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Introduction

During the past two decades, fractional differential equations have gained considerable im-
portance due to their application in various sciences, such as physics, mechanics, and engineering
[24, 43]. There has been a great deal of interest in the solutions of fractional differential equa-
tions in analytical and numerical senses. One can see the monographs of Kilbas et al. [28], Miller
and Ross [33], Podlubny [38], and Lakshmikantham et al. [30] and the survey of Agarwal et al.
[3, 5.

To study the theory of abstract differential equations with fractional derivatives in infinite
dimensional spaces, the first step is how to introduce new concepts of mild solutions. A pioneering
work has been reported by El-Borai [11]. Very recently, Hernandez et al.[22] showed that some
recent papers of fractional differential equations in Banach spaces were incorrect and used another
approach to treat abstract equations with fractional derivatives based on the well developed
theory of resolvent operators for integral equation. Moreover, Wang and Zhou [45], Zhou and
Jiao [48] also introduced a suitable definition of mild solutions based on Laplace transform and
probability density functions.

On the other hand, the theory of impulsive differential equations has become an active area of
invetigation due to its applications in fields such as mechanics, electrical engineering, medicine,
biology, and ecology. One can refer to [47] and the references therein. Recently, the problems
of existence of solutions of impulsive differential equations have been extensively studied [13].
Benedetti in [6] proved an existence result for impulsive functional differential in Banach spaces.
Obukhovskii and Yao [37]| considered local and global existence results for semilinear functional
differential inclusions with infinite delay and impulse characteristics in a Banach space. Some
existence results were obtained for certain classes of functional differential equations in Banach
spaces under assumption that the linear part generates an compact semigroup (see, e.g, |1, 2|).
The problem of existence of solution in general and the existence of almost periodic solution
in particular of impulsive differential equations have been generalized to stochastic differential
equations with impulsive conditions (8, 4, 22|.

We would like to mention that the impulsive effects also widely exist in fractional stochastic
differential systems [21, 41], and it is important and necessary to discuss the qualitative properties

for stochastic fractional equations with impulsive perturbations and delay.



At present, there are few works in the existence problem of impulsive fractional stochastic
differentian equation with delay and the aim of this thesis is to fill this gap.

This thesis is structured as follows: The thesis begins in chapter 1 with a brief summary
of the theory of stochastic and fractional calculus. In this chapter we will give definitions and
properties of the needed theory. We briefly recall some basic notions of the Brownian motion,
then we skim through the fractional Brownian motion we review rapidly the basic concepts, then
we discuss integration with respect to Brownian motion and fractional Brownian motion.

Next, In chapter 2 , we briefly present some basic notations and preliminaries, and discuss
the existence of solutions for a class of impulsive fractional stochastic differential equations with
infinite delay by using some appropriate fixed point theorems and evolution system theory. This
chapter is concluded with an example to illustrate the obtained results.

Finally, in chapter 3, we introduce a class of impulsive stochastic differential equations with
delays, and the relating notations, definitions and lemmas which would be used later, in Section
2, a new sufficient condition is proposed to ensure the existence and uniqueness of mean square
almost periodic solutions. In Section 3, an example is constructed to show the effectiveness of

our results.
All chapters of this thesis are the subject of communications and publications.



Chapter 1

Preliminary Background

In this chapter the basic concepts and results concerning stochastic calculus of continuous
stochastic processes in Euclidean spaces are established. We omit some introductory facts from
probability theory. For more detail we refer the reader to [10, 16, 23, 27, 18]. We first start with

stochastic process, Wiener process and fractional Brownian motion.

1.1 Notations and definitions

A stochastic process X is an umbrella term for any collection of random variables { X (¢, w)}
depending on time ¢, which is defined on the same probability space (€2, F;,P). Time can be
discrete, for example, t = 0,1,2,..., or continuous, t > 0.

For fixed time ¢, the observation is described by a random variable which we denote by X; or
X(t).

For fixed w € Q, X (¢) is a single realization (single path) of this process. Any single path is a
function of time t, x; = x(t), t > 0.

At a fixed time ¢, properties of the random variable X () are described by a probability

distribution of X (¢), P(X (t) < x). A stochastic process is determined by all its finite dimensional

distributions, that is, probabilities of the form
P(X(t1) < o1, X(t2) S 22,000, X(tn) < @),
for any choice of time points 0 < t; < tg < ... <t,, any n > 1 with z1,...,x, € R.

