s., satisfying

o For each t, Fi(.) is a C®*-map from R? into R! a.s. w.
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e For each x, Fy(x) is a continuous semi-martingale and it satisfies

mooat
Fy(z) = Fy(z) +Z/ fi(z)odY), VaeR (1.19)

j=1"0
where Y, ... Y™ are continuous semi-martingales, ftj(x) are random fields

satisfying conditions of Theorem 1.8.1.

Let now X; = (X}..., X2) be continuous semi-martingales. Then we have

F(X,) = Fo(Xo) +Z/ F(X odw+2/ = ,)odX! (1.20)

Corollary 1.8.2. [/0] Let F : R? — R be a C3-class function and let X; =

(X}, - ) X3 be continuous semi-martingales. Then we have

F(X;) = F(Xo) JodX:

1.9 Brownian motion and stochastic intagrals

Let B; = (B}, -, B™) be an m-dimensional standard Brownian motion defined on
(Q,F, F,P), we will call it an (F;)-Brownian motion if it is (F;)-adapted and the
future of Brownian motion B, — B; ; u > t and the past o-field (F;) are independent
for any ¢. The following theorem characterizes (F;)-Brownian motion by martingales

and their joint quadratic variations.

Theorem 1.9.1. [/0] Let By = (B},---,B™) be an m- dimensional (F;)-adapted
continuous stochastic process. It is an (F;)-Brownian motion if and only if each

B}, -+, B™ are square integrable martingales such that < B', B! >,= §;;t.

Theorem 1.9.2. [/(0] Let M; = (M},--- ,M™) be a continuous local martingale.
Suppose that there is a strictly increasing process Ay with hTm A; = 00 a.s. such that
< MU M) >,= 0ij Ay. Let Tg be the inverse function of A,. Then the time-changed

- 1 m . . .
process My = (M}, ...... , M%) is a standard Brownian motion.
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1.10 Kolmogorov’s theorem

We shall introduce a criterion for the Holder continuity of random fields, which is a
generalization of the well known Kolmogorov’s criterion for the continuity of stochastic
processes. It will provide us another method of deriving the regularity of stochastic

integrals with respect to the parameter.

Theorem 1.10.1. [/0] Let X(w) be a real valued random field with parameter \ =
(A1, -y Ag) € A =10,1]. Suppose that there are constants v > 0, oy > d, i = 1,....,d
and C > 0 such that

d
E[X)— X, [1<CY |hi—

i=1

YooV pEA

Then X, has a continuous modification X/\.
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Chapter 2

Stochastic differential equations and

stochastic flows of homeomorphisms

2.1 Stochastic differential equation with Lipschitz

continuous coeflicients

A primitive and intuitive way of expressing a stochastic differential equation could be

m

3 :
— = Xo(t.&) + ; Xi(t, &) B

where Bf, k = 1,...,m are independent white noises. It is intended to describe the
motion of a particle driven by random forces or the motion perturbed by random
noises. However, the equation fails to have a rigorous meaning, since Xk(t,&)Bf
are not well defined. For the rigorous argument, we will introduce 1t6’s stochastic
differential equation.

Let B, = (B}, ..., B), t € [0,a] be an m-dimensional Brownian motion defined on a
probability space (€2, F,P). For a pair s, t of [0, a] such that s < t, we denote by F;
the least complete o-field for which all B, — B, ; s < v < u <t are measurable. Then
the family of o-fields {F;,} is increasing in ¢, decreasing in s; Fs; C Fop if ' <'s
and t' <t. Then B, — By, t > s is an F; ;-martingale for any s.
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Given continuous mappings Xy (t,z), k = 0,--- ,m; [0, a] xR? — R% we shall consider

an Ito’s stochastic differential equation (SDE):
& = Xi(t, &) dBf + Xo(t, &) di (2.1)
k=1

Definition 2.1.1. Given a time s € [0,a/ and a state x € RY, a continuous stochastic

process &, t € [s,a] with values in R? is called a solution of 2.1 with the initial
condition & = x, if it is (Fsy)-adapted for each t > s and satisfies

b=+ [ Xtrgist+ [ Xorgin (2.2
=15 s

For the convenience of notations, we will often write dt as dBY and write SDE 2.2 as

G=o+Y [ Xr6)aB! (2.3
k=0 "%

In this section we will show following It6 that equation 2.3 has a unique solution for
any initial condition if coefficients X, --- , X, are globally Lipschitz continuous, i.e.,

there is a positive constant L such that
holds for all ¢ € [0,a] and x,y € R%

Theorem 2.1.1. Suppose that coefficients Xo, -+, X,, of equation 2.3 are globally
Lipschitz continuous. Then the equation has a unique solution for any given initial

condition. Further it is in LT for any p > 1.

