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Introduction

Stochastic calculus allows for a consistent theory of integration of a stochastic
process (integrand) with respect to an other (integrator), in order to solve stochas-
tic differential equations. It is used to modelize systems that behave randomly. The
best known and widely used process that carry out this calculus is Brownian motion.
It is used in financial mathematics and economics, for example in modelizing the
evolution in time of stock prices and bond interest rates.

The theory of stochastic integration and stochastic differential equations was de-
veloped by N. Wiener in 1923 [27], K. It6 1942, 1944 |23, 2] and P. Lévy in 1948 [20].
The best known theory of stochastic calculus is that of 1td the father of stochastic
integration theory. In this theory the integrator has to be semimartigale. However
in recent years the well-studied theory of semimartingale turns out to be insufficient
to describe many phenomena. On the one hand telecommunication connections,
asset prices and other objects have long memory, this effect can not be modelized
processes such as the Brownian motion, which has independent increments and no
memory. On the other hand there are some concepts that can be described by
self-similar fields with stationary dependent increments likewise turbulence in hy-
drodynamics and also the long-range property.

A suitable generalization of the standard Brownian motion that exhibits these
previous properties, is the so-called fractional Brownian motion (fBm). This process
was introduced by Kolmogrov in 1941 [25] and its relevance was recognized later by
Mandelbrot and Van Ness in 1968 [2%] who provided a stochastic integral repre-
sentation of fBm in terms of the standard Brownian motion. Fractional Brownian
motion is the only centered Gaussian process which is self-similar, and has station-
ary increments with dependence with Hurst parameter H € (0,1). The parameter
H is named after the hydrologist Hurst who made a statistical study in 1951 of
yearly water run-offs of the Nile river. He discovered that behavior of normalized
values of the amplitude was approximately cn’, H = 0.7. Because of this study
Mandelbrot introduced the name Hurst index. Fractional Brownian motion appears

in the modeling of many situation for example:
e The widths of consecutive annual rings of a tree.

e The temperature at specific area as a function of time.
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e The characters of solar activity as a function of time.
e The price of electricity liberated electricity market.

Note that Fractional Brownian motion is neither a semimartingale nor a Markov
1
2
the classical stochastic calculus developed by It6. Different approaches have bein

process except when H = 3, where it is a Brownian motion. So, we cannot apply
proposed in order to build an integral with respect to it. The most important

contributions which are:

e Pathwise calculus: the stochastic integral is defined pathwise with Rieman-
Stieltjes methods i.e. path by path integration. Since the fractional Brownian
motion has Holder paths for H > %, we can often use in this case Young
integral [2, 39]. Which is a generalization of Rieman-Stieltjes integral, where
the integrator must have finite p-variation. In the other case we have to use
symmetric integral introduced by Gradinaru, Nourdin, Russo and Vallois in
2005 [29].

An other approach was done by Lyons in 1998 [32], who built an absolutely
pathwise method based on Lévy stochastic area using what is called a rough
paths theory. The case where the integrator is fractional Brownian motion has
been studied by Coutin and Qian in 2002 [30] when the Hurst index satisfies

1
H>Z'

e Malliavin calculus; also known as stochastic calculus of variation [20]. This
is the base of the modern approach to the Skorohod integral with respect to
fractional Brownian motion, since fbm is a Gaussian process. This calculus has
been investigated for fractional Brownian motion by Decreusfond and Ustiinel
in 1998 [33], Carmona and Coutin in 2002 [31].

o Wick product: A new type of integral with zero mean defined using Wick
product (a particular way of defining an adjusted product of a set of random
variables) was introduced by Hu and Pasik-Dunkan in 2002 [31] for H > 1.

The study of a class of stochastic differential equations driven by fractional Brow-
nian motions with arbitrary Hurst parameter H € (0, 1) was generally treated when
the coefficients are constant, However, in most of the existing literature the diffu-
sion coefficient ¢ has to be very carefully specified, so that the subtle restrictions
on the stochastic integrals are satisfied. For example, it is usually assumed that o
is a deterministic function, or, even more,a deterministic linear function. In fact,
to our best knowledge, there has not been any study on the case when the coeffi-
cients b and o are allowed to be both random, anticipating, and at the same time
the Hurst parameter is allowed to be arbitrary. In the first case the SDE is of the
so-called additive noise type, and the SDE involves only the Wiener integrals, the
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path regularity does not affect the solvability directly, and the SDE can be treated
as an ODE with random input. We refer to, e.g., [37, 18, 12, 39] for such cases.
The other case, when the coeflicients are not constant, is much more complicated,
since the path regularity of the fBM varies with the Hurst parameter H, and the
requirement for the path regularity of the solution varies accordingly. The SDE is de-
fined in Skorohod sense, it has been studied by Yu Juan Jien, Jin Ma in 2009 [21, 35].

Many other researchers have proposed to use more general self-similar processes
and random fields as stochastic models. As an extension of Brownian motion, re-
cently Bojdecki in 2004 [3] introduced and studied a rather special class of processes
which preserves many properties of fractional Brownian motion except for the sta-
tionarity of increments. This process is called sub fractional Brownian motion.
The main reason for this is the complexity of dependence structures for self-similar
Gaussian processes which do not have stationary increments. Therefore, it seems
interesting to study sub-fractional Brownian motion, for this we refer to [10, 11].
In 2009, C. Tudor characterized the domain of the Wiener integral with respect to a
sub-fractional Brownian motion S with index H € (0,1) [14], Shen and Chen [19]
defined a stochastic integral with respect to sub-fractional Brownian motion with
index H € (0,1/2) that extends the divergence integral from Malliavin calculus, and
established versions of the formulas of It6 and Tanaka that hold for all H € (0,1/2),
see also [9, 8, 7]. Stochastic differential equations driven by sub-fractional Brown-
ian motion have been considered only by Mendy in 2010 (we could not obtain this
paper). Zhi Li, Guoli Zhou and Jiaowan Luo in 2015 have investigate the existence
and uniqueness of mild solutions to the stochastic delay differential equation [37]
and study its longtime behavior as well.

The purpose of this work is to study stochastic calculus with respect to those pro-
cesses. We consider different types of integration: Young integral, Skorohod and
Wiener integral and other approaches that help us to solve stochastic differential
equation driven by fractional Brownian motion and sub-fractional Brownian mo-

tion, and we give the Itd’s formula according to them.

This dissertation is organized as follows. In Chapter 1 we revisit some back-
ground and preliminaries about the fractional and sub-fractional Brownian motions
providing definitions and properties with some simulations of the fBm paths. In
Chapter 2 we present theories of stochastic integration w.r.t these processes, and we
give the corresponding Itd formula. The study of stochastic differential equations
appears in Chapter 3. We tried to collect the most useful results about the existence
and uniqueness of solution (weak or strong) in the sense of integrals in the previous
chapter, with simulation of the solution behavior of SDE driven f{Bm in the sense of

Young and Russo-Vallois integral.



Chapter 1

Preliminary Background

1.1 Basic definitions

1.1.1 Gaussian processes

Definition 1.1.1. A real-valued stochastic process (X;):>o is a Gaussian process if

every finite linear combinition of (X;):>g is a Gaussian r.v, i.e.
t)t>0 ’

n
Vn,Vt,1 <1i<n,Va, ZaiXti 1s a Gaussian r.v.
i=1

Definition 1.1.2. Let X = (X;)i>0 et Y = (Y;)i>0 be two stochastic processes
defined on the same probability space. If P(X; =Y;) =1 for all t > 0, we say that

X and Y are modification of each other.

Definition 1.1.3. Let X and X’ be defined on (2, F,P). Then X and X' are

indistinguishable if and only if
P{w € Q: X;(w) = X[(w)Vt > 0}) = 1.

There is a chain of implications:

indistinguishable = modi fication.

Definition 1.1.4. let X = (X;)ier and Y = (Y})ier be two stochastic processes,
possibly defined on two different probability space. We say that X and Y have the
same law, and we write X "2 Y, to indicate that (Xeyy ooy Xty) and (Yyy, ooy Yiy)
have the same law for all d > 0 and all ¢4, ...,t; € T.

Proposition 1.1.1. Two Gaussian processes have the same law if and only if they

have the same mean and covariance functions.
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Definition 1.1.5. A symmetric function I' : T? — R is of positive type if
d
Z akalF(tk,tl) Z 0
k=1

foralld > 1, t,....,t4 € T and ay, ...,ay € R.

Theorem 1.1. (Kolmogrov)
Consider a symmetric function T' : T? — R. Then, there exists a centered Gaussian
process X = (Xy)ier having T for covariance function if and only if T is of positif

type.

1.1.2 Continuity

Definition 1.1.6. A stochastic process (X;):>¢ is said to be continuous if P({w €

Q:t— X;(w) is continuous}) = 1, i.e. its sample paths are continuous a.s.

Definition 1.1.7. A stochastic process (X}):>0 is said to be stochastically continuous
attifXthXt as h — 0.

Definition 1.1.8. A stochastic process is said to be cadlag (resp. caglad) if every
sample paths are right-continuous with left-hand limits (resp. left-continuous with

right-hand limits.

Lemma 1.1.1. (Kolmogrov-Centsov)
Fiz a compact interval T = [0,T] C Ry, and let X = (X;)ier be a centered Gaussian
process. Suppose that there exists C,m > 0 such that, for all s,t € T,

E[(X, - X)) <C|t—s]|". (1.1)

Then, for all a € (0,1/2), there exists a modification' Y of X with a-Holder contin-

wous paths. In particular, X admits a continuous modification.

Proof. Fix t > s. Since X is Gaussian and centered, we have that
X, - X, VE[X, - X, G
where G ~ N(0,1). We deduce from 1.1 that, for all p > 1,
E[| X, — X, )] S CPPE[| G "] |t —s ™.

Therefor, the general version of the classical Kolmogrov—éentsov lemma applies and

gives the desired result.
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1.1.3 Filtration and measurability

Definition 1.1.9. A filtration on (£, F,P) is an increasing family (F;);er of sub
o-field of F.
A measurable space endowed with a filtration (F;):er is said to be a filtered space.

Definition 1.1.10. The filtration is said to be right continuous it F,, = F;, Vt > 0,
where Vt > 0 we set, F;, = ﬂt}"s
s>

Definition 1.1.11. A filtration is said to be complete if the P-negligible set of F.,

are in J( and if the probability space is complete.

Definition 1.1.12. A filtration satisfies the usual condition if it is right continuous

and complete.

Remark 1.1.1. The interests to work with filtration which are satisfying the usual
condition are that every kind of limit of adapted processes is still adapted. More-
over, every modification of a progressively measurable processes stay progressively

measurable.

Definition 1.1.13. (Measurable Process)
A stochastic process (X;)i>o is measurable if the application X : Ry x  — R is
measurable w.r.t B(R;) ® F i.e. if

VA € B(R), {(t,w) : X;(w) € A} € B(Ry) ® F

The process (X;)>o is said to be (F;)i>o adapted, if X; is F; measurable for each ¢ > 0.
The process (X¢):>o is obviously adapted with respect to the natural filtration.

Proposition 1.1.2. A continuous stochastic process is measurable.

Proof. Let (X;)i>0 a continuous stochastic process. First, we show that for
A € B(Ry), we have

{(tw) €]0,1] x Q, X,(w) € A} € B(R,) ® F. (1.2)

For n € N, let
th:Xw, tG[O,l],

on

since the paths of X are piecewise constant, we have that
{(t,w) € [0,1] x Q, X' (w) € A} € B(R;)® F.
Beside, Vt € [0,1], w € Q, we have

lim X' (w) = X (w).

n—o0
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Then we have 1.2. By the same argument we can prove that Vk € N,
{(t,w) € [k, k+1] x Q, X;(w) € A} € BRy)® F.
Since

U{tw) € [k k+1] xQ, Xy(w) € A} = {(t,w) e Rx Q, X,(w) € A},

keN

we have the result.

Definition 1.1.14. (Progressively Measurable Process)

A process is progressively measurable if for each t its restriction to the time interval
[0,t], is measurable with respect to By ® F;, where By is the Borel o-algebra of
subsets of [0, t].

Remark 1.1.2. Note that every progressively measurable process is adapted (and
measurable). Besides, as well as in the Proposition 1.1.2, a continuous process
adapted to (F;) is progressively measurable. More precisely, any cadlag or caglad

process are progressively measurable.

Definition 1.1.15. Let (2, F, (F;), P) a filtered space. A process (X¢)e is said to
be predictable (resp. optional) if it is an caglad (resp. cadlag ) Fi-adapted process.
We note the o-field generated by caglad (resp. cadlag ) Fi-adapted process by P
(resp. O).

In fact, there is this inclusion chain

P - @) C Pro C B(Ry) ® F
J_ N, g (R+) oo
predictable processes optional processes progressively measurable measurable

1.1.4 Martingales and Semimartingales

Definition 1.1.16. Let X = {X;, F;,t > 0} be an integrable process then X is a:
i) Martingale if and only if E(X;|Fs) = Xs a.s. for 0 <s <t < o0

ii) Supermartingale if and only if E(X;|F) < X;  a.s. for 0 <s <t < o0

iii) Submartingale if and only if E(X;|Fs) > X; a.s.for 0 <s <t < o0

Definition 1.1.17. M = {M;, F;,t > 0} is a local-martingale if and only if there
exists a sequence of stopping times 7, tending to infinity such that M7rare martin-
gales for all n. The space of local martingales is denotes M., and the subspace of

continuous local martingales is denotes Mj, .
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Definition 1.1.18. A process X is a semimartingale if it is an adapted cadlag

process which has a decomposition
X=Xo+ M+ A,

where M is a local martingale, null at zero and A is a process null at zero, with

paths of finite variation.