Definition 1.1.1 [18] If all finite dimensional distributions of a stochastic process is Gaussian
(multi normal), then the process is called a Gaussian process. Because, a multivariate normal
distribution is determined by its mean and covariance matriz, a Gaussian process is determined
by it mean function m(t) = EX(t) and covariance function v(t,s) = Cov{X (t), X(s)}.
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1.2 Brownian Motion

We start by recalling the definition of Brownian motion, which is a fundamental example
of a stochastic process. The underlying probability space (2, F,P) of Brownian motion can be

constructed on the space Q = Co(R) of continuous real-valued functions on R started at 0.

Definition 1.2.1 [35] The standard Brownian motion is a stochastic process (W (t))ier, such

that
(i) W(0) = 0 almost surely,

(i) The sample trajectories t — W (t) are continuous, with probability 1.

(iii) For any finite sequence of times ty < t1 < ... < tp, the increments
W(ty) — W(to), W(ta) — W(t1),...,W(tn) — W(tn-1)

are independent.
(iv) For any given times 0 < s < t,W(t) — W(s) has the Gaussian distribution N (0;t — s) with

mean zero and variance t — S.

We refer the reader theorem 10,28 of [17] and to Chapter 1 of [35] for the proof about the

existence of Brownian motion as a stochastic process (W (t))cr, satisfying the above properties
(i)-(iv).

Definition 1.2.2 Brownian motion is a continuous adapted real-valued process W (t), t > 0 such
that

« W(0) =0.
o W(t) —W(s) is independent of Fs for all 0 < s < t.

o W(t)—Wi(s) is N(0;t — s)-distributed for all 0 < s < t.

1.2.1 Simple Properties of Brownian Motion

Let W (t) be a fixed Brownian motion. We give below some simple properties that follow

directly from the definition of Brownian motion.

Proposition 1.2.1.1 [18]. Brownian motion is a Gaussian process because the increments
W(t1) = W(t1) — W(to), W(ta) — W(t1),...,W(tm) — W(tm—1) are independent and normal
distributed, as their linear transform, the random variables W (t1), W (ta), ..., W (ty) are jointly
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normally distributed, that is, the finite dimensional of Brownian motion is multivariate normal.

So Brownian motion is a Gaussian process with mean 0 and covariance function
v(t,s) = Cov{X(t),X(s)} = EW ()W (s).
Ift <s, then W(s) =W(t)+ W(s) — W(t), and
EW ()W (s) = EW?2(t) + EW (t)(W(s) — W (t)) = EW?(t) = t.
Similarly if t > s, EW ()W (s) = s. Therefore
v(t, s) = min(t, s)

Proposition 1.2.1.2 [18] (Translation invariance.) For fized tg > 0, the stochastic process

W(t) =W(t+tg) — W(to) is also a Brownian motion.

Proof. The stochastic process W(t) obviously satisfies the usual conditions of a Brownian motion.

For any s < t,

W(t) — W(s) = W(t+to) — W(s + to). (1.1)

We see that W(t)—W(s) is normally distributed with mean 0 and variance (t+to)—(s+to) = t—s.
Thus /V[v/(t) satisfies condition to independent increments. To check independent increments for

W(t), we may assume that tg > 0. Then forany 0 < ¢; <ty < ... <t,, wehave 0 < tg < t1+1y <
... < t, +to. Hence by condition independent increments of W (t), W (tx + to) — B(tk—1 + to),

k =1,2,...,n, are independent random variables. Thus by Equation (1.1), the random vari-

ables WN/(tk)—V[N/(tk_l), k=1,2,...,n, are independent and so V[N/(t) has independent increments.
O

1.2.2 Quadratic variation and Brownian motion

Proposition 1.2.2.1 Let W (t)icry be a Brownian motion. For t > 0, for all sequence of
subdivisions A0, t], such that lim |A,]0,t]| = 0 we have
n—oo

271/ 2
lim g <Wit —W(il)t> =1, P.S.
n—0o0 < 1 2n “om

1=

Proof. The proof can be found in ([23], p 46).
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1.2.3 Brownian paths

Proposition 1.2.3.1 [27]. A Brownian motion has its paths a.s, locally v-Holder continuous

for v €[0,1/2).

Proof. Let T'>0;n € Nand 0 < s <t. Then we have,

E((W; — W) = 2

- 2np)

(t—s).