Proof. We shall construct a solution starting from z at time s, by the method of
successive approximation. Define a sequence of (F;;)-adapted continuous stochastic

processes by induction:

§ = @

m t
&= x+Z/Xk(r,5:—1)dBf, n>1
k=0 "



2.1 Stochastic differential equation with Lipschitz continuous coefficient}l

Then it holds
HaR / {Xp(r, &) — Xi(r, &) } dBE.
Therefore we have for p>2,

E[sup [ &7 —& 7] < (m+1) pZE sup | {Xk( &) = Xi(r, &) }dBy 7).
s<u<t 0 s<u<t u

By Doob’s inequality and Burkholder’s inequality, each term corresponding to £ > 1
is dominated by

vel [1oastr] < won s e[y pad

t
< gevi-s R rE| [ lg gt pal,

The term corresponding to £ = 0 is dominated by

t
|t—s|5LPE[/ ra:f—s:flrpdr]

Therefore we get

Blsw 1 -ar] <cE| [ 1g-g7 1 a] 25)

s<u<t

t
Denote the left hand side by p§”). Then the above implies p§”) < / pﬁ”_l)dr. By

iteration, we get p\™ < %a”pgo). Then

[e.o]

ZEsuplf”“ e <S8 apt < oo,

s<u<t —
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since p\” < co. Therefore, {€"} converges uniformly in [s,#] a.s. and in LP-norm.

Denote the limit as &. It is a continuous (F;,)-adapted process. Furthermore,

t t
/ Xi(r, €M) dBY converges to / Xi(r,&.)dBF in L”-norm, since the quadratic vari-

t
ation of / { X5 (r, ") — Xy (r, &)dBY converges to 0 in L”-norm. The convergence is

valid for k£ = 0, obviously. Consequently &; is a solution of equation 2.3.

We will next prove the uniqueness of the solution. Let & and & be solutions of
equation 2.3. Define T}, = inf{t > 0;| & |> nor | & |> n} and (= oo if {...} = 0).
Then it holds

n o AT, .
P =Y [0 - X B
k=0"%
Then by a similar calculation as the above, we obtain

AT, _
Blsup | €0~ €0 ) <cBl[ |- par)

s<u<t

t
Set p, = E[sup | & — ¢l |P], where n is fixed. Then we get p, < / prdr. By

s<u<t
Gronwall’s lemma, we get p, = 0. This proves &/" = 5? Since T}, T oo, we have

& = &. The proof is complete. ]

Definition 2.1.2. The unique solution is denoted by &s(x). The solution &s(x) has
many properties analogous to those of ordinary differential equation. Instead of 2.3,

consider a control system of ordinary differential equation on RY;

d m
= Xolt 00 + 3 Xilt, o0l 2.6
k=0
where u; = (uf, -+ ,u") is a piecewise smooth function. We denote the solution

starting from (s,x) as ¢si(x). It is a well known fact that if coefficients Xo,--- , X,

are globally Lipschitz continuous, ¢s¢(x) defines a flow of homeomorphisms:
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o ¢s.(x) is Lipschitz continuous in (s,t,x),
o Forr <s<t, ¢pi(x) = st 0 dri(T),

o For each s <t, ¢s;: R — R? is a homeomorphism.

In the subsequent sections we will prove the similar property for the solution &; ()
of equation 2.3. In Section 2, we will prove the Hélder continuity of & ,(x) in (s, ¢, x).
In Section 3, more smoothness of the solution with respect to z will be shown under
additional smoothness assumptions for coefficients Xy, ...., X, . The homeomorphic
property of the map &4(z) : R? — R? will be shown at Section 4.