Note that the decomposition is not necessarily unique as there exist martingales

which have finite variation.

1.2 Brownian Motion

Definition 1.2.1. A stochastic process (B;):er, is called a standard Brownian mo-

tion if it satisfies the following conditions:
1. Plw e Q: By(w)=0) =1

2. Vn,Vt;,0 < tg <ty < ... < t,, the rv. (B, — B,

independent.

. Bt1 — Btg; Bto) are

n_19 "

3. For any s <t, By — By is a centered real valued r.v. normally distributed with

variance t — s, i.e.

B, — By ~ N(0, — )
4. P(w € Q:t — Bi(w)is continuous)= 1

Remark 1.2.1. 1. we can rewrite the second condition by : for s < t, the r.v.
B; — By is independent from the "past” o—field o(B,,r < s).

2. The natural filtration of the Brownian motion is FP = o(Bg,s < 1).

3. We can define the Brownian motion without the last condition of continuous
paths, because with a stochastic process satisfying the second and the third
conditions, by applying the Kolmogorov’s continuity theorem, there exists a

modification of (W)ier, which has continuous paths a.s.

Proposition 1.2.1. The Brownian motion (W;)ier, is a Gaussian process with

mean 0 and covariance function Cov(Wy, Wy) = s A t.

Proof. We have that W; = W;—Wj. Thus W; ~ N (0, t) by definition. Moreover,

without loss of generality, we assume s < t. Hence, we have

EWW,) = E(W,(W,—W)+W?2) = 0+s = s.
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Note that since the Brownian motion is a continuous Gaussian process, the propo-

sition 1.2.1 characterizes uniquely the Brownian motion.

We will give here some properties of the standard Brownian motion.

Properties 1.2.0.1. [/] Let (W,;)er, be a standard Brownian motion
1. Self-similarity. For any a > 0, {a="/?Wy} is Brownian motion.
2. Symmetry. {—W;,t > 0} is also a Brownian motion.
3. {tWi,t >0} is also a Brownian motion.
4. If Wy is a Brownian motion on [0,1], then (t + 1)1/[/”%1 — W1 is a Brownian

motion on [0,00).

1.2.1 Quadratic variation and Brownian motion

Proposition 1.2.2. Let (W,)iery be a Brownian motion. For t > 0, for any se-

quence of subdivisions A,[0,t], such that lim, . |A,[0,t]| = 0 we have

27l

2
lim E (W'Lt—W(il)t) =1, a.s.
n—00 4 T 2m 27
1=

Proof. The proof can be found in ([5], p.38).

1.2.2 Brownian paths

Proposition 1.2.3. A Brownian motion has its paths a.s., locally v-Hélder contin-
uous for vy € [0,1/2).

Proof. Let T'>0,n € Nand 0 < s <t. Then we have,

(W, — W, = 2

- onp)

(t—s)".

Hence, by using the Kolmogrov-Centsov lemma 1.1.1, there exists a continuous mod-
ification (I/T/t)OStST of (Wi)o<i<r, whose the paths are locally y-Holder continuous

for Vv € [0, %+). Moreover, we have
P(Vt € [0,T], W, =W,) = 1,

because the two processes are continuous, It implies that also almost all the paths

of (Wy)o<t<r are locally y-Hélder continuous.
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Proposition 1.2.4. [/] The Brownian motion’s sample paths are a.s., nowhere dif-

ferentiable.

There is an intuitive way to understand this property of Brownian paths. Indeed,
consider the increment for h > 0, Wiy, — Wy ~ N(0,h). Then we have that

W\Zilh ~ N(0,1). But the derivative is defined to be the limit, as h tends to 0,of the

quantity M ~ N(0, %) it is clear ,now, that when we let h tends to 0, we

obtain an 1nﬁnite" variance, so that there would not be a limit.

1.2.3 Brownian motion and martingales
The standard Brownian motion and several functions of it, are martingales.

Proposition 1.2.5. [/] Let (W;)er, be a Brownian motion. Then the following

processes are (F}V)-martingales:

1. (Wt)t€R+ ’
2. (Wt2 - t)tE]R+;
3. For any u € R, (e“W(t)_%t)teM-

1.3 Fractional Brownian Motion

1.3.1 Existence of the fractional Brownian Motion
The next proposition shows us the existence of the fractional Brownian motion.

Proposition 1.3.1. Let H > 0 be a real parameter. Then, there exists a continuous
centered Gaussian process B = (B),>o with covariance function given by

1
:5(32H+t2H— [t —s|*), s,t>0 (1.3)
if and only if H < 1. In this case, the sample paths of B are, for any o € (0, H)

a-Hélder continuous on each compact set.

FH(S, t)

Proof. According to Kolmogrov’s theorem 1.1, to get our first claim, we must
show that I'y is of positive type if and only if H < 1.
Assume first that H > 1. When t; = 1, t3 = 2, a1 = —2 and ay = 1, we have

CZ%FH(tl,tl) -+ 2&1&2FH<t1, tg) -+ a%FH<t2,t2) =4 — 22H <0

As a consequence, 'y is not of positive type when H > 1.
The function I'y is of positive type, indeed T'i(s,t) = st so that, for all d >
1,t1,....,tg > 0 and aq, ...,aq € R,

Z Iy (te, t)ara = Ztkak

k=1
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Consider now the case H € (0,1). For any x € R, the change of variable v = u | z |

(whenever = # 0) leads to the representation

0o 1 _ —u?z?
|z PH: 1 1 16 _ du.
CH 0 u +

Where Cy = [7(1 — e " Yu 12" dy < co. Therefor, for any s,t > 0, we have

1 % (1 _ 22 1— 22
SH L 2H g2 = (1—e J(1—e )du
Cy ult2H

1 o e—th2 (€2u2ts _ 1)e—u252

+—
CH ylt2H

BERYRE Y= )
CH 0 +
1 o 2 et 242 s"e —u2s?
C’_ZF/ yl—2n+2H du

so that, for all d > 1, t1,...,t4 > 0 and aq, ...,aq € R,

du

u

L[ (S e )
/ d

9OH | ,2H 2H _
(e + 67— e =t " aray = 25 RESY

)=
N | —

=

T—
I
—

d 242
Zk:l Ze ! tkak)zdu

2CH u172n+2H

that is 'y is of positif type when H € (0,1).
To conclude the second part of the proposition we suppose that H € (0,1) and
consider a centered Gaussian process BY with covariance function given by 1.3.

Then we have
E[(B/" =B =[t—s[*", 5,t>0,

so that Kolmogrov—éentsov lemma 1.1.1 applies and shows that the sample paths

of B are a-Hélder continuous.

1.3.2 Definition and properties

Definition 1.3.1. A fractional Brownian motion (fBm for short)of Hurst parameter

H is a centered continuous Gaussian process Bf = (Bf),>, with covariance function

1
—(S2H—|—t2H— | t—sg |2H)

E(B/ - BY) = |

According to proposition 1.3.1, the fBm exists and has Holder continuous paths.

Remark 1.3.1. Trivially when H = % the fBm is the standard Brownian motion.
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Figure 1.1: sample path of fBm when H = %

1.3.2.1 Basic properties

Proposition 1.3.2. Let BY be a fractional Brownian Motion of Hurst parameter
H € (0,1). Then:

1. [Selfsimilarity] For all a > 0, (BX) < (a” BH).
2. [Stationarity of increments] For all h > 0, (B, — B}) < BI.

3. | Holder continuity] For each 0 < ¢ < H and each T > 0 there exists a random

variable K. such that

| BY(t) = B"(s) |I< Ko | t =5 [77°

4. [Differentiability] The sample paths of fBm are nowhere differentiable.

Proof First, let us prove the selfsimilarity property. We have that

(@ 4 (a5 — (a |t~ 5 )*")

= o*"E(BF BY)
= E((a"B{")(a"B{"))

(B Bys)

Thus, since all processes are centered and Gaussian, it implies that

(BHE) £ (a"BI).
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Seconde, we show that it has stationary increments. Note that for all A > 0, we

have
E((Bf, — Bi) (B, — B)) = E(B[,B,) —E(BL,B)) —E(BL,B) + E(B)?)

= LR s s

2
— ((t+h)* + BT =) — ((s + h)* + 1*7 — 1) + 20°7]
1

— §(t2H + 82H— | |2H) E(BHBH)

Therefore the fBm is of stationary increments.

For the Holder continuity it follows from Kolmogrov—éentsov lemma 1.1.1 and the

fact that for any a > 0, we have

E(] B — B [*) =E(| BY' [*) [t —s [*"

Finally, lets prove the differentiability, indeed for every ¢, € [0, o],

BY — BH
P | limsup | -t Tt =00 ) =1

t—to t— tO

H H

0 using the selfsimilarity property, we have

let us denote by B, = —tt .

d —
%t,to = (t - to)H IB{{

We define u(t,w) = {supy<,; | B \> d}. Then, for any any sequence (f,)nen

decreasing to 0,

we have u(t,,w) D u(t,41,w), Thus,

P(lim u(t,)) = lim P(u(t,))

n—oo n—oo
and
(H)) H —
P(u(t,)) > P(| == |> d) = P(| B™ |> t:-Ha) "=5° 1.

> .
1.3.3 Lack of Semimartingale Property

In this subsection, we study the asymptotic behavior of the p-variations of the
fractional Brownian motion, we will show that the fBm is never a semimartingale,

except for H = % when it is the classical Brownian motion.

Definition 1.3.2. Let (X}):co,7] be a stochastic process and consider a partition
T=0=t<t;1 <...<t,=T. Put

}{:|;( tr) — X (tr_1)”
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The p-variation of X over the interval [0, T is defined as
Vo (X,[0,7]) =P — lim S,(X, 7),

where p is a finite partition of [0, 7]. The index of p-variation of a process is defined
as
1(X,[0,T]) = inf{p > 0: Vy(X. 0,77 < oo}.

We claim that )

(B [0, T]) = =.
( ) [ Y ]) f’
In fact, consider for p > 0,

p

3l

Yoy =13 [BUY — B
i=1 "

Since BY) has the self-similarity property, the sequence (Y, ,)nen has the same

distribution as

By the Ergodic theorem the sequence ffn,p converges almost surely and in L' to
E[|BY(1)P] as n tends to infinity; hence, it converges also in probability to ]|
BWH) (1) |P]. Tt follows that

Vop = zn: )B
=1

Thus we can conclude that I(B%) [0,7]) = 1/H. Since for every semimartingale
X, the index I(X, [0,7]) must belong to [0,1] U2, the fBm B*) cannot be a semi-

martingale unless H = 1/2.

0 _ g

3l

P

Prnso | O if pH >1
—
oo if pH<1

1.3.4 Lack of Markov Property

Theorem 1.2. Let B¥ be a fractional Brownian motion of Hurst index H € (0,1)—

{1}. Then B" is not a Markov process.

Since the fBm is a Gaussian centered process, to prove this result we need the

next lemma.

Lemma 1.3.1. If X is a Gaussian centered Markovian process, then for all s <t < u

Proof. Note that Ry = cov(X,, X;). Since X is a Markov process then V s <
t<u
cov(Xy, Xy)

E(Xu/X:, Xs) = E(Xy/Xy) = E(X.) + var(Xy)

(Xe — E(Xy))
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Therefore,
E(Xu/Xt) - %Xt,
tt
E(X./X:, Xs) = E(Xy) + 0,0, (v — E(v))
Xy
where v = ¥ and 6, = E[X ], 0, = E(v'v)

We have that,

0w = (RutRys) and 0, = Ry i
Rst Rss

9_1’0 o 1 Rsth - RtsXs
Y RttRss - R?s Rtth - RstXt
We observe that,

E(X,/X:, X,) = 0,0,

1
B W(RUtRSSXt — RuRis Xs — RusRa Xy + Ruthth).
tttlss = Llg

Hence, E(X,/X;, Xs) = E(X,/X;) we have

R, 1
t X,

R_tt - m(RutRsth - RuthsXs - RusRstXt + Ruthth)

Moreover,
Xt(RttRutRss - RttRutRss - Rutht + RttRusRst) + Xs(RttRutRst - R?tRus) = 0

RaXi(RuRys — RutRst) — RuXs(RuRys — RuuRst) =0
Or,
(RuRus — RurRst) (Rt Xy — Ru X)) = 0,
then,
RyRys — RyuRs =0

which is the result.

Proof of theorem 1.2 We proceed by contradiction. Assume that B is a
Markov process. Since it is a Gaussian process as well, by the previous lemma we
have, for s=1<t=2<u=3

E(B' By )E(By' By') = E(B,' By )E(B{' By')

So,

1 1

22H(22H + 32H _ 1) — 22H[2(1 + 32H _ 22H)]
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by differentiating

1+32H_1+22H:O

we deduce that, 1+ 3271 + 22 — ( only if H = % which leads to a contradiction.

1.3.5 Long and Short-Range Dependence

Process with long-range dependence have many application, such as in telecommu-
nication specially in Internet traffic problems. Basically, the notion of long-range
dependence is that the variance of the sum of stationary sequence grows non-linearly

with respect to n.