Hence, by using the Kolomogorov continuity theorem , there exists a continuous modification
(Wy)o<i<r of (Wi)o<t<r , whose the paths are locally 4-Hdlder continuous Vv € [0, 1] More-
over, we have

P(Vt € [0,T], W, = Wy) =1

because the two processes are continuous. It implies that also almost all the paths of (W;)o<i<7

are locally v-Holder continuous.

O

Proposition 1.2.3.2 [27]. The Brownian motion’s sample paths are a.s., nowhere differentiable.

1.2.4 Brownian motion and martingales

As a stochastic process, we could ask, knowing all well properties of martingales, if the

Brownian motion is one.

Proposition 1.2.4.1 [16]. Let (Wy)ier, be a Brownian motion. Then the following processes
are (F}V)-martingales:

L (W(t))ter, ;

2. (W2(t) — t)ier, s

u2
3. (euw(t)_7t)teR+ For any u € R.

Proof. The proof can be found in ([16], p.40).

1.2.5 Cylindrical stochastic processes

Let (©,F,P) be a probability space with a filtration {F;};>0. Similarly to the correspon-
dence between measures and random variables there is an analogue random object associated to

cylindrical measures.
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Definition 1.2.5.1 A cylindrical random variable X in U is a linear map
X :U* = L°Q).

A cylindrical process X in U is a family (X (t) : t > 0) of cylindrical random variables in U,
where U be a separable Banach space with dual U* The dual pairing is denoted by (u,u*), for

ueU and u* € U*.
The characteristic function of a cylindrical random variable X is defined by

X :U" - C, X (u*) = Elexp(iXu®)].

The concepts of cylindrical measures and cylindrical random variables match perfectly. Because
the characteristic function of a cylindrical random variable is positive-definite and continuous on
finite subspaces there exists a cylindrical measure p with the same characteristic function. We
call u the cylindrical distribution of X. Vice versa, for every cylindrical measure p on C(U) there
exists a probability space (£, F,P) and a cylindrical random variable X : U* — L%(€2) such that
w is the cylindrical distribution of X, see ([32], VI1.3.2).

Remark 1.2.5.1 Our definition of cylindrical processes is based on the definitions in [7]. In [32]
cylindrical random variables are considered which have values in LP(Q) for p > 0. They assume
in addition that a cylindrical random variable is continuous. The continuity of a cylindrical
variable is reflected by continuity properties of its characteristic function, see [|32], Prop.IV. 3.4].

The notion of weakly independent increments origins from [7].

Definition 1.2.5.2 An adapted cylindrical process W = (W(t) : t > 0) in U is a weakly
cylindrical Wiener process, if for all uj...,u;, and n € N the R"-valued stochastic process

(W@)uy...,W(t)ur) : t > 0) is a Wiener process.

Our definition of a weakly cylindrical Wiener process is an obvious extension of the definition

of a finite-dimensional Wiener processes and is exactly in the spirit of cylindrical processes.

Lemma 1.2.5.1 For an adapted cylindrical process W = (W(t) : t > 0) the following are
equivalent:
(a) W is a weakly cylindrical Wiener process;
(b) W satisfies
(i) W has weakly independent increments;

(ii) (W (t)u* : t > 0) is a Wiener process for all u* € U*.
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Proof. We have only to show that (b) implies (a). By linearity we have

LW (t) =W (s))u™ + ... 4 Bun(W(t) = W(s))uy, = (W(t) = W(s)) (Z Bﬂdi) ;
i=1

for all B; € R and u* € U*. Which shows that the increments of (W (¢t)uy,...,W(t)u})) : t > 0)
are normally distributed and stationary. The independence of the increments follows by (i).

Il
Let (Q, F,{Fi}t>0,P) be a complete probability space equipped with some filtration {F;}:>o

satisfying the usual conditions (i.e, it is right continuous and JFy contains all P-null sets) and I,
H be two separable Hilbert spaces with the inner product (-, ), and we will use the notation || -||
to denote the norms in #H,/IC. Let {e;}3°, be a complete orthonormal basis of . Suppose that
{W(t) : t > 0} is a cylindrical -valued Wiener process with a finite trace nuclear covariance

oo
operator @ > 0, denote Tr(Q) = Z)‘i = A\ < oo, which satisfies that Qe; = A;e;. So, actually,
i=1

W(t) = Z VAiWi(t)ei, where {W;(t)}°, are mutually independent one-dimensional standard
i=1

Wiener processes. We assume that F = {ocW(s) : 0 < s < t is the o-algebra generated by W
and Fp = F.