We will introduce some notations for a class of smooth functions.

Definition 2.1.3. Let k be a nonnegative integer and let o be a number such that
0 < a < 1. A real function f on R? is called a C** function if it is k-th continuously
differentiable and the k-th derivatives are locally Hélder continuous of order a.. If the

k-th derivatives are globally Hélder continuous we will call it a Cg’o‘ function . In
particular if k =0, C%* (or C* function is a locally (or globally) Holder continuous

function.

2.2 Continuity of the solution with respect to the

initial data

Let & +(x) be the solution of Itd’s stochastic differential equation with globally Lips-

chitz continuous coefficients starting from (s, z);

uale) =2+ Y [ Xl 6o w) B (2.7)

The purpose of this section is to prove that there is a continuous modification of the
t

solution & (x) and Itd integrals / Xi(r, &,,(2))dB" with respect to three variables
S

(s,t,x) so that the equation 2.7 is satisfied for all (s,t,x) a.s. Our argument is based

on the following LY -estimate of the solution.
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Theorem 2.2.1. For any p greater than 2, there is a positive constant C’l(p) such that

B | (@) = &ow@) PO o =o' P+ (U2 I+ |2/ )+ ([ = |5 + 5= [)}
(2.8)
holds for all (s,t,x) and (s',t',2") such that s <t and s’ < t'.

Remark 2.2.1. If coefficients Xq, - -+ , X,n of equation 2.7 are bounded functions, we

have an estimate

E | &oi(@) = bop(@) PS Oz —a P+ [t =t |5+ |s— 5 |5},
The following will be immediate from the above, applying Kolmogorov’s theorem.
Theorem 2.2.2. [/0] There are modifications of the solution and the stochastic in-
tegrals in 2.7 with following properties. & 4(x) and /t Xi(r & (2))dBE, k=0, ...,m
are continuous in (s,t,x) and the equality 2.7 holds for any (s,t,z) a.s.

Furthermore, the solution &,,(z) is (8, 5, «)-Holder continuous in (s, ¢, z), where 3 is

an arbitrary number less than % and « is an arbitrary less than 1.
The rest of this section is devoted to the proof of theorem 2.2.1. We will consider the

case s < s’ <t <t only. Other cases will be treated quite similarly. Since

m t
bop(@) = o'+ / Xi(r, €l dB’“+Z / Xi(r, & («'))dBY,
k=0 v

gs,t<x> = éss Z Xk T gsr ))dBf7

k=0"%

we have

’ gs,t(x) - gs/,t’(lj) |p S 2m + 3 {Z Xk T gs r ))qulf ‘p + | 55’,s<x) - 'CE/ |p

k=01t

+ Z {Xk r €or (@) = Xi(r, & () By 7).

k=0 "%
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Consequently it is sufficient to prove the following three estimates:

t/
El / Xi(r o p(@)dBY [P| < Cs [ =t |2 (1+ | ' 7), (2.9)
t

E|&o(2) =o' P<Cuflz—2' P+ |s =5 |2 (1+ |z )}, (2.10)

B | [ D06 ) = XS @AY PY] < Coll oo’ P 4 = £ (14 P,

(2.11)

For the proofs of 2.9 and 2.10, we claim a lemma.

Lemma 2.2.1. [/0] Let p be any real number and € > 0. Then there is a positive

constant C" such that
E [(e+ | &elw) [P < CE(et [ 2
holds for all s,t € [0,a] and v € R? .

Proof. Set f(z) = (¢ + |x|?) and apply Ito’s formula to F(x) = f(x)? and M; = & =

s +(x), where (s, ) is fixed. Set x = (zy,--- ,z%) and observe
OF
@) = 2l
TE (e) = 20 S ()6 + 2p — i)
Ox;0x; - ep Y b s