Definition 1.3.3. A stationary sequence (X,,),en exhibits long-range dependence
if p(n) = cov(Xy, Xpin) satisfies

lim M

n—oo CN~ %

=1
for o € (0,1) and some constant c.

Remark 1.3.2. If a stationary sequence (X, )nen 1S long-range dependent, then

the dependence between X and Xjyyi decays slowly as n tends to infinity and
>y p(n) = 0.

Proposition 1.3.3. The fBm is one of the simplest processes which exhibit long-

range dependency.
Proof. let us consider its increments
Xo= BE - B Xew= B~ Bl
Since the fBm is centered then

p(n) = B(Xy, Xip) = E [(Blf _Blf—l)(BlZ-n - Blirn—l)]
= E[(B)}, - B,)Bl'] = E(B,,BY') — E(B, B

— 1 [(n + 1) —2n* 4 (n — I)QH}

2
1 2H 12H 12H
= = 14+ 22H 94 (1 -2
[ 21 )
n*H 2H H(2H —1 2H H(2H -1 1
= — 1+—+¥—2+1——+¥+0(—)
2 n n? n n? n?

= H(2H — 1)n*172 1+ o(n*72)
it follows that for H > %, we have

p(n) >0 and Zp(n) = 0.
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and for H < %, we have
p(n) <0 and Zp(n) < 00.

Therefore, we say that the fBm has long-range dependence property if and only if

H > % and for the other case has short-range dependence.

1.3.6 Representation of the FBm

Fractional Brownian motion can be expressed as a Wiener integral with respect to
the Wiener process in several ways. Let us recall two of them.

1.3.6.1 Lévy-Hida Representation

Let BY be a fractional Brownian motion with parameter H € (0,1). The fBm

admits a representation as a Wiener integral of the form
t
BH = / Kpy(t,s)dWs,
0
where W = (Wy):er is a Wiener process, and Ky (t, s) is the kernel

t
Kult,s) = du(t — s)" % 4 "3, () |

S

dy being a constant and

Fi(2) = dy (% . H) /OZ_1 g3 (1 — 0+ 1)H—%) do.

If H> % ,the kernel Ky has the simpler expression

t <
Kan(t,) = st [ (u= s Hult L
S

1
where ¢ > s and cy = (%) *. The fact that the process B¥ is a fBm
) 2

follows is from the equality

tAs
/ Ky(t,u)Kg(s,u)du = Rg(t, s).
0

The kernel K satisfies the condition
0Ky 1 s\3—H H_3
_— s e H [ <—> — 2 .
g (t,s) =dy ( 2) ; (t—s)

1.3.6.2 Moving Average Representation

FBm can be represented as an integral with respect to a standard Brownian motion

on the whole real line. Let (Bs)ser be a standard Brownian motion. Then

B = g [ [0 =0 = (=0t a (1.4)

with C'(H) > 0 an explicit normalizing constant, is a fractional Brownian motion.
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1.3.6.3 Harmonizable Representation

There is another representation which uses the complex-valued Brownian motion

(but the fBm is real-valued). In fact, for a fBm (B);cgr, we obtain

= T T )
! Co(H) Jr iz

where (By)er is a complex Brownian measure and

Co(H) = (HF(QH;Tsm(Hw) > N ‘

Let us note that the complex Brownian measure on R can be splitted as B = Bi+1B,
and is such that Bi(A) = Bi(—A), By(A) = —By(—A) and E(B;(A))? = |2i\,
VA € B(R).

We also call this representation, the spectral representation.

1.4 Sub Fractional Brownian motion

As an extension of Brownian motion, recently, Bojdecki et al.[3] introduced and
studied a rather special class of self-similar Gaussian processes, which preserve many
properties of the fractional Brownian motion. This process arises from occupation
time fluctuations of branching particle systems with Poisson initial condition. This

process is called the sub-fractional Brownian motion.

1.4.1 Definition and properties

Definition 1.4.1. Sub-fractional Brownian motion (sub-fBm) is defined as a cen-
tered Gaussian process (SH)i>owith covariance
1
Cyl(t,s) = s 4121 3 ((s+ )"+t —sP™), s,t>0
with H € (0,1).

Sub-fractional Brownian motion has properties analogous to those of fBm (self-
similarity, long-range dependence, Holder paths, and it is neither a Markov processes
nor a semimartingale).

Moreover, sub-fBm has non-stationary increments and the increments over non-
overlapping intervals are more weakly correlated and their covariance decays poly-
nomially at a higher rate in comparison with fBm (for this reason, it is called sub-
fBm). The above mentioned properties make sub-fBm a possible candidate for

models which involve long-dependence, self-similarity and nonstationarity.

Remark 1.4.1. Trivially, for H = % the sub-fBm reduces to the standard Brownian

motion.
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Lemma 1.4.1. The sfBm (StH)telR+ satisfies the following properties:
i) S™ is a centered Gaussian process.
ii) For all (s,t) € R2,s <t,

E(S — SH)? = 22771 (#2H 4 21y 4 (¢ 4 5)* 4 (t — 5)?1,
t s

iii) The increments of the sfBm are not stationary: For all s <t
E( S [?) = (2 22y

B{'+BY,

iv) forallte Ry SH= 7

For the proofs of his properties see [0].

1.4.2 Representation of Sub-fBm

The sfbm has the moving average representation (see Bojdecki et al.,2004) [3].

1
Cl(k})

where (W,);er is a Brownian motion,

c1(k) = [2 (/Ow((l + 5)F — sk)st) + %1_‘_ J%

For more Properties of the Sub fractional Brownian motion see [10].

St =

/R [(t— )+ (t+s)k — 2(—3)’;} dW,

1.4.3 Comparison between the FBm and the Sub-fBm

Before providing the comparison of the properties of sub-fBm considered to those

of fBm lets announce these definitions

Definition 1.4.2. A real continuous process D is is called a (F;) Dirichlet process
if it admits a decomposition D = M + A where M is an (F;)-local martingale and

A is a zero quadratic variation process. For convenience, we suppose Ag = 0.

Definition 1.4.3. A square integrable process (X;);>o is quasi-Dirichlet if for every
T7>0

k—1 9
E ‘]E X,  — X, /FX 0
Z < [ tj+1 i /‘/T-tj] ) ”(SWLO

J:
where § : 0 =<ty < t; < ... < t, = T is a partition of [0,7] and (F;*);o is the

canonical filtration of X.

Here are the main properties of the fBm and Sub-fBm :
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1. fBm and sub-fBm become similar for large t in the sense that for each 7 > 0,

CH(t,t—i‘T)

lim ——>—= =2 —2°f~%
D% Ry (t,t 1 7)

I

2. The fBm has long-memory if H > % and short-memory if H < %:

The sub-fBm has short-memory.

3. The mixed processes (sums of independent Bm and fBm and of independent

Bm and subfBm) are semi-martingales equivalent in law with the Bm if H > %.

4. The fBm is Dirichlet if H > 1 and it is not Dirichlet if H < 1
The sub-fBm is Dirichlet if # > § and it is quasi-Dirichlet if H < 3

The question whether fBm is quasi-Dirichlet is open.
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Figure 1.2: sample paths of {Bm with H = 0.3, H = 02,H = 0.6,H = 0.8, H =

1/4, H = 3/4 (resp).



Chapter 2

Stochastic Calculus on fBm and
stBm

2.1 Stochastic Integration with respect to Fractional

Brownian motion

2.1.1 Wiener Integration for fBm

In this subsection we develop the stochastic calculus for deterministic integrands
with respect to fBm. We shall deal with a generalization of the Riemann-Stieltjes
Integral which we will develop later : we have a fractional Brownian motion as in-
tegrator.

In Section 1.3.3, we have seen that fBm is not a semimartingale. But the classical
stochastic integration namely the It6 calculus, is up to semimartingales as integra-
tors. Therefore, we cannot apply directly this theory. Moreover, the Lebesgue-
Stieltjes integration cannot be used since the paths of the fBm have unbounded
variation, see Section 1.3.3. Hence we need to construct another integral. This work
has been performed by several authors with different ideas. The different approaches

are, among others:

e Malliavin calculus, also known as Stochastic calculus of variation, which ex-

ploits the Gaussianity of the fBm in general Wiener spaces (see [15]);
e Wick Calculus approach (see [16]);
e Pathwise Calculus (see [17]);
e Rough path analysis (see [15]).

However, We shall study the basic one : The Wiener integration w.r.t fBm. The
aims of this section are twofold: to define the Wiener integral and the space of

integrands. Lets us firstly define Riemann-Stieltjes Integral.

27
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2.1.1.1 Riemann-Stieltjes Integral

Riemann-Stieltjes integral is an important notion to understand the stochastic in-

tegration. But first, let us recall the basic Riemann integral.

Definition 2.1.1. Let f : R — R continuous. We define the Riemann integral over
[a,b] C R by

b n
/a = Bin 321Gt

if the limit exists, where A, = {to,t1,...,t,} is a partition of [a,b] such that a =

to <ty <..<th_1<t,=0b|A,. = max (t; — t;—1) and 7; is an evaluation point
<i<n

in the interval [t;_1,;].

Definition 2.1.2. The p-variation of a function f : [a,b] — R is defined as

n

S () = flt),

i=1
if the limit exists, where A,, = {to, 1, ..., t,} is a partition of [a, b] and the mesh goes

to 0 as n — oo.

Definition 2.1.3. A function of bounded variation is a function g : [a,b] — R such
that V¢ > 0,

suleg fio1)] < oo,

7T€P

where the supremum is taken over the set P = {7 = {to, ..., t,p}, 7 is a partition of

[a,b]}.

We denote by BV the set of functions of bounded variation.

Definition 2.1.4. Let f : [a,b] — R continuous and ¢ : [a,b] — R be a function of

bounded variation. We define the Riemann-Stieltjes integral as follows:

b
| #odg( = Jim, Ozf 7)(g(t:) — g(ti 1)),

if the limit exists, where A,, = {to, 1, ..., t, } is a partition of [a, b] and the mesh goes

to 0 as n — oo.

Remark 2.1.1. Note that if g(t) = t then the Riemann-Stieltjes integral is the

Riemann integral.

Proposition 2.1.1. [5] If f is continuous and g € C', then

/f )dg(t) /f
and if f,g € BV then

/f(t)dg(t)=f(b)g(b)—f(a)g(a)—/ g(t)df (t). (2.1)
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2.1.1.2 Wiener Integral

The Wiener integral is an integral where we have deterministic integrands and a
Gaussian process as an integrator. It generalize the theory of Riemann-Stieltjes

integral. Let us define the integral:

1(f) = / f(t)dB! (2.2)

In fact, we could think of applying the integration by parts formula of the Riemann-

Stieltjes integral (2.1), and obtain

/ F()dBY = f)BY — f(a)B — / BIaf (1) (2.3)

a

where the integrals are Riemann-Stieltjes integrals. But the problem is, as we saw,
that BY ¢ BV. Hence equation (2.3) is not well defined as a Riemann-Stieltjes
integral in this case. Therefore, we need a new approach to define the integral (2.2):

the so-called Wiener Integral.

2.1.2 Construction of the Wiener Integral w.r.t FBm

The basic idea is to extend the isometry map from the set of step functions £ into
the space L%(§) generated by the integrator, to an isometry defined on a larger
space of integrands, usually noted # and such that & = H. Let us recall that the
Wiener integral (w.r.t. a Gaussian process) of a function f € H is a random variable.
More explicitly, it is a centered Gaussian random variable. With variance fT f(t)2dt
in the case of standard Brownian motion. Therefore the Wiener integral generates
a Gaussian space. Let us denote this subspace of L?(€, F(%), (]:,5(2)>teT,IPZ) by
Sp(Z) (Note that if f € &, Jp [(t)dZ; generates Sp(Z).) In our case, we take
the Gaussian process Z = B) as a fBm, so we obtain Sp(Z) = Spr(BH) C
L2(Q, FE (FH))ep, PH),

2.1.2.1 Integrands as step functions

Let us denote by £ the set of step functions. For f € £ ie. f=>" fiil

where to = a and t,, = b, we define the Wiener Integral as follows:

i1t

Definition 2.1.5. For a {Bm (Bt(H))teT we define the Wiener integral w.r.t. fBm
for f € £ by

n—1

1 [ pdBl = 30 AB, - BD)
T

k=0
where

n—1
F@) =" fil (), ueT.
k=0
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Let us observe that the step Wiener integral induces a Gaussian space denoted by
S,(BM)Y ¢ L2(Q, FE) (FH)),er, PH). Now, we would like to do as in the classical
case and consider the square integrable function over T, because of denseness of
€ in LP(T) and to have a finite variance (p = 2). But it is not sufficient to take
the integrands in L?(T), as in the Brownian case, due the non independency of the

increments.

2.1.2.2 General integrands

We then extend the isometry I to a space of integrands which is at least an inner

product space, denoted by H, where, £ = H.

Definition 2.1.6. The Wiener integral with respect to the fractional Brownian

motion is the isometric map I” defined as:
I'":H — Syr(BWH)
f=T(f)=X

We can then define Spr(BH) := {X : IH(f,) LR X, (fu)nen C €}. Therefore,
we associate with X an equivalence class of sequences of step functions, (f,)nen,
such that I7(f,) L'e Furthermore, we can write X = [, fX(t)dBt(H) , where fx
is element of the equivalence class.