Now,we introduce the following notions which can be used in the next chapters. Let L(K, H)
denote the space of all bounded linear operators from K into H equipped with the usual operator
norm || - ||c3) - For (t) € L(K,H) we define

111 = TrwQux) =3 [V Antben| .
n=1

If ||7J)||2Q < 00, then 7 is called a @Q-Hilbert-Schmidt operator. Let Lg(/KC,H) denote the space
of all @Q-Hilbert-Schmidt operators. The completion Lg(KC,H) of L(KC,#H) with respect to the
topology induced by the norm ||Q|| where Hwﬂé = (1, %) is a Hilbert space with the above norm
topology.

1.3 Fractional Brownian Motion

The fractional Brownian motion (fBm) is a generalization of the more simple and more stud-

ied stochastic process of standard Brownian motion. More precisely, the fractional Brownian
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motion is a centered continuous Gaussian process with stationary increments and H-self similar

properties. The Hurst parameter H, due to the British hydrologist H. E. Hurst, is between 0
and 1. The case H = % corresponds to standard Brownian motion.

Let us start with some basic facts about the fractional Brownian motion (fBm) and the

stochastic calculus that can be developed with respect to this process.

Definition 1.3.1 The fractional brownian motion (fom) with Hurst index (H € (0,1)) is a
Gaussian process B = {Bt € R} on (Q, F,P), having the properties:

1. B =0,

2. E[Bf] =0;t €R,

3. E[BHBH] = %(WH P~ sPH); st e R,
Remark 1.3.1 Since E[Bf — BH]? = |t—s|?" and B is a Gaussian process, it has a continuous
modification, according to the Kolmogorov theorem.

Remark 1.3.2 For H = 1, weset B = B} = t¢, where ¢ is a standard normal random variable.

For H = %, the characteristic function has the form
o 1
oA(t) = E[exp(z Z )\kBg)] = exp(—i(Ct)\, /\)),
k=1

where C; = (E[Bg(Bg])lgi,kgn and (.,.) is the inner product on R"™.

1.3.1 Stochastic Integral Representation

Here we discuss some of the integral representations for the fBm. In [10] it is proved that the

process

7(1) = 1) /R ((t— )72 = (=) 2)aB(s)
= 71 ’ —SH_%— —S H—3 S
- e p (@ o han

+/0t(t - s)H—%dB(s)),

where B(t) is a standard Brownian motion and I' represents the gamma function, is a fBm with

Hurst index H € (0,1). First we notice that Z(t) is a continuous centered Gaussian process.
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Hence, we need only to compute the covariance functions. In the following computations we

drop the constant m for the sake of simplicity. We obtain
2

Blzw) = [ [e-o! - (o] as

_ t2ﬂ/[(1—u)f‘5 (w7
— cuen,

where we have used the change of variable s = tu.

Analogously, we have that

E[|Z(t) - Z(s)]2] = /R (- — s =0 as
= 2d [(t —s— U)f_% _ (_U)f—%}2du
R
= C(H)|t— s,
Now,
ElZ() - 2(9)] = —5{BlZ() - 2()P) ~ E[Z()) - B[Z()}
= %( 2 2 g 52,

Hence we can conclude that Z(t) is a fBm of Hurst index H.

We can also represent the fBm over a finite interval, i.e.

t
Bt(H):/ Ky(t,s)dB,s, t>0,
0

where
1. For H > 3,
g ! H-2 H-1
Kg(t,s) =cpgs2™ / (u—s)""2u" " 2du,
S

with cg = [5(21{_(22?%]% and t > s,

2. For H < 1,
H H-1 L1 g ! H H
Ki(t,s) = cn[(0)"3 (= )15 — (H = )5t~ [ ull=F(u - )"~ ¥du)
S
with cg = | 21 ]% and t > s.

(1-2H)B(1—2H,H+1)
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1.3.2 Correlation between two increments

1
For H = 3 BU) ig a standard Brownian motion; hence, in this case the increments of the

1
process are independent. On the contrary, for H # 3 the increments are not independent. More

precisely, by Definition 1.3.1 we know that the covariance between BY) (¢t + h) — BU)(t) and
BW) (s 4+ h) — BH(s) with s+ h <t and t — s = nh is

1
T(n) = Sh* | (n+ 1) + (n— 1) — 2021,

In particular, we obtain that two increments of the form B (t + h) — B (t) and B (t + 2h) —

1 1
B (t + h) are positively correlated for H > ok while they are negatively correlated for H < 3
In the first case the process presents an aggregation behavior and this property can be used in
order to describe (cluster) phenomena (systems with memory and persistence). In the second
case it can be used to model sequences with intermittency and antipersistence.