By setting Xi(r,z) = (Xp(r,2)t, -+, Xp(r,2)?) and & = (&, -+, &),

Fe)—F(x) =2 p Y f@p1£X1<r§TdB’f+2pZ/fw%XZ(r@)

i,k>1795 i>1

+p ) f&’”{f(fr)&ﬁ?( —DEGIO Xi(r, &) XL(r,&)dr - (2.12)

i,j>1vS E>1
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Here we have used the relation

d<&, &> = > Xit,&)X](t.&)d< B B >,

k>1

= Y Xi(t,&) X{(t, &)dt

k>1

The first member of the right hand side of 2.12 is of mean 0. Observe the inequalities
| Xi(r,z)] < Cf(x)z, |2°| < f(x)2. Then we see that the second and the third mem-

t
bers are dominated by a constant times / F(&.)dr. Therefore, taking expectations
0

in 2.12, we have

B[ (&)] - F(o) < o) [ B

where C’§P’€) is a positive constant. By Gronwall’s lemma, we get E[F(&)]

F(z)exp C’§P’€) (t — s). The proof is complete. O

Proof of the estimate 2.9:
Let k£ >1, By Burkholder’s inequality, we have

t’ t/
[ Xutrgo @nasty | < =t [ EIX g @)Par
t t

Since it holds |X(r,z)] < C(1 + |z|) with some positive constant C, lemma 2.2.1

implies inequality 2.9 immediately. The case k = 0 can be proved similarly.

Proof of the estimate 2.10:

58,8’( ) o =r—ux +Z gsr ))dva

k=0"YS
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we have, using 2.9,

Ell &(z) =" [P] < (m+2{|z—a' P +) E / Xi(r, &, (2))dB; 7]}

< (m+2P{le—a' P H(m+1)Cy | —s |2 (14 |« ")}

This proves 2.10.

For the proof of estimate 2.11, we require a lemma.

Lemma 2.2.2. [/0] For any real number p, there is a positive constant C’ép) not

depending on €> 0 such that

E(e+ | Ei(x) — Ea(y) )] < CP (et |2 —y [P (2.13)
holds for all s <t and z,y.

Proof. Apply 1t0’s formula to F(z) = f(x)?, f(x) = e+ |x|* and M, = n, = 4(x) —

s.t(y), where s, z,y are fixed. Since

m—x—y+2 {stsr () = Xi(r, &ar(y)) YdBY

k=0"Y"S

we have

F(n) = F0) =2 Y [ £ 7 X006 (0) = X 2o (0)} B

Y / F P2 (f ()65 + 2(p — Vi)

X (X & (@) = Xi(r £ () (XL (r, & (@) = X[ (r, & ()} (2.14)

k>1
The expectation of the first of the right hand side is 0 except for the term correspond-
ing to k = 0. Observe |ni| < (fn,)? and

X (r, &0 () — X0 (r, &0 ()| < Line| < Lf(n,)?
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by the Lipschitz condition. Then the expectation of the term / - -dB,(,) plus that of

t
the last member in 2.14 is dominated by Cy / E[F(n,)]dr. Then we get

BIF(n)) ~ F(a ~y) < o | EIF()dr

The assertion follows from Gronwall’s lemma. ]

Proof of the estimate 2.11:
By Burkholder’s inequality, we have

EH /, {Xk’(?a? 58,7“(37)) - Xk(ra gs’,r(y))}dBf |p]

<O |t 5 / El| Xy (r, 0, (2)) — Xi(r,Eun(4)) [Pldr

/

t
<CPL (0= 17 [ B nle) =) Pl (2.15)

S

Note that &, (z) = &y, (x) 0 & ¢(x) and that &y ,(y) and & (x) are independent.
Apply lemma 2.2.2 and estimate 2.10. Then we have

EH gs,r(x) - gs@T('r/) |p] = /EH 55’,1"(3/) - 55’,1"(37/) ‘p]IP(gs,s/ (.’L’) € dy)

< o / ly—a' P Py () € dy)

CPE]| &, (x) — 2 |P]

IN

cPofle—a P+ |8 —s|f 1+ |z |}

IN

Substitute the above inequality to 2.15, we get the estimate 2.11.
Proof of theorem 2.2.2:

If 2.8 is satisfied, then by Kolmogorov’s theorem, & (x) has a modification which is
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locally (3, 8, «)-Hlder continuous with respect to (s,,z), where < p~'(8 —d) and

o < 2p~'(E —d). Since p is arbitrary, § can take any value less than half and o can

take any value less than 1.
t
We will next prove the continuity of the integral / X (r, & (x))dB". Since the case

k = 0 is obvious, we will consider the case k > 1. Suppose s < s’ <t < t’ as before.
Then