Recall our main question: which classes of integrands in the definition of the
Wiener integral w.r.t. fBm are isometric to Spp(B®)) or to some of its subspaces?

The following theorem, is the basis of this investigation for the space of integrands

H

Theorem 2.1. [, Theorem 14] Let H be some class of integrands and let £ C H be
the class of step functions and I (f) be an integral of f € £ w.r.t. fBm (Bt(H))teT,
H € (0,1). Under the assumptions

i) # is an inner product space with an inner product < f,g >, f,g € H,

ii) for f,g €&,
< f,9 >5=EI"(f)1"(9)),

iii) the set £ is dense in #,
we have the following:

1. there is an isometry between the space H and a linear subspace of Spp(BH))
which is an extension of the map f — I (f) for f € &;

2. H is isometric to Spp(BH)) if and only if H is complete.
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If H is complete, we have H = H The isometry constructed via this theorem is

exactly the definition of the Wiener integral w.r.t. the fBm.

.WUd:/f@w&m,feﬁ
T
Proof.

1. Let f € H. By (i), there exists f,, € € such that f, — f in # In particular
it is a Cauchy sequence in H. By (ii) I (fn) is a Cauchy sequence in L*(12),
hence it converges to some random variable ¢ € L?(2), since L?*(€2) is complete.
We set I7(f) = ¢, which means

I"(f) = lim 1"(f,)

n—o0

in the L?(Q)-sense. Since (I (f,))new C Spr(Bf) and S,r(Bf) is a closed
subspace of L2(£2), we obtain that I”(f) € S,p(BH). Therefore, we can define
the map I : # — Spr(BH). We can verify that this construction does not
depend on the choice of the sequence (f,)nen. So it is well-defined. Moreover,
for any f, g € H it holds that

Since I is linear, we get an isometry between H and some subspace of

Spr(BH).

2. If H is isometric to Spr(BH) itself, then # is complete because the space
Spr(BH) is complete since it is a closed subset of the complete space L?(2).

Conversely, if H is complete, then for any 6 € Spr(BH), we have § = lim 6,
n—oo

0, = I"(f,) € S,(BM), f, € E. So I (f,) L 9. Therefore, from (ii) it follows
that f, is a Cauchy sequence in #H, and from completeness, fn— fin H,
6= I7(f).

Remark 2.1.2. Let us emphasize that a priori the Wiener integral is different for
each case we shall consider. Effectively, I” might depend on the inner product
space H we chose. If H; and H, are two different classes of integrands, then their
corresponding integral are in general not equal even in HyN?Hs. In fact, to obtain the
equality we must have that their corresponding inner product are equal for functions

in their intersection.

There are other approaches that give a construction of the integrands space of
the integrands using the integral representations ( we have defined previously in
section 1.3.6), using different point of views which are in fact essentially the same.
We took the basic one that we need in the following chapter. For more details we

refer to [5].
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2.1.3 Young Integral

Since, for H € (0,1), (B:)i>0 does not have absolutely continuous paths, we can
not directly use the theory of Riemann-Stieltjes integrals to give a sense to integrals
like fo s)dB; for every continuous functions f. However, as it was understood by
L.C. Young, if f is regular enough in the Holder sense, then fo s)dBs can still be
constructed as a limit of Riemann sums. In the sequel, we shall denote by C*(I)
the space of a- Hoélder continuous functions that are defined on an interval I. The

basic result of L.C. Young is the following:
Theorem 2.2. [79] Letf € C?([0,T]) and g € C7([0,T]). If 8+~ > 1, then for
every subdivision ¢ of [0, T], whose mesh tends to 0, the Riemann sums

n—1

D FE o) — g(t))

i=0
converge, when n — oo to a limit which is independent of the subdivision ¢]' . This
limit is denoted fOT fdg and called the Young’s integral of f with respect to g.
2.1.3.1 Fractional calculus

Another way to handle Young’s integrals is to use the so-called fractional calculus.
Let f € L'(a,b) and > 0. The left-sided and right-sided fractional integrals of f

of order «v are defined respectively by:

12, f(a) = ﬁ / "o — 9 f )y

and ,
I f) = / (v =2 F )y
) I(a) Ja ’
where (—1)* = ¢™ and T'(a) = [;° u* ‘e “du is the Gamma function. Let us

denote by I, (L?) (respectlvely I (L)) the image of LP(a,b) by the operator /2,
(respectively I;* ). If f € IZ, (LP) (respectively f € I (L?)) and 0 < o < 1, we
define for = € (a, b) the left and right Weyl derivatives by:

D) = o (e o [ 2y ) v

and respectively,

D 1) = s (L [ 1L ) 10

We have the following property:

Ds, Dy, = Dy, DyD, = Dy*?
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and for f € I (LP), g€ Iy (LP)

b b
/ D2, f()g(t)dt = (—1) / F()Dgg(t)dt

The key point that allows to use fractional calculus to study Young’s integrals is the

following Proposition which is due to M. Zahle |?].
Proposition 2.1.2. [17[Let f € C*([a,b]) and g € C®([a;b]) with A\ + B > 1: Let

1— B < a< A\ Then the Young’s integral exists and it can be expressed as

[ #ag =0 [ ps iz @
(®)

where g, (t) = g(t) — g

2.1.4 Russo-Vallois Integral

Definition 2.1.7. Let X, Y be two real continuous processes defined on [0, T]. The

symmetric integral (in the sense of Russo-Vallois) is defined by

/T Yu+e + Yu Xu—l—s - Xu
0 2 €

T
/ Y, d°X, = P-lim du, (2.4)
0

e—0

provided the limit exists and with the convention that Y; = Y7 and X; = Xt when
t>T.

Theorem 2.3. ([29], page793) The symmetric integral fOT f(BEYd° B exists for
any f : R — R of class C° if and only if H € (%, 1). In this case, we have, for any
primitive F of f:

T
F(B)) = FO)+ | S(BIEBL

0
When H < 1/6, one can consider the so-called m-order Newton-Cotes integral:

Definition 2.1.8. Let f : R — R be a continuous function, let X, Y be two
continuous processes on [0,7] and let m > 1 be an integer. The m-order Newton-
Cétes integral (in the sense of Russo-Vallois) of f(Y') with respect to X is defined

( /O 1 FYot B(Yaye — m)um(dﬁ)) Ko = X,

e—0 g

by
T
/ f(v,)dvemx, = P-lim —
0

T
0

provided the limit exists and with the same convention above with p; = %(60 + 01)

and, for m > 2,

B 2(m —Du—k
=3 (/0 - du) ey
J=0 J#k

0 being the Dirac measure.
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Theorem 2.4. ([29], page793) Let m > 1 be an integer. The m-order Newton-Cotes
integral fOT f(BEYGNCm B exists for any f : R — R of class C**L if and only if

H e (m, 1). In this case, we have, for any primitive F' of f:

F(BY) = F(0) + / F(BHavOm B,

2.1.5 Skorohod Integral

In this section we focus on the Skorohod integral. This stochastic integral, intro-
duced for the first time by A. Skorohod in 1975, may be regarded as an extension
of the It6 integral to integrands that are not necessarily F-adapted. The Skorohod
integral is also connected to the Malliavin derivative, which is introduced with full
detail in |20, Chap. 3|.

Let u = u(t,w), t € [0,T], w € 2, be a measurable stochastic process such that, for
all t € [0,T], u(t) is a Fr -measurable random variable and

E[u?(t)] < oo.

Then, for each t € [0,T], we can apply the Wiener-It6 chaos expansion to the
random variable u(t) = u(t,w), w € Q, and thus there exist symmetric functions
Frt = fua(ti, oo tn), (t1, . tn) € [0, 777, in L2([0,T]"), n = 1,2, ..., such that

u<t) = Z [n(fn,t)a

where

L(f) = /[0 e LV ()W ),

Wi)ieio is a Wiener process and f € L2 0,7]™), and the convergence takes place
€[0,7]

in L?(P). Moreover, we have the isometry

o0
| u H%Z(IP): Zn! | fa H%%[O,T]n) (2.5)
n=0
for more details see [20]. Note that the functions f,;, n = 1,2, ..., depend on the

parameter ¢ € [0,7], and so we can write

fn(tly ~-~atnatn+1) - fn(th ;tnat) = f’n,t(tla "'7tn)

and we may regard f,, as a function of n+1 variables. Since this function is symmetric

with respect to its first n variables, its symmetrization f, is given by

1
fn(tl, ceey tn+1) == n—_|_1 [fn(tla ...,tn+1) + fn(t27 ...,tn+1,t1) —|— —|— fn(tb ""7tn717tn+17tn)]
(2.6)
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Definition 2.1.9. Let u(t), t € [0,T], be a measurable stochastic process such that
for all ¢ € [0, T] the random variable u(t) is Fr -measurable and E[u?(t)] < co. Let

its Wiener-1t6 chaos expansion be

u(t) = ZIN(fn,t) = ZIn(fn(at))

Then we define the Skorohod integral of u by
T o0 R
() = [ u®OW () = 3 La(F)
0 n=0

when the sum convergent in L?(P). Here fn, n =1,2,..., are the symmetric func-
tions (2.6) derived from f,(.,t), n =1,2,.... We say that u is Skorohod integrable,

and we write u € Dom(9) if the series 6(u) converges in L*(P).

Remark 2.1.3. By (2.5) a stochastic process u belongs to Dom(¢) if and only if

o0

E[5(u)’] =Y (n+ D fo [ 720z7me1< 00

n=0
2.1.5.1 The Skorohod Integral for fBm

The stochastic Integrals w.r.t fBm were defined mostly for deterministic or linear
integrands, but in other cases it was much more complicated to establish such in-
tegral, since the path regularity of the fBM varies with the Hurst parameter H. In
particular, if H > % , then the paths of B are essentially a-Holder continuous for
all @ < H, hence a pathwise stochastic integral approach is quite effective likewise
Young (see [12]). In the general case, especially when H < % , the path of fBm
becomes rather "rough" and the pathwise approach for stochastic integrals, there-
fore other definitions of stochastic integrals have been introduced. Most notable is
the divergence-type integration (or Skorohod integral), which is based on the idea
of Malliavin calculus (see for example [20, 21, 22]), for this case we briefly introduce
Malliavin derivative with respect to certain Gaussian processes; in particular, for
fractional Brownian motion.

Let W be a standard Brownian motion and assume G = (Gt)te[oﬂ“} is a continuous

centred Gaussian process of the form
t
Q:/K@WM; (2.7)
0

where the kernel K satisfies sup fot K(t,s)%ds < co. In particular, the fractional
te[0,T]

Brownian motion is of this form by representation (1.4). First we recall some defi-

nitions.
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Definition 2.1.10. We denote by &g the set of simple random variables of the form

F = Z Gthk
k=1

where n € N, ay € R and t, € [0,T] for k =1,...,n.

Definition 2.1.11. The Gaussian space H; associated to G is the closure of &; in
L*(Q).

Definition 2.1.12. The reproducing Hilbert space Hg of G is the closure of Eq with
respect to the inner product

< Lo, L0, >n= Ral(t, s).

In what follows we will drop G in the notation.

The mapping 1o, — G; can be extended to an isometry between the Hilbert space
‘H and the Gaussian space H;. The image of ¢ € H in this isometry is denoted by
G(p). In particular, we have G(1jo ) = G;.

Definition 2.1.13. Denote by S the space of all smooth random variables of the

form
F:f(G<g01>,,G(<,0n)), P1y -0y Pn 67—[,

where f € C°(R™) ie. f and all its derivatives are bounded. The Malliavin
derivative D = D(G) of F' is an element of L*(Q, H) defined by

DF = Z 0if(G(#1); - Glipn)) i

In particular, DGy = 1.

Definition 2.1.14. We denote D> = D2 be the Hilbert space of all square inte-
grable Malliavin derivative random variables defined as the closure of S with respect

to norm
| F |[To=EIF| + E(|| DF |13).

Now we are ready to define the divergence operator § as the adjoint operator of

the Malliavin derivative D.

Definition 2.1.15. The domain Domd of the operator § is the set of random vari-
ables u € L*(Q), H) satisfying

B(< DF.u>w)| < e || F 12
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for any I € D% and some constant ¢, depending only on u. For u € Dom §
the divergence operator d(u) is a square integrable random variable defined by the

duality relation
E(Fé(u)) = E(< DF,u >%), VEF € D-2
for any F' € D2
We use the notation .
o(u) = /O us0Gs.

Recall now the special form of G given by (2.7) which is clearly the fractional

Brownian motion, and define a linear operator K* from & to L*[0,T] by

T
(K°0)(s) = KT + [ [o(0) = (o)) (dh.s).
With the help of this operator according to [22], the Hilbert space H generated by G

can be represented as H = (K*)~'(L?[0, T]). Furthermore, Dg*(H) = (K*)~'(Dy;? (L*[0, T))).

Moreover, we can represent 6(%) with 6") by the relation

t t
/uséGS:/(KU)SéWS
0 0

provided that Ku € Dom 6").

2.1.6 Itd’s Formula for fBm
In this section we will show the It6 formula for indefinite Skorohod integral.

Theorem 2.5. [J] Let F be a function of class C*(R). For each t € [0,T)] the

following formula holds

(B () = £(0) + / J(B())0B (s) + H / J(BH ()21 ds

2.2 Stochastic Integration with respect to the Sub

fractional Brownian motion

As we have seen in chapter 1, from the fact that SfBm is not a semimartingale nor
a Markov process, [td’s classical calculus are not available for such process, this is
why another approach was introduced by several authors: Tudor [141] and Ruiz de
Chavez 2008, Tudor [7] 2010 in order to define a stochastic integration w.r.t the sub
fractional Brownian motion.