[ Xttt = [ g @ast = [ Xt )i

+ // { Xk (r, &sr(2) — Xi(r, 55’7r($,))}dBf - /t X (r, gS’,r(x/))dBf

L, -estimates of the first and the third terms of the right hand side have been given in

2.9. L,-estimate of the second term is given by 2.11. Therefore, L”-norm of the left
hand side is again dominated by a quantity like the right hand side of 2.8. Therefore

t
the stochastic integrals / Xi(r &, (2))dBE, k = 1,--- ,m have the same kind of

continuity as that of & ;(x). Other properties of the theorem will be obvious from the

above.

2.3 Smoothness of the solution with respect to the

initial data

We have seen in the previous section that the solution & (z) of a SDE is locally
Holder continuous of order o < 1, provided that coefficients of the SDE are Lips-
chitz continuous. In this section we will see more smoothness of the solution under

additional smoothness assumption for coeflicients.

Theorem 2.3.1. Suppose that coefficients Xq, -+ , X,, of an Ité SDE are C’gl"" func-

tions for some a > 0 and their first derivatives are bounded. Then the solution & (x)
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is a CYP function of x for any B less than o for each s < t a.s. Furthermore, the

derivative 0p€s 1 (r) = (5551(: )> satisfies the following SDE:
¢
Opley(x _GHZ Xk 7, & (1)) 0o (2)dBE (2.16)
k=0 "%

856]'
and e, is the unit vector (0,---,0,1,0,---,0). For y € R — {0}, define

0X:
for all (s,t,x) a.s., where X, (r,x) is a matriz valued function (—k<r’ l‘))
ij=1,.d

1
M5t (2,y) = ;{gs,t(x +yer) = &u(@)} (2.17)
Then the existence of the partial derivative 555@) , for any s, t,x, a.s. can be assured
Ty

if nst(x,y) has a continuous extension at y = 0 for any s,t,x a.s. This follows from

the following lemma and Kolmogorov’s theorem.
Lemma 2.3.1. [/0] For any p > 2, there is a positive constant C'%) such that
E | nee(z,y) —ne w2’ y) 7
<Ol a=a" [P+ |y=y | +(+ | x| + |2/ (| s—s |F + [t=t'|¥)} (2.18)

Proof. We first show the boundedness of E|n,,(z)|”. By the mean value theorem, it
holds

m t 1
milrg) = ey [ { | a0+ (et + ) - 5s,r<x>>>dv} <1102, ) B
k=0 /s (70

(2.19)

Therefore we have

E | nalo, ) P (m+ 2P {1+ZE{ [ Xt nas: |H (220)
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Using Burkholder’s inequality, we have for k>1,

B [ ([ Xiddn o )ist

t 1
< o [t-s B[ | [ Xil)dons (o) P i
s 0

IN

t
CW 1t — s 51 XL | / E |, (2,y) |? dr

Here || X}, ||= sup | X} (r, z)| and |A| denotes the norm of the matrix A = (a;;) defined
(r,x)
by |A| = /Za?j. Similar estimate is valid for £ = 0. Then from 2.20, we obtain
,J

t
E | noe(z,y) [P< C%) + C) / E | n,(a,y) |? dr,

s

where constants Cg) and Cg) do not depend on s,t,x,y. Therefore, by Gronwall’s
inequality, we see that E | ns,(x,y) |P is bounded.
We next show 2.18 in case t = t. We assume s < s’ < t. Other cases will be treated

similarly. Note that ns(x,y) — ns4(2,7) is a sum of the following terms:

/ ( /0 1 Xi (7, Ear(@) + v(Ear (2 + yer) — gs,r(:c)))dv) Ns.r (@, y)dBy (2.21)

t
/

/5 K/o1 Xl Gor(@) F 0(Gor(@ +yer) - §s,r(x)))dv) Ner (T, Y)

- (/0 X (r, 58’,'r(x/) + U(ﬁS’,r(x, +y'er) — 55’,7’(x,)))d“> US’,T(x,a y,)} dBf (2.22)

Using Burkholder’s inequality, the expectation of the p-th power of 7?7 is estimated
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in case k£ > 1 as

Bl [ K [ Xt epast

IN

s’ 1
Ol 15 =5 L[ 1 ([ Xilddone o) P

CW | XL || s — s 3 / E | n,(2,y) P dr,

s

IN

which is dominated by Cf? | s — ]p/ 2 by the argument of the previous paragraph.
We will calculate the expectation of the p-th power of 2.22. Note that the integrant

[---] in 2.22 estimated as

|lintegrant|...]|

IN

1
|1 X000+ v 9)) | o [ er,) = (a1 |
0

1
+ / | X,;(T, fs,r(x) + U?Jﬂs,r(%y)) - Xllc(r7 58/77«(:E/) + Uy,%’,r(x/7y/)) | dvx | nS’,r(fE,ay,) |
0

IN

H Xl/c H| 778,7"<I7y) - 778’,7‘(55/79/> ’

+ L/O {1 =0)" [ &an(@) = Eoa(@) | 0" [ &p(m + yer) — Eo (2’ +y'er) |“Ydox | e s (2’ y) |

IN

H Xl/c ||| 775,T<x’y) - US’,r(xlvy/> ’ +L | SS,T(I) - 55/7,.(I/) |a X | nszm(x/,y/) |

+ L ’ gs,r(x +ye€) - fs/,r(wl +y/€£) ‘a X ‘ ns’,r(xlvy/> ’ .

Here L is a Holder constant; |X(r,x) — X.(r,2’)| < L|z — 2'|*. Therefore, by
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Burkholder’s inequality,

t
g / 1aB 7]
t

IN

[t—s |27 / E[| [...] ["]dr

t

[t |27 3] X ||p/ Ell nor(2,y) = nv o (2',3/) Pdr

S/

IN

!

+ LY / E[| &,(x) — &g (') PP2E]| ny (2, y') [#)2dr

/

t
b [l Gurla e = €orla’ +fen) PTE] mpla' ) )

Apply theorem 2.2.1 to E|{;,(z) — &y (2)|*P. Then the above is dominated by
Cis{(I+ |2 |+ | 2" ) | s = ' | % + o —a' | + |y —y |7}

t
+016/ ]EH 773,7"<x,?/) - 773’,r($l73//> ’p]dr'

/

Summing up these calculations for 2.21 and 2.22, we arrive at

El ns:(z,y) — ne (', y") ]
< Cifls—8E+Q+ x|+ |2 )P |s—s |7 +|z—a' [P+ |y—y |*}

t
* 018/ EH nsm(xa y) — 775’,7“(37/a y/) |p]dr'

/

By Gronwall’s inequality, we have

B ns4(x,y) — ns (2, y) F]

< Ou{( a4 ]2 NP s =" |2 4 o —a |7+ |y —y [} exp Cus(t — 1),
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This proves 2.18 in case t = t'.It remains to prove 2.18 in case t # t'. Assuming t < t/,

we have

Nst(2,y) — Nt (2',y)

m t 1
= ns,t(x,y)—ns/,t(x’,y’)—Z/ (/ Xp()dvng (o', y')dBY.
k=0 V't 0

It holds
. t 1
c '] / ( / XL )dv)ne o (s )BE |7
t 0
» t 1
< ¢t} E / [ ( / X0 () Aoy (&) P dr]
t 0

t/
< =t X Hp/ E | ng.(z',y) [P dr
t

< Ci |t —t]2

Therefore we get the desired estimation 2.18. The proof is complete.

Proof of theorem 2.3.1:

By Kolmogorov’s theorem, n,,(z,y) has a continuous extension at y = 0 for all s < ¢
and x € R? a.s. This means that &, ;(z) is continuously differentiable in the domain

{(s.t,x)/s < t,xz € RY} and the derivative 9, () is S-Holder continuous for any
B < a. Let y tend to 0 in 2.19. Then we obtain 2.16. The proof is complete. O

Theorem 2.3.2. Let k be a positive integer and o be 0 < o < 1. Suppose that

coefficients Xo,--- , X,, are C’g’a functions of x for some o and their derivatives up

to k-th order are bounded. Then the solution & () is a C*P function of x for any f3

less than «.