These results were recently proved, we will introduce only two results in this section
that are: construction of the Wiener integral w.r.t sfBm, and decomposition result
for sfBm.
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2.2.1 The Wiener integral w.r.t. SfBm

We need first to give a representation of the sub fractional Brownian motion. For
ke (—1,3), k#0, we consider a sfBm (SF)seqo7-

Let f : [0,7] — R be a measurable application and «,c,n € R. We define the
Erdely-Kober-type fractional integral

oS [T
B0 06) = s | T

We introduce the following kernel

dt,s € [0,T],a > 0.

ﬁ[’f

n(t,s) = o7 T77271;7k(uk]lo7t))(s).
We fix a Brownian motion (W;)¢>o
Theorem 2.6. [/ We have the Wiener integral representation

1
SF L ck/ n(t,s)dWs, t e |0,T], (2.8)
0

I'(2k + 2)sin7(k + 3)

™

2
Cr =

Let S* is a sfBm given pathwise by the right-hand side of (2.8). Denote & the
family of elementary functions f : [0,7] — R,

N-1
fzzaj]l[tjij-u)? O=ty<ti <..<ty=T, CLjER.

j=1
For f as above we define the Wiener integral fOT f(t)dS¥ in the natural way by

-1

T
/Of(t)dez a;(SE,, — SE).

J=1

We endow & with the inner product

T T
<Lz, =E| [ st [ awast]
: 0 0
(we identify the elements f and g when < f —g,f — g >pel = 0). For f € &r.

Definition 2.2.1. The completion of (7, < .,. >,.s ) is called the domain of the
k, T
Wiener integral and we denote it by (AL, < ... > \sr ).
) kT
For f € Asz we define the Wiener integral of f with respect to S* by

/ h f(t)dSk = L*(Q, F,P)- lim fu(t)dSF,
0

n—0o0 0

where (f,), € Er is such that < f,, — f, fu — f >pet = 0.



2.2.2 Decomposition of SfBm 39

2.2.2 Decomposition of SfBm

Denote
A i {f 0,7 >R / / | F()F(8) ] (5 + 1% dsdt < oo}

we define the process (X[ )sejo.r) as the Wiener integral
Xk = / (1 — e ™o~ dW,.
0

Remark 2.2.1. The centered Gaussian process (X[ )iep,r)) has the covariance

(1 — 2k)

CXk(S,t) = —m

K(s,t)

and the representation
t
Xk = / YFds
0
with .
Yk = / e 9k dW,.
0

Lemma 2.2.1. [7] We have the inclusion | A |xxC Axx and the relation

T T
17 = T=20) [ [ p) @)+ 0 asat, f el Al

Moreover, if f € LY([0,T), t*2dt) then f €| A |x+ and

T T
| swaxt = [ rovta
0 0
The main result is:

Theorem 2.7. [7] Let k € (—3,0) and let (Bf)iep,r) be a fBm independent of the
Bm (Wy)iepo,r)- Then the process

k(2K + 1)
F =~ XF+ Bf, te0,T
St F(]_—Ql{?) t + to S [07 ]

15 a sfBm. In particular,
Axr N Agr = Agr.

Moreover, if

f € IF (L2(0, 7)) N L* ([O,T],tk—%dt> ,
then f € Agr and

| ast = -G5S0 [ rovias [ pwast.
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2.3 Itd’s Formula for SfBm

[t6’s lemma is an identity used in It6 calculus to find the differential of a time-
dependent function of a stochastic process. The lemma is widely employed in
mathematical finance, and its best known application is in the derivation of the
Black-Scholes equation for option values.

In this section we introduce Itd’s formula for the SfBm in two cases: the first one
when the Hurst parameter H > 1/2 was proved by Litan, Guangjun, Kun in 2012
[3], and the seconde case when H < 1/2 was done by Guangjun Shena, Chao Chenb
in 2011 [19]

2.3.1 The case when H > %

Theorem 2.8. [5] Let F' € C*(R) and H € (3,1). Then

t t
F(S") = F(0) +/0 F'(SMyast + H(2 - 22H1)/0 Fr(SH) 21 g,

2.3.2 The case when H < %

In this part, we establish versions of It6’s formula for any value of the Hurst param-

eter H € (0,1). The basic result is the next theorem.
Theorem 2.9. [19] Let F € C®(R). Then for all t € [0,T], F'(SE)1[0,t](s) €
Domd, and

F(SH) = F(0) + /t F'(SH)6SH + (2 — 2*M)(H + 1) /t F'(SH)s* ds.

0 2 0



Chapter 3

Stochastic Differential Equations

3.1 Preliminaries

Differential equations are used to describe the evolution of a system. Stochastic Dif-
ferential Equations (SDEs) arise when a random noise is introduced into ordinary
differential equations (ODEs). For all the proofs of this section we refer to [!]

Let (Bt)t>0, be a Brownian motion process. An equation of the form
dX(t) = p(X(t),t)dt + o(X(t),t)dB(t), (3.1)

where functions p(z,t) and o(z,t) are given and X (t) is the unknown process, is
called a stochastic differential equation (SDE) driven by Brownian motion. The

functions p(z,t) and o(x,t) are called the coefficients.

Strong solutions to SDEs

Definition 3.1.1. A process X(t) is called a strong solution of the SDE 3.1 if for
all £ > 0 the integralsfot u(X(s), s)ds and fot o(X(s),s)dB(s) exist, with the second

being an [t6 integral, and

X(t) :X(O)+/O ;L(X(s),s)ds+/0 o(X(s),s)dB(s) (3.2)

Remark 3.1.1. 1. A strong solution is some function F'(t, (Bs)s<¢) of the given

Brownian motion B(t).
2. When o = 0, the SDE becomes an ordinary differential equation (ODE).

3. Another interpretation of (3.1), called the weak solution, is a solution in dis-

tribution which will be given later.

41
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Weak Solutions to SDEs

The concept of weak solutions allows us to give a meaning to an SDE when strong

solutions do not exist. Weak solutions are solutions in distribution, they can be
realized (defined) on some other probability space and exist under less stringent
conditions on the coefficients of the SDE.

Definition 3.1.2. If there exist a probability space with a filtration, a Brownian
motion B(t) and a process X (¢) adapted to that filtration, such that: X (0) has the
given distribution, for all ¢ the integrals below are defined, and X (¢) satisfies

A ~

X(t):X(O)+/O u(f((u),u)du+/o o(X (u), u)dB(u),

then X (t) is called a weak solution to the SDE 3.1

Definition 3.1.3. A weak solution is called unique if whenever X (¢) and X'(t) are
two solutions (perhaps on different probability spaces) such that the distributions of
X(0) and X’(0) are the same, then all finite-dimensional distributions of X (¢) and
X'(t) are the same.

3.1.1 Existence and Uniqueness of Weak Solutions

Theorem 3.1. If for each t > 0, functions p(z,t) and o(x,t) are bounded and
continuous then the SDE (5.1) has at least one weak solution starting at time s at
point x, for all s, and x.

In addition if their partial derivatives with respect to x up to order two are also
bounded and continuous, then the SDE (3.1) has a unique weak solution starting at

time s at point x. Moreover this solution has the strong Markov property.

Theorem 3.2. [f o(x,t) is positive and continuous and for any T > 0 there is Kr
such that for all x € R

|, t) | + | oz, t) [< Ke(1+ | 2 )

then there exists a unique weak solution to SDE (3.1) starting at any point © € R

at any time s > 0, moreover it has the strong Markov property.

3.1.2 Existence and Uniqueness of Strong Solutions

Let X (t) satisfies the SDE (3.1)

Theorem 3.3. (Existence and Uniqueness) If the following conditions are sat-
isfied
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1. Coefficients are locally Lipschitz in z uniformly in ¢, that is, for every T and N,
there is a constant K depending only on 7" and N such that forall | z |, | y |[< N
and all 0 <t < T

2. Coefficients satisfy the linear growth condition
| @, t) | + [ o(z,1) [< K(1+ |z )

3. X(0) is independent of (B;)o<i<T, and E(X?(0)) < oo

Then there exists a unique strong solution X (t) of the SDE (3.1) and it has

continuous paths, moreover

E( sup X?*(t)) < C(1+ E(X?(0)))

0<t<T

where constant C depends only on K and T .

Theorem 3.4. (Yamada-Watanabe) Suppose that u(x) satisfies the Lipschitz
condition and o(x) satisfies a Hdolder condition of order o > 1/2, that is, there is a
constant K such that

|o(z) —oly) < K|z —y |

Then the strong solution exists and is unique.

3.2 Stochastic Differential Equations driven by Frac-

tional Brownian motion

In this section, we study the well-posedness of a class of stochastic differential
equations driven by fractional Brownian motions with arbitrary Hurst parameter
H € (0,1) we consider the following SDE:

dX; = o(X,)dB +b(X,)dt, te]0,T) (3.3)

allowing to study this SDE under which conditions on the coefficients, using the

previous integrals to give the existence and uniqueness of solution for each case.

3.2.1 SDEs in the sense of Russo-Vallois integral

The mathematician I Nourdin describes a theory to study the SDE (3.3) in 2007 [13],
he gaves conditions that insure the existence and uniqueness, using the integral of
Russo-Vallois in order to make sense to fot (0(X,)dBH but just considering integrands
of the form f(B*) with f regular enough for this reason he choose several definitions
of solution for each case, we will mention them in this subsection.

In the sequel, we put ny = inf{n >1: H > ﬁ}
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Definition 3.2.1. Assume that o € C*"atl,

e Let Cy be the class of processes X : [0, T] x Q — R wverifying that there exist
f:R — R e Catl gych that, a.s.Vt € [0,T], X; = f(B).

e A process X :[0,T] € R is a solution to (3.3) if:

l) X e (],
ii) Vt € [0,T], X, = 20+ [, o(X,)dNOBI + [T b(X,)ds.

Theorem 3.5. Let o € C*"#+! be a Lipschitz function, b be a continuous function
and xo be a real. Then the equation (3.3) admits a solution X in the sense of
Definition 3.2.1 if and only if b vanishes on S(R), where S is the unique solution to
S' = 0 0 S with initial value S(0) = xo. In this case, X is unique and is given by

Proof. Assume that X; = f(Bf) is a solution to (3.3) in the sense of Definition
3.2.1 Then, we have

¢ ¢ t
FBI = a0+ [ oo f(BMAYBY + [ bo f(BMs = GBI + [ b f(BI)is

0 0 0 (3.4)
where G is the primitive of o o f verifying G(0) = xg. Put h = f — G and denote
by Q* the set of w € Q such that ¢t — B[ is derivable in at least one point ¢y > 0
(it is well-known that. If &'(B/I(w)) # 0 for one to € [0,7] and one w €  then h is
strictly monotonous in a neighborhood of Bf! (w) and, for [t — t,| sufficiently small,

o sl =1 (| t B ()i )

and, consequently, w € Q*. Then, a.s., h/(Bf) =0 for all t € [0,T] and h = 0. By
uniqueness, we deduce f = S. Thus, if (3.3) admits a solution X in the sense of
Definition 3.2.1, we have necessarily X; = S(B). Thanks to (3.4), we then have

boS(BF)=0 for allt € [0, 7] a.s.
and then b vanishes on S(R).

Now another definition where the integrand is of the forme f(B7+A) with A € A
and A the set of processes A : [0, 7] — R having C'-trajectories and verifying that
E <e’\f0T AEdS) < 00 for some \ > 1.

Definition 3.2.2. Assume that o € C*rtl,

o Let Cy be the class of processes X : [0, T] x Q — R wverifying that there exist
a function f: R — R € C*"#+L and a process A € A such that Ay = 0 and,
a.s., Vit € [O,T], Xt = f(BgI + At)
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o A process X : [0,T] x Q — R is a solution to (3.3) if:
l) X €Co,
i) Vt €[0,T], X,=u0+ [ o(X,)dN°BI + [7b(X,)ds.

Theorem 3.6. Let o € C*"ut! be o Lipschitz function, b be a continuous function

and xo be a real.

o [fo(xg) =0 then (5.3) admits a solution X in the sense of Definition 3.2.2 if

and only if b(xg) = 0. In this case, X is unique and is given by X; = xg.

o [fo(xg) # 0, then (3.3) admits a solution X. If moreover infg|o| > 0 and
b € Lip then X 1is unique.

Proof Assume that X = f(B¥+A) is a solution to (3.3) in the sense of Definition
3.2.2. Then, we have

f(BF + A) =GB+ 4) — /ta(Xs)Asds + /1t b(X,)ds (3.5)

where G is the primitive of oo f verifying G(0) = xy. As in the proof of the previous
theorem, we obtain that f = S where S is defined by &’ = 0 0o S with initial value
S(0) = zp. Thanks to (3.5), we deduce that, a.s., boS(B}f + A;) = AlcoS(BH + A;)
for all t € [0, T]. Consequently:

o If o(z9) =0 then S = g and b(zy) = 0.

o If o(xg) # 0 then S is strictly monotonous and the ordinary integral equation

A = Ot 5 (B + A,)ds admits a maximal (in fact, global since we know
already that A is defined on [0,7]) solution thanks to Peano theorem. If

boS __ boS

moreover infg [o| > 0 and b € Lip then %5 = 223

€ Lip and A is uniquely

determined.
Finally, we can introduce a last definition for solution to (3.3):

Definition 3.2.3. Assume that o € C*™#, we define my = inf{m >1: H >
1/(2m+1)}.

e Let Cy be the class of processes X : [0,T] x Q — R verifying that there exist a
function f:R? — R of class C*™# and a process A : [0,T] x Q — R having
Cl-trajectories such that Ay = 0 and, a.s., Vt € [0,T], X;= f(BH, A).

o A process X :[0,T] x Q2 — R is a solution to (3.3) if:

1) X € (s,
ii) V¢ €[0,T], X,=u0+ [, o(X,)dN°BI + [[b(X,)ds.
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Theorem 3.7. Let 0 € C? | b be a Lipschitz function and xy be a real. Then the
equation (3.3) admits a solution X in the sense of Definition 3.2.3. Moreover, if
o is analytic, then X is the unique solution of the form f(BY,A) with f analytic
(resp. of class C) in the first (resp. second) variable and A a process having C*-

trajectories and verifying Ag = 0.

Proof. We will concentrate on the uniqueness. Assume that X = f(B A) is

a solution to (3.3) in the sense of Definition 3.2.3. On the one hand, we have

t t
X, = zo+ / o(X,)d¥¢ B + / b(X,)ds (3.6)
0 0
t t
— x0+/ aof(Bf,As)dNCB§+/ bo f(BY A,)ds. (3.7)
0 0

On the other hand, using the change of variables formula, we can write
t t
X, =z + / (B A)a¥“BE + / f'(BE A)Alds. (3.8)
0 0

Using (3.7) and (3.8), we deduce that t — [; /(B A,)dVN® B has C'-trajectories
where ¢’ = f' — o o f. As in the proof of Theorem 3.6, we show that, a.s.,

Vt E]OaTL SOI(BtHa At) = 0.

Similarly, we can obtain that, a.s.,

k
Vk €N, Vt €)0,T], 8—“”(35,#) =0.

Obk
If o and f(.,y) are analytic, then ¢(.,y) is analytic and
Vit E]OaT[7 Va € R? @(I,At) - f,<x7At) — 00 f(xaAt> =0.
By uniqueness, we deduce

Vi € [0,T], Vo € R, f(, Ar) = u(z, Ay),

where u is the unique solution to u' = o(u) with initial value u(0,y) = y for any

y € R. In particular, we obtain a.s.
vt €10,7), X, = f(B, A)) = u(B, 4)).

Identity (3.7) can then be rewritten as:

t t
X, = z0 + / oou(BY, A)d"°BH +/ bou(B A,)ds,
0 0

while change of variables formula yields:

t t
X; = x0 + / u'b(BY, A)dN°BY + / u'(BE A,)Alds.
0 0
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Since u' = ¢ o u, we obtain a.s.:
vt € [0,T],bou(B A) =/ (B, A) A

But we have existence and uniqueness in the last equation. Then the proof of

Theorem is done.

3.2.2 SDEs in the sense of Skorohod integral

The well-posedness of a class of stochastic differential equations driven by frac-
tional Brownian motions with arbitrary Hurst parameter H € (0,1) in the general
case where the coefficients are allowed to be random were studied by the Chinese
mathematicians YU-JUAN JIEN and JIN MA in 2009, proving the result using the
anticipating Girsanov transformation for the fBm which they establish (for more
details see [21]).

we assume that all processes are defined on a finite duration I = [0,7]. Let
W C%(I,R) be the Banach space of continuous functions defined on I , null
at ¢ = 0 and equipped with the sup-norm. Let F ot B(W) be the topological o-
field on W and ppy the unique probability measure on W under which the canonical

not

process B (w) = wy, t € I, is an fBm. (W, F, uy) then form a canonical space.

We define we define D*°(X) where X is a separable Hilbert space, to be the space
of all G € D'?(X) (see definition 2.1.14) such that

1G] 00 = [|Glxlloo V IIDGxlloe < 00

with DG is the Malliavin derivative (2.1.13). For later use we denote the space
LYo = L2(I,D%*), and define the operators T and A for all w € W and v <t € [
by

tAs
(Thw)s = ws + / KH(S, r)o.(T,w)dr,
0

tAs
(Av,tw)s = Ws — / KH(57 T>0-7’<A7"7tw)d,r
VvAS
such that T'(Aw) = A(Tw) = w.

In the sequel, lets consider the stochastic differential equation in the Skorohod

sense (see section 2.1.5.1):

t t
X, = X+ / o X B + / bs, X )ds, e 0,T] (3.9)

0 0
where X € LP(W) for some p > 2, 0 € L' and b : I X R x X — R is a measurable

function satisfying the following conditions for p-a.e. w € W:

(H1).There exist an integrable function v > 0 on I and a constant M > 0 such
that
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i) [yt < M and |b(t,0,w)| < M for any ¢ € I ;
i) |b(t,x,w) — b(t,y,w)| < ylx —y| for all z,y e R, t € I.

now consider the following ordinary differential equation for any fixed w € W:

S

t
Z(w,z) =x —|—/ LN (Tyw)b(s, Ly(Tyw) Zy(w, x), Tyw)ds, reR, tel. (3.10)
0

Where L; denotes the density of T;. It is known from ODE theory that under
Assumption (H1), the unique solution Z;(w,z), t > 0, depends continuously on
the initial state z. Thus, the mapping (¢,w) — Z;(w, Xo(w)) defines a measurable

process. Let us now set
Xt = LtZt(AtyXO(At))a t € [ (311)
We need the following lemma to proof the next theorem.

Lemma 3.2.1. [21] Suppose that F = {F,,t € I} € LS and the mapping t — Fi(.)
is differentiable. Then {F(T}),t € I} is differentiable with respect to t and it holds

that
d

E[mm:(%ﬂ) @)+ o TYDENT),  p—ae (312

For any G € S, the mapping t € G(A;) is differentiable and it holds that

d
ZGA) = —oD[G(A)],  p-ae, (3.13)

The main result is the following theorem.

Theorem 3.8. [2]] The process {Xy,t € I} in (3.11) satisfies 1jgnoX € Dom(d)
forallt € I and X € L*(W, L*(I)) is the unique solution of the SDE (5.9).

Proof. Existence. We will show that 1j-jo0X € Dom(d) for 7 € I and that
SDE (3.9) holds. To this end, let G € S and denote Z(., Xo(.)) by Z:(Xo). Using
(3.11), we have

1 T
E {G/ ]1[0’7—} (t)O'tXtdBt} = E {/ O'tXtDtGdt}
0 0

_ E{ /0 ' atLtZt(At,Xo(At))DtGdt} (3.14)
_F {/0 at(Tt)Zt(XO)DtG(Tt)dt}.

Applying Lemma 3.37, (3.12) and integration by parts, (3.14) becomes
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]E{ /O Tat(Tt)Zt(XO)DtG(Tt)dt} _ ]E{ /0 Zt(XO)CCZiG(Tt)dt}

= E{Z:(Xo)G(T}) — Zo(Xo (3.15)

)G
—/ Z4(Xo) ( ZtXO)GTtdt}
0

Next, using ODE (3.10) as well as the fact that L;*(7}) = L, is the density of
Ay, (3.15) yields that

E {ZT<X0>G<TT> - 200G — [ LI LT Z(X), mG(Tt)dt}
= ]E{LTZT(A7'7 XO(AT))G} o E{ZO(X(J)G} —E {/T b<t7 LtZt(Ata XO<At)))Gdt}

E{X.G} — B{X,C} — E { /0 i, Xt)Gdt} _E {G <XT ~ Xy — /0 bt Xt)dt) }

This, together with (3.14), leads to the fact that for any G € S,

E {G/O1 Lo (t)atXtdBt} —F {G (XT — Xy — /0 b(t, Xt)dt> }

Since X, — Xy — fOT b(t, X;)dt is square-integrable, we deduce that {1 10X, T €
I'} belong
to Dom(d) and X satisfies (3.9).

Uniqueness. Let Y € L*(W; L*(I)), where 1 40Y € Dom(d) for all t € I, be

any solution of equation (3.9), that is,

t t
y;:X0+/ asstBf—l—/ b(s,Y,)ds, tel. (3.16)
0 0

We consider a fixed ¢t € I and a random variable G € S§. Multiplying both sides
of (3.16) by G(A;) and taking expectations, it becomes

BG4} - B(G(A) +E{ [ D, caovias e f [ s VIG(A)ds).

Since G(A4;) = G(Ay) — fst 0,.D,.[G(A,)]dr for any s € [0,t] by Lemma 3.37, (3.13),

we obtain
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E{YG(A)} = B{YG) - E{YO [ DG |

+E{/ DG osYds} E{/Ot D, U:UTD,.[G(AT)]CZT} asY;ds}
+]E{/O b(s,Ys)G(As)ds} —E{/Otb(s,YS)/: JTDT[G(AT)]drds}B.N)

_ ]E{YOG}HE{/ Dy )]o—SYds}+E{/tb(s Y)G(As)ds}
—]E{ /0 0D, [G(A) Y{)dr} { / / D, (0., )]]asstsdr}
—]E{/Ot O‘,«DT[G(Arﬂ/O b(s ,Ys)dsdr}.

Here, the last equality is due to Fubini’s theorem. Now, by definition of the Skorohod
integral,

e{ [ [ st wvasir} e [ wpaan) [ vt .

Note that because the density of A, is L, = L; *(T}) and Y satisfies (3.16), (3.17)

can be rewritten as

B NTIG =BG} +E{ [ Dicajnyias)
vef [ viciagash —e{ [mp oy
— E(Y,G} +E { / s, Y5>G<As>ds}
=BG} + B[ LT Y(T)Gds)

Since the smooth random variable G is arbitrary, we have

LN T)Y(T) = Yo+ / tL?(TJb(s%(ﬂ))ds
= Yo+ / tL;I(TS>b(s,LS<TS>L;1(TS)Y;<TS>>ds, p—ae.

That is, L; '(T;)Y;(T}) is a solution of equation (3.10). By the uniqueness of the
ODE, we must have L, ' (T;)Y,(T;) = Z,(.,Y;). Consequently,

Y= LtZt(At7 Y(J(At)) = Xy, n—a.c.,

which is the unique solution of SDE (3.9). This completes the proof.
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3.2.3 Stochastic differential equations driven by Holder paths

Theorem 3.9. [79] Let g € C7([0,T]) where 3 < v < 1. Letb: R — R and
o :R — R be two functions such that:

i) b and o are globally Lipschitz continuous;
ii) o is continuously differentiable with a globally Lipschitz derivative.

For every x¢ € R, the ordinary differential equation
dx(t) = b(x(t))dt + o(x(t))dg(t), (3.18)
has a unique solution in C7(]0,T]).

The basic idea is to generalize this result from the ordinary case to the stochastic
one, i.e solving a stochastic differential equations using integration path by path,
since the fBm is a continuous process whose path are y-Hélderian for every v < H.
Therefore if H > 1/2 the SDE (3.3) admits a unique solution moreover it has the

same Holder property, under the assumption i) and ii).

3.2.4 Numerical Solution

Stochastic differential equations which admit an explicit solution are the exception
from the rule. Therefore numerical techniques for the approximation of the solution
to a stochastic differential equation are called for. In what follows, such an approx-
imation is called a numerical solution.

Numerical solutions are needed for different aims. One purpose is to visualize a
variety of sample paths of the solution. A collection of such paths is sometimes
called a scenario. It gives an impression of the possible sample path behavior. In
this sense, we can get some kind of "prediction" of the stochastic process at future
instants of time. But a scenario has to be interpreted with care. In real life we
never know the fractional Brownian sample path driving the stochastic differential
equation, and the simulation of a couple of such paths is not representative for the
general picture.

A second objective (perhaps the most important one) is to achieve reasonable ap-
proximations to the distributional characteristics of the solution to a stochastic
differential equation. They include expectations, variances, covariance and higher-
order moments. This is indeed an important matter since only in a few cases one
is able to give explicit formulae for these quantities, and even then they frequently
involve special functions which have to be approximated numerically. Numerical
solutions allow us to simulate as many sample paths as we want; they constitute the

basis for Monte-Carlo techniques to obtain the distributional characteristics. For the
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purpose of illustration we restrict ourselves to the numerical solution of the stochas-
tic differential equation driven by fractional Brownian motion. We also assume that
the coefficients functions verify the assumption that guarantee the existence and

uniqueness of solution.

In this section we are interested in some approximation schemes of Euler and
Milstien associated to stochastic differential equation driven fractional Brownian mo-
tion, in the sense of specified integral: the Russo-vallois integral 2.4, and of Young
integral 2.1.2 when the integrator has Holder paths the case of fBm. We will define

these schemes in order to do some simulation.

We consider the Euler scheme associated to SDE (3.3) with step £, when the
integral with respect to fBm is in the sense of Russo-Vallois symmetric integral 2.4
and with H > 1/6 and k =0,1...,n — 1.

2
R0 = X0+ 3 (o(R0) + o(R52,0) (Bl 1y — Bl ) + 20(X0)
(k+1)/n k/n 2 k/n (k+1)/n (k+1)/n k/n n k/n/*
(3.19)

Figure 3.1: The equidistant Euler scheme (3.19): numerical solution and exact
solution to the SDE dX; = 0.02X,dt + cos(X;)dB}
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Next we consider the approximation schemes associated to stochastic differential
equations driven by a-Holderian functions the case when these functions are the
paths of fBm.