Proof. We will consider the case k = 2. Let y € R — {0} and set

Coaly) = i{aiés,t@: +yer) — Biksu(a)}.
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Then similarly as the proof of lemma 2.3.1, we obtain an estimate

EH Cs,t(xa y) - Cs/,t/<x/7 y/) ‘p]

< Coofla—a' P+ |y—y P (L |z |+ |2 )P(|s—s |F + ]t —1|F))

forall s <t & <t x,2 € RY y,y € R—{0}. This implies the existence of the
partial derivative 0,¢s(x) for all s < t and z a.s. and the partial derivative is [-

Holder continuous for any £ < a. [

2.4 Stochastic flow of homeomorphisms

In section 2, we saw that if coefficients of an It6 SDE are globally Lipschitz continuous,
then there is a modification of the solution &, ¢(x) which is continuous in three variables
(s,t,x) a.s. Then for any s < t, & 4(.,w) defines a continuous map R? — R? for almost
all w. We will prove in this section that the map is actually a homeomorphism of R¢
onto itself a.s.

We will first consider the "one to one" property of the map & ;(.,w) lemma 2.2.2

implies the inequality

E[ &(x) — &(y) ] < CP |z —y > (2.23)

for negative p. This shows that if x # y, then & ,(z) — &+(y) a.s. for any s < t. But
this does not imply immediately that the map &;;(.,w) is one to one a.s. To prove

the latter assertion, we require a lemma.
Lemma 2.4.1. [/0] Set

(2,y) = 1
Nst\ T, Y) = | £s,t(x) — fs,t(y) |

Then for any p > 2, there is a constant C’ézf) such that for any § > 0
Ell ns(x,y) — new (', y') 7]

< O o —a |+ |y—o |+t |z P+ |2 P+ yP+ |y P)(t—t ]2 +]s—5[5)}
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holds for all s <t and x,y, 2’y such that | x —y |> 6 and | ' —y' |> 0.
Proof. A simple computation yields

| 0s,0(2,y) = nor (2, y') P
< 2p778,t(x7 y)p — Ns' ! (x/a y/)pﬂ §S,t($) - 58’,t’<x/) |p + | €S,t(y) — & (y/) ‘p}’

Take expectations for both sides and use Hélder’s inequality. Then,
Ell nse(x,y) — now (2’ y') 7]
< B[ nale,y) [PIE] e (@) [P

x {E[ &4(2) — Ev (7)) P2 + B[] &a(y) — Evw(y) ]2}

It holds by 2.23
E[| ne(a,y) [7])5 < Coy | 2 —y | P< Coad 7,

where | x — y |> 0. Also by theorem 2.2.1,

E[| &oi(@)—Eo (@) P2 < Cos{| a—a [P +(14 |2 [P + | 2 P)(| 1= % + | 5= %)}

Therefore we get the lemma. O]

We can prove the "one to one" property of the map & ;. Take p as large as g > 2(d+1)

in lemma 2.4.1. Kolmogorov’s theorem states that 7, .(z, y) is continuous in (s, , z,y)
in the domain {(s,¢,z,y) | s < t,| x—y |> d}. Since 0 is arbitrary, it is also continuous
in the domain {(s,t,z,y) | s < t,x # y}. This proves that the map & ;; R? — R? is
one to one for any 0 < s <t < a a. s.

We will next consider the onto property of the map ;. We claim a lemma.

Lemma 2.4.2. [/0] Let R = RYU {00} be the one point campactification of RY.

Set &=| x |72 x and define

1

= ifteR? £=0.
1+£s’t(l') f

Ms,t (-f:)
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Then for any positive p, there is a constant C’Z(Z) such that

E[| 0os(2) — norr (@) [P] S CRH{| & —a/ [P+ [t =15 + | s — s |2}
Proof. Since

[ 16 (2) = Dot (&) [P< (@) — 19,0 ()P | €)= € () P,

we have by Hoélder’s inequality

E[| 0s4(2) = no e (@) '] < E[| 050(2) |P]VE[] nye(2') 7]

XE[goo(x) = & (a’) ]2
Apply lemma 2.2.1 and theorem 2.2.1. Then the right hand side is dominated by

Cos(1+ |2 )P(1+ | &' )7z — ' P+ (1 [ 2 |+ |2 PPt = |2 + | s =5 |2)}

< Ox{| @ —a' Plt—t' |5 +|s—s |5}
if z and 2’ are finite. Here we have used the inequality (1+ | z |)7! x (14 | 2/ [)7! |
/ ’

x—2' |<| & —2"|. In case x = oo, we have

E[] 0w (') |P] < Cos(1+ | 2/ ) < Cog | 2 |77

Therefore the inequality of the lemma follows.
The "onto" property of the map &, follows from lemma 2.4.2. Take p greater than

2(d + 3). Then by Kolmogorov’s theorem, 7,:(Z) is continuous at & = 0. Therefore,
&+(.,w) can be extended to a continuous map from R? into itself for any s < ¢ a.s.
The extension &, 4(x,w) is continuous in (s, t,z) a.s. We will fix such w. The map
fs,t(.,w); R? — RY is then homotopic to the identity map 5575(.,(,0), so that it is an
onto map by a well known theorem of homotopic theory. The restriction of és,t(-, w)

to R? is again an "onto" map since &, (00, w) = 0.
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The map &4(.,w) : RY — R? is one to one and onto. Hence the inverse map 5;2(., w)
is also one to one and onto. It is continuous. Indeed, the inverse map & 1, w)
. R — R? is continuous since &1(.,w) is a one to one, continuous map from the

compact space R? into itself. ]
We will summarize the result.

Theorem 2.4.1. [/0] Suppose that coefficients of an Ité6 SDE are globally Lipschitz
continuous. Then there is a modification of the solution, denoted by &;.(x,w) which

satisfies the following properties.
e Foreach s <t and x, &4(x,.) is (Fst) -measurable.

e For almost all w, & ,(z,w) is continuous in (s,t,x) and satisfies 1tlfn Esp(T,w) =

x.

o For almost all w, & u(x,w) = & ipu(&st(z,w),w) is satisfied for all s <t and

u > 0.

e For almost all w, the map & ,(.,w) : R — R is an onto homeomorphism for

all s < t.

Theorem 2.4.2. Let k be a positive integer. Suppose that coefficients of an It

equation are C;W functions for some a> 0 and their derivatives up to k-th order are

bounded. Then the map &4(.,w) : RT — R is a C* - diffeomorphism for all s < t

a.s.

Proof. Smoothness of the map &, : R? — R? was shown in theorem 2.3.2. It is

enough to show that the Jacobian matrix 8fs,t(:c):(a£‘g—;(x)) is nonsingular for any x

a.s. If it were shown then the implicit function theorem states that the inverse map
is again of C*-class. Now by theorem 2.3.1, the Jacobian matrix satisfies following
linear SDE:

m t
Ose=1+Y / X[ (r, &0 ()€, ,dBE.
k=0"*
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Consider an adjoint equation of the above:
m t

Kyg@)=1 - ) / K, ()X (r, &, )dB"
k=0 "%

mo ot
- Y [ Koo Xirgerar
k=1"%

Obviously it has unique matrix solution K (). We can prove similarly as before

El| Kyu(2)—Kow(@) 1) < CP{| o=’ |7 +(1+ |2 | + |2 )7(| 8'=s |F + | £t F)}.

Hence K () is continuous in (s,t,z) a.s. By It6’s formula, it holds

Ko p(2)08 () = 1+/ (sz,r(fﬂ))@fs,r(fE)Jr/ K (2)dO8s () + < K(x),§(x) >

= 1

Therefore 0¢;(x) has the inverse matrix K, (x) for any (s,t,x), proving 0¢(z,w)

is nonsingular for any (s,t¢,z) a.s. O
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Conclusion

The subject we are discussing in this work is a topical issue and one that is very
important. Many authors have made publications in this research path. What is now
fashionable is the study of the properties of the stochastic flow in the case where the
coefficients are non-Lipschitzian, and also in the case where the initial condition itself

is a stochastic process.
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