R0 =z,
T Z R0 4 o(R0)) (g4 — gun) + (= EBED) ¢ € (b, (k4 1)/n]
t wn T 0(Xpm) (9 = Gopn) + (= )0 wm) tEK/n (k+1)/n].

(3.20)
X(gn) = X,
XM = X0+ 2 LP(0,0", oy dUN XD (90— gim) + (¢ = EB(X))
t €lk/n,(k+1)/n].

(3.21)

Where P; are polynomial functions defined by:
g =fog=VjeN gV ="P(f f,..f9" Moy with P;j€R[Xy,...,X; ]
For example, we have:
g = fog= P, =Xy € R[Xo] and ¢" = ¢g'x(fog) = (ff)og= P, = XoX"' € R[Xy, X1]...ect.

The first scheme (3.20) is the associated Euler scheme to SDE (3.18) when o > %,

and the second (3.21) is the Milstein scheme when a < 3. With H > ;== m € N*,

—— Eulerhld
—— fBm path

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 3.2: The equidistant Euler scheme (3.20): numerical solution and exact
solution to the SDE dX; = 0.02X,dt + cos(X,;)dBf, H = 0.6
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Euler hid
—— fBm path

0.2 -

0.3 -

0.4 -

0.5 -

0.6

0.7 4

038 T T T T T T T T T 1

Figure 3.3: The equidistant Euler scheme (3.20): numerical solution and exact
solution to the SDE dX; = 0.02X,dt + cos(X;)dBf, H =0.8

—— Milshtein hid
—— fBm path

Figure 3.4: The equidistant Milstien scheme (3.21): numerical solution and exact
solution to the SDE dX; = 0.02X,dt + cos(X;)dBE, H=10.5
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Comparison between the previous schemes

Exact sol

1o |— Euler.Young

—— Euler.Russo-Vallois
0.9 diff Y R

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 3.5: The equidistant Euler scheme (3.19) and the Euler scheme (3.20) with
H=0.6

—— Exact sol

—— Milshtein.Young
—— Euler.Russo-Vallois
— diff YR

0.8

0.6

0.4

0.2

0.2 4

-0.4 -

06 T T T T T T T T T 1

Figure 3.6: The equidistant Milshtein scheme (3.21) and the Euler scheme (3.19)
with H = 0.5

As we can see in 3.5 that the difference between the schemes (3.19) and (3.20)
is null the same as in 3.6 between the schemes (3.21) and (3.19).
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3.3 Stochastic Differential equations Driven by Sub-

fractional Brownian motion

Stochastic differential equations driven by sub-fractional Brownian motion has been
considered only by Mendy in 2010 (we could not obtain this paper). Zhi Li, Guoli
Zhou and Jiaowan Luo in 2015 have investigate the existence and uniqueness of
mild solutions to the stochastic delay differential equation [35] and study its long-
time behavior as well which we based on in this section to investigate the existence
and uniqueness of solution to stochastic delay evolution equations perturbed by a

Sub-fractional Brownian motion with index H > %, but only mild and weak solution.

Let Hgr be the canonical Hilbert space associated to the sub-fBm S¥. That is
the closure of the linear space £ of R-valued step function on [0, 7] with respect to
the scalar product

<Ly, Lios) >np= Cu(t,s).

We have that the covariance of sub-fractional Brownian motion can be written as

E[SY(t)SH (s)] = /0 /OS ou(u,v)dudv = Cy(s,t), (3.22)

where ¢p(u,v) = H2H — 1) [| u — v [*#72 —(u + v)** 2] . Equation (3.22) implies
that

t ot
<@ >y = / / Oyt (U, v)dudv (3.23)
0o Jo
for any pair step functions ¢ and 1 on [0,7]. Consider the kernel
9= ot ([ @) 1) 20
ny(t,s) = ————s x‘—s x| Loy (s). .
(H - 3) : o
By Dzhaparidze and Van Zanten [30], we have
SAL
Cul(t,s) = cz/ ng(t,w)ng (s, u)du, (3.25)
0

where .
¢ = ['(1+4 2H)sin(nH)

7T
Property (3.25) implies that Cy (s, t) is non-negative definite. Consider the linear

operator n%; from £ to L*([0,T]) defined by

8nH

ny(p)(s) = cu /T %W(r,s)dr.

Using (3.23) and (3.25) we have
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T 9 0
< nye,ngY > = C?{/ (/ %%( > (/ 1/1u nH (u s)du) ds
rAu
— 02 / / (/ Ony (7’, s)anH (u,s)ds) Oy drdu
ou
= CH/ / (r,u)dsp b, drdu

_ _ L 2H-2 _ 2H-2
= H(2H 1)/0 /0 [lu—r] (u+r) | ortbudrdu
= <y, ¢ >'HSH <326)

As a consequence, the operator nj; provides an isometry between the Hilbert
space Hgr and L*([0,T]). Hence, the process W defined by

W(t) := 8% ((n*H)*l(]l[O,t]))
is a Wiener process, and S has the following Wiener integral representation:
t
SH(t) = CH/ ny(t,s)dW(s)
0

because (n7;)(Lpy)(s) = cunu(t, s). By Dzhaparidze and Van Zanten [36], we have

W(t) = /Ot (. 5)dSH(s),

where

gH—1/2
T(3/2— H)

In addition, for any ¢ € Hgn ,

3 t
wH(tg S) — |:tH3/2(t2 o SQ)l/QfH o (H - 5) / (1,2 o 82)1/27HxH73/2dx ]l[O,t](S)'

/0 o(s)dSH (s) = / (niy0) ()W (1)

if and only if n3;0 € L%([0,T]). Also denoting Lg{sH([O,T]) ={p € Hgu,n} € L*([0,T))}.
Since H > 3, we have by (3.26),

L3([0.7) € L ([0, 7)) € Ly, ((0.7T)). (3.27)

We are interested in considering a sub-fBm with values in Hilbert space and
giving the definition of the corresponding stochastic integral.
Let (U, ||.|lv,< . >v) and (K, ||.||x, < . >k) be two separable Hilbert spaces. Let
L(K,U) denote the space of all bounded linear operators from K to U. Let @ €
L(K, K) be a non-negative self-adjoint operator. Denote by L¢, (K, U) the space of
all € € L(K,U) such that £Q2 is a Hilbert-Schmidt operator. The norm is given by
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16110, (1. = 16Q2 e = £r(£QET).
Then ¢ is called a @-Hilbert-Schmidt operator from K to U.

Let {SH(t)},en be a sequence of one-dimensional standard sub-fractional Brownian

motions mutually independent on (€2, F, P). When one considers the following series:
S SH(t)e,, >0,

where {e, }nen is a complete orthonormal basis in K, this series does not necessarily
converge in the space K. Thus we consider a K-valued stochastic process Sg (t)

given formally by the following series:
=Y SH(H)Qe,,  t>0.
n=1

If () is a non-negative self-adjoint trace class operator, then this series converges
in the space K, that is, we have Sg(t) € L?(Q, K). Then we say that the above
S5 (t) is a K-valued Q-cylindrical sub-fractional Brownian motion with covariance
operator (). For example, if {0, },en is a bounded sequence of non-negative real
numbers such that Qe, = o,e,, assuming that @) is a nuclear operator in K (that

is,» >, 0, < 00), then the stochastic process

ZSH Z\/ES Jen,  t>0,

is well defined as a K-valued ()-cylindrical sub-fractional Brownian motion.
Let ¢ : [0,T] — LY(K,U) such that

< 00 (3.28)
L2([0,7}0)

(eQe, ‘

Definition 3.3.1. Let ¢ : [0,T] — L§(K,U) satisfy (3.28). Then its stochastic
integral with respect to the sub-fBm Sg s defined, fort >0, as follows:

o0

| et = 3 / o(5)QbendS ! (5) (3.29)

0

o

= > / (3 (0Q7en)) (s)dW (s). (3.30)

0

Notice that if

< 00, 3.31
H([0,7}:U) ( )

ZHSOQ2€n

then in particular (3.28) holds, which follows immediately from (3.27).
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Lemma 3.3.1. [75] For any ¢ : [0,T] = L)(K,U) such that (3.31) holds, and for
any a, 5 € [0,T] with o > 3,

2

B8
(/‘¢%$d55($ )

If, in addition,

g
E < Cla )2H- 12 Hga(s)leenH?]ds

n=1v%

Z ng(s)@lﬂenHz is uniformly convergent fort € [0,T],
n=1
then

2

B
B| [ eo)istits

3.3.1 Existence and uniqueness of mild solution

< Cuta= 9 [ ooy ds 632
U

We denote by C(a,b; L*(;U)) = C(a,b; L*(Q, F,P;U)) the Banach space of all
continuous functions from [a,b] into L?(2;U) equipped with sup norm. Let us
consider two fixed real numbers r > 0 and 7' > 0. If z € C(—r, T; L*(Q; U)) for each
t € [0, T) we denote z; € C(—r,0; L*(Q; U)) the function defined by z;(0) = z(t+0),
for 6 € [—r,0].

In this section we consider the existence and uniqueness of mild solutions to the

following stochastic evolution equation with delays:

dX(t) = (AX(t) + f(t, Xy))dt + g(t)dSE (t), ¢ € [0,T],
{ X(t) =9(t), te[-r0]

where Sg () is the sub-fractional Brownian motion which was introduced pre-
viously, the initial data ¢ € C(—r,0; L*(Q;U)), and A : Dom(A) C U — Uis the
infinitesimal generator of a strongly continuous semigroup S(.) on U, that is, for
t > 0, we have

(3.33)

IS@)lly < Me”,  M>1,peR.

f:]0,T] x C(—=r,0;U) — U is a family of nonlinear operators defined for almost
every t

which satisfy:

(f.1) The mapping ¢t € [0,T] — f(t,£) € U is Lebesgue measurable for all £ €
C(—r,0; L*(Q;U)).

(f.2) There exists a constant C' > 0 such that for any x,y € C(—r,T;U) and
t 10,17,

[ 1562 = sl ds < © [ lats) = wio) 1y ds
0
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(£:3) Jy I1f(s,0)]3 ds < oo.

Moreover, for g : [0,7] — LOQ(K ,U) we assume the following conditions: for the

complete orthonormal basis {e, },en in K, we have:

(9-1) 202 1992 enl| oo ) < 0

(9:2) Y02y ||g(t)Q"2en]|,, is uniformly convergent for ¢ € [0, T].

Definition 3.3.2. A U-valued process X (t) is called a mild solution of (3.33) if
X eC(—r,T;L*(Q;U)), X(t) = ¢(t), for t € [-r,0] and for r € [0, T], satisfies

X(t) = S(t)go(0)+/0 S(t—s)f(s,Xs)ds—l—/O S(t—s)g(s)dSS (t) P—a.s. (3.34)

Notice that, thanks to (¢g.1) and the fact that H > 1/2, (3.31) holds, which
implies that the stochastic integral in (3.34) is well defined since S(.) is a strongly
continuous semigroup. Moreover, (g.1) together with (¢g.2) immediately imply that,
for every t € [0, T,

t
2
| a6y s < o

Theorem 3.10. Under the assumptions on A and conditions (f.1)-(f.3) and (g.1)-
(9.2), for every ¢ € C(—r,0; L*(Q,U)) there exists a unique mild solution X to
(3.33).

Proof. We can assume that p > 0, otherwise we can take py > 0 such that, for
£20,1IS(0)], < M.
We start the proof by checking the uniqueness of solutions. Assume that X, Y are
two mild solutions of (3.33). Then

Ewww—yw%—gtEAnsu—@U@xg—ﬂamméw

IN

t
tM%mE/Hﬂ&XJ—ﬂ&KWE“
0
t
gtM%wq/Emww—wm@w
0

t
gtM%wc/'wawwﬂ—Ywm@w
0

0<7<s

and therefore, since X =Y over the interval [—r, 0], by taking the supremum in the

above inequality,

¢
sup E||X(0) — Y(9)||?] < TMQGQ‘”C/ sup E || X(7) — Y(T)||(2st
0

0<0<t 0<7<s
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The Gronwall’s lemma implies now the uniqueness result.
Now we prove the existence of solutions to problem (3.33). First of all, we check
that the well-defined stochastic integral possesses the repaired regularity. To this
end, let us consider o > 0 small enough. We have

2

E /0 ’ S(t+o—s)g(s)dSH (s) — /0 St —s)g(s)dSE (s)

U

2

<2E /0 U(S(t—i—a—s)—S(t—s))g(s)dsg(s)

U

S5 S(t - )g(s)dSE(s)||

+2]E’
U

=Ji+J

Applying inequality (3.32) to J;, we obtain

t
Jy < 201211 /0 |S(t = $)(S(2) = Id)g(3)I3g (e s

t
< Cut e [ S(0) = 19y e ds =0
when ¢ — 0 thanks to the Lebesgue majoring theorem, since, for every s fixed,
S(0)g(s) =+ g(s), 159 g w0y < Me™ lg(9) g, x0.01 -

Applying now (3.32) to Jo, we have
t—o
Iy < a0 [ g(9) s = 0
t
when o — 0. Therefore the stochastic integral belongs to the space C(—r, T; L*(; U)).

We denote Xy = 0 and define by recurrence a sequence { X, }nen of processes as

t t
X0(0) = S(t)e(0) + [ S 9) (s, X2 Vs + [ (e~ 9)g(s)SY ().t € 0.7
0 0
X"(t) = (t), t € [-r,0].
(3.35)
The sequence (3.35) is well defined, since X° =0 € C(—r,T; L*(€; U)) and given
Xt e C(—r,T; L*(Q;U)), let us check that X™ € C(—r,T; L*(Q;U)) as well. To

this end, let us consider ¢ > 0 sufficiently small. Then
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2

IX™(t+0) = XDy < 2 /O(S(HU—S)—S(t—S))f(SaX?l)ds

U
2

t+o
+ 2 / S(t+o—s)f(s, X" 1)ds
¢

= L+

U

On the one hand,
E(L) < 2tM?*e*'E (/t |(S(e) — Id)f(s,Xf‘l)HZ ds) -0
0
when o — 0 thanks to the Lebesgue majoring theorem, since, for each s fixed,
S(o)f(s, X071 = f(s, X270, |IS(0)f(s, X270, < Me” || (s, X2
and

B ([ lrexe il as) <ce ([ xnlas) <6 ( [ 1ol a)

due to conditions (f.1) and (f.3) and the fact that X"~ € C(—r,T; L*(Q;U)).
On the other hand,

t+o t+o
<200 [ 1506, X0 = s 0)ds + 2002 [ 17,0
t t

t+o t+o
<2ouerc [ | o) ds2oare [ (s, 00 ds
t

b

so that, when ¢ — 0

t+o

t+o
E(I,) < 2gM262ﬂ°c/ E (X)) ds+20M262p0/ 1£(s,0)[13 ds — 0
- t

Next, we want to show that {X,, }.ey is a Cauchy sequence in C(—r, T; L*(Q; U)).
Firstly, for ¢t € [0,7] and n € N, since X" = X" ! on [—r,0], we have

17 ) — XP(0)| < iMoo /0 |57+ (s) — X7(s)|? ds

and this implies that

EOMMRQ_XWNQEJM%MQASWHX“%ﬂ—X%ﬂ%@

0<7<s
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Defining

G"(t) = sup HX"H 0) — X”(G)”z
0<6<s

we obtain

¢
G"(t) < k:/ G"Y(s)ds, n>2
0

for k = TM?e*TC. Consequently, by iteration we can obtain for all ¢ € [0, 77,

kn—lTn—l
G"(t) <

< mGl(T), n > 2

Since X™T1(t) = X"(t), Vt € [—r,0], the last estimate implies that {X"},cy is a
Cauchy sequence in C(—r,T; L*(Q;U)).

Finally, we check that the limit X of the sequence { X"}, ¢y is a solution of (3.33).
But this is straightforward, taking into account that X" is defined by (3.35) and
that f satisfies (f.2), so that, in particular, when n — oo,

2

E’ /0 S(t—s)(f(s, X)) — f(s, X,))ds|| < tM262”tC’/O E || X" (s) — X"(s)||2Uds — 0

U

and therefore X is the unique (mild) solution of (3.33).

3.3.2 Existence of weak solution

Definition 3.3.3. An U-valued process X(t),t € [—r,T] is called a weak solution
of (3.33) if X (t) = ¢(t), for t € [—r,0], and for all £ € D(A*) and all r € [0, 77,

(X(1), ) = (0, E) + / (X (8), A€)y + (F(5,X.), E)r) ds

+/0 (g(s),f)Ung(s) P —a.s.

Theorem 3.11. Under the assumptions of Theorem 3.10, the mild solution of (3.33)

18 also a weak solution.

Proof. For each ¢ € D(A*) it follows that
B[] o (X (s), A€)uds— [3(S(5)¢(0), AEwds— [y [ (S(s=7) f(7, Xr), A€)urds
—Jo Jois (7), A*€)ydSE (r)ds]]
< Jo BI(X(s), A€)p = (S()(0), A€) — [5{(S(s = 7) f(7, X7), A€)ydr

= Jo (S(s = 7)g(7), A*E)udSG (7)llds
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= Jo Ell{X(s) — S — Jo S(s = 7)f(r, X,)dr

—Jo S g(7)dSG ())ullds

Thus, for a.e. w € €2, we have

[ aguas = [ (5600, 4605+ [ / (s = 7)1 (7, X), A"€)udrds

/ / (s —7)g(7), A*)pdS§ (T)ds (3.36)
Now we use the fact that, for £ € D(A S*(t) = S*(t)A*¢. We can obtain

/0 (S(5)(0), A"E)uds :/0 (p(0), 5%(s) A )uds = (S(t)p(0) — ¢(0), §)uds

On the other hand, using Fubini’s theorem we have

/Ot/75<s(8—T)f(T,XT),A*§>Ude3 = /0/0 0.4 (7 S*(s — 1) A*E)ydsdr

= [186- 1 X0) - 57X, G
Finally,

// (s — 7)g(7), A*E)ydSH (r)ds = // 0.(T S*(s — T)A*E)ydsdSH (7)

- / (g(r), 5" (s — 7)€ — EudSE(r)
= [ (50 - a0, oasgn) - [ latr)udstin
Therefore by (3.36) for a.c. w € €, it follows that
[axe.guas = [ o) a0
= {S000) — 06+ [ (5= 7). X0) = . o)
b [isa- e 0uas) - [ o, uashio
= (XOR0) — o060+ [ (X AG+ (51 X)) dr
v [ guasio)
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Consequently, it follows that almost surely

(X()(0), ) = ((0), &)+ / (X(s), A€y + (F(s, X.), E)p) dst / (9(5),E)pdSL (s)

which means that X (¢) is the weak solution to (3.33).
The following theorem shows the exponential decay to zero in mean square, with

an explicit exponential decay rate v, we impose the following conditions :

Condition 1: The operator A is a closed linear operator generating a strongly

continuous semigroup S(t), ¢t > 0, on the separable Hilbert space U and satisfies

1S(t)||y < Me™, V¥t >0,where M >1, A >0

Condition 2: There exists a constant C' > 0 such that for any z,y € C(—r,T;U)
and for all £ > 0,

t t
/ ™|\ fs,xs) = fs,y0)l7 < c/ e |z (s) — y(s)||3ds for all0 < m < A
0 —-r
and

/ ™| f(s,0)]|3ds < oo.
0

Condition 3: In addition to assumptions (g.1) and (g.2), assume

| Xl s < .
0

Theorem 3.12. [75] In addition to Conditions 1-3, assume that the mild solution
X (t) of system (3.33) corresponding to initial function p € C(—r,0; L*(; U)), exists
for allt > —r, and that

A > 6CM3.

Then there exists a constant v > 0 such that

1
lim sup (;) log B X (1) < 1.

t—o00

In other words, every mild solution exponentially decays to zero in mean square.

Next, we are interested to give an example that illustrate this result.
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Example

Let K = L*0,7) and e, = /(2)sin(nz), n € N. Then {e,}nen is a complete
orthonormal basis in K. Let U = L*(0,7) and A = % with domain D(A) =
L§(0,7) N L*(0, 7). Then it is well known that Au = 3 - n*(u,e,)ye, for any
u € U, and A is the infinitesimal generator of a strongly continuous semigroup of
bounded linear operators S(t) : U — U, where S(t)u = 3.2, e "*(u, e,)pe, and
forallt > 0, ||S(t)|lv < e*. In order to define the operator @ : K — K, we choose a
sequence {0, },>1 C RT and set Qe,, = 0y, and assume that tr(Q) = Y7, /0, <

0o. Define the process Sg by

SE(t) = §3ﬁwﬂ>

n=1

where H > % and {Sf tnen is a sequence of two-sided one-dimensional sub-
fractional Brownian motions mutually independent.

Then we consider the following stochastic evolution equation:

2

du(t,z) = %u(t, z) + b(t)u(t,z(t —r))| dt + g(t)dSH (t), t€[0,T], z €[0,x],
u(t,0) = u(t,m) =0, t € [0,7],
u(t, ) = p(t, ), t € [-1,0], x € 0,7,
(3.37)

where r > 0 and b, g : R™ — R are continuous functions such that g satisfies

Condition 3 above and b satisfies
/ e™|b(s)|2ds < oo.
0

Observe that the fact [;° e**|b(s)|*ds < oo implies that b(t) is bounded for all ¢ > 0.
Denote by by the smallest upper bound of the function b. Taking

F(t,0)(n) = sin()p(ne)-
Thus, for any z,y € C(—r,T;U), and for all t > 0, one has

t
/ 1/ (s,25) = (s, )T < b2/ |z(s) — y(s)||?ds for all0 < m < A
0

and
t

t
| e lstsm = sl <8 [ elas) = (s for allo <m < A
0

Then we can check that there exists a unique mild solution to (3.37) according
to Theorem 3.12. If we assume, in addition, that
1
6
then any mild solution to (3.37) decays exponentially to zero in mean square.

b <



Conclusion

The main goal of this dissertation was to introduce two processes which are
much more irregular than the standard Brownian motion moreover they are not
semimartingale, and to give stochastic calculus on this class of processes. These
processes are the fractional and sub-fractional Brownian motion. We mentioned
different types of stochastic integration the most useful in our knowledge, and an-
nounce the relevant [t6’s formula. Then we study the dynamical system driven by
these processes by giving conditions that insure the existence and uniqueness of so-
lution. In addition to that we have involved numerical simulation to exhibit their

behavior.

Of course as in many researches, we found some difficulties because of the fact
that these processes are not semimartingale even nor Markovian so the classical 1t
calculus is not useful, and also due to the property of long and short range de-
pendence of the increments and the non stationary of those of the sub-fractional
Brownian motion, it was difficult to use some of stochastic calculus results in order
de study this kind of processes. For this last reason it was tough to simulate the

sub-fractional Brownian motion.

The most useful models in practice are much more complicated than the frac-
tional and sub-fractional Brownian motion. For example in finance a general class of
process were introduced likewise Rosenblatt, Hermite and Volterra processes...ect.
Where the most of related issues are still open, so we wish that this work has for
perspective a general study on the fractional and sub-fractional Brownian motions
in order to investigate new approaches that allow us to answer at least one of these

questions.
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Appendix

Simulation program of fractional Brownian motion

clf();clear;
//donner les coefficients et la pas du temps
c1=0.01
c2=0.02
N=1000
T=1
t=0: (T/N):T
t=linspace(T/N,T,N-1)
//définir un vecteur de variable aléatoire iid
function [r]=randn()
r=rand(1,"normal");
endfunction
//donner les fonction
function [y]l=sigm(x)
//y=cl*(x~2)+c2*x+1
// y=sin(x)
y(1)=cos(x)
y(2)=y(1)*-sin(x)
y(3)=y(2)*-cos(x)
y(4)=y(3)*sin(x)

endfunction

function [h]=sigme(x)
h=c1*x~2+c1l
//h=cl*x+c2
//h=cos (x)
//h=1/2%(1/sqrt(x))
endfunction
function [z]= b(x)
Z=C2%X

endfunction
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//calculer la fonction de covariance
U=zeros(length(t),1)
for i=1:length(t)
U(i,1)=randn()
end
function y=g(x,H)
y=zeros (length(x),length(x))
for i=1:length(x)
for j=1:1i
y(i,3)=1/2%((x (1))~ (2*H) +(x(j)) "~ (2*H) - (abs (x (1) -x(j) ) )~ (2*H) )
y(j,1)=y(i,]j)
end
end

endfunction

//H=0.2:0.2:0.6

//for i=1:3
H=0.5
cov=g(t,H)

//les accroissements du mBf avec methode de cholosky
A=chol(cov)

B=A’xU

B=[0 B’]

//tracer le graphe des trajectoires

plot2d ([0 t],B,15)

//end

//simulation du solution numérique
//dx Russo-Vallois

//dk young alpha>1/2

//dy young alpha<1/2

x=zeros(1,N)
y=zeros(1,N)
k=zeros(1,N)

for i=1:(N-1)
dz=sigm(x(i))+sigm(x(i+1))
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dh=sigm(y(i))

ds=sigm(k(i))

dB=B(i+1)-B(i)
//dx=1/2%dz*dB+(1/N)*b(x(i))
dx=1/2%dz (1) *dB+(1/N)*b(x(i))
dy=dh (1) *dB+(1/2)*dh(2) *dB~2 +(1/N)*b(y(i))+dh(3)*(1/6)*dB~3+dh(4)*(1/24)*dB"~4
dk=ds (1) *dB+(1/N)*b(k(i))
k(i+1)=k(i)+dk
x(i+1)=x(i)+dx
y(i+1)=y(i)+dy

end

plot2d ([0 t],x,5)

z=x-k

1=x-y

plot2d ([0 t],z,12)

plot2d ([0 t],y,9)

plot2d ([0 t],k,19)

plot2d ([0 t],1,6)

//legends([’Euler’ ’fBm’],[5,15])

//legends([’Milshtein hld’ ’fBm path’],[9,15])

legends ([’Exact sol’ ’Euler.Young’ ’Euler.Russo-Vallois’ ’diff Y R’],
[15,19,5,12])

legends([’Exact sol’ ’Milshtein.Young’ ’Euler.Russo-Vallois’ ’diff Y R’],
[15,9,5,61)

// sauvegarde du dessin sous le nom de fig.pdf

xs2pdf (gcf (), fig’);
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