1.3.3 Self-similarity and long-range dependence

We will first define the self-similarity and long-range dependence in the framework of general

stationary stochastic processes.

Definition 1.3.3.1 We say that an R%-valued random process X = (X¢t)e>0 is self-similar or

satisfies the property of self-similarity if for every a > 0 there exists b > 0 such that
law(Xge, t > 0) = law(bXy, t > 0). (1.2)

Note that (1.2) means that the two processes X, and bX; have the same finite-dimensional

distribution functions, i.e., for every choice t1,...,t, in R,
P(Xato S o, ---yXatn S l’n) = ]P)(bXtO S LQy eeey bth S CL'n)
For every xg, ..., z, in R.

Definition 1.3.3.2 Ifb=a~ in definition (1.2), then we say that X = (X;), is a self-similar
process with Hurst index H or that it satisfies the property of (statistical) self-similarity with
Hurst index H. The quantity D = % is called the statistical fractal dimension of X. Since the

covariance function of the fBm is homogeneous of order 2H , we obtain that BY is a self-similar
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process with Hurst index H, i.e., for any constant a > 0 the processes B (at) and a=H B2 (t)

have the same distribution law.

Theorem 1.3.3.1 The fractional Brownian motion {Bf(t),t > 0} is a H-self-similar process
(H-ss, for short ).

Definition 1.3.3.3 A stationary sequence (Xp)nen exhibits long-range dependence if the auto-

covariance functions p(n) := cov(Xg, Xp4n) satisfy

lim M

n—oo cn ¢

=1,

for some constant ¢ and o € (0,1). In this case, the dependence between Xj and Xy, decays

slowly as n tends to infinity and

o0

Z p(n) = oco.

Hence, we obtain immediately that the increments Xj := B (k) — BH(k — 1) of BY and
Xpyn = BT(k+n)— B (k+n—1) of B have the long-range dependence property for H > %

since

1
pa(n) = 5[(11 + 122 4 (n—1)2H —2n2H) ~ H(2H — 1)n?12,
as n goes to infinity. In particular,

lim pr(n)

n—oo H(2H — 1)n2H—2 =1

e If H € (0,3), then > o | |pr(n)| < occ.

o If H € (3,1), then Y20 | py(n) = oo, in this case we say that fBm B has the property

of long-range dependence.

In general, self-similarity and long-range dependence are not equivalent. As an example, the
increments of a standard Brownian motion are self-similar with Hurst parameter H = 1/2, but

clearly not long-range dependent (the increments are even independent).
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1.3.4 Holder continuity

We recall that according to the Kolmogorov criterion [44], a process X = (X;)ier admits a

continuous modification if there exist constants o > 1, 8 > 0, and k£ > 0 such that
E[| X (t) — X(s)|*] < k[t — s|'*”
for all s,t € R.

Theorem 1.3.4.1 Let H € (0,1). The fom B qdmits a version whose sample paths are

almost surely Hélder continuous of order strictly less than H.

Proof. We recall that a function f : R — R is Holder continuous of order a;, 0 < o < 1 and
write f € C*(R), if there exists M > 0 such that

1f(#) = f(s)] < M|t —s|%,
for every s,t € R. For any o > 0 we have
E[|B7(t) — B" (s)|*] = E[|BY (1)|*][t — s|*";

hence, by the Kolmogorov criterion we get that the sample paths of B are almost every where

Holder continuous of order strictly less than H. Moreover, by [12] we have

(H)
lim sup BN

B
t—o+ t\/loglogt—!

with probability one, where ¢y is a suitable constant. Hence BH can not have sample paths

with Holder continuity’s order greater than H.
O

1.3.5 Path differentiability

By [31] we also obtain that the process B is not mean square differentiable and it does not

have differentiable sample paths.

Proposition 1.3.5.1 Let H € (0,1). The fBm sample path BY(.) is not differentiable. In fact,
for every ty € [0, 00)
B"(t) — B (to)

lim sup = 00
t—to t—to

with probability one.
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Proof. Here we recall the proof of [31]. Note that we assume B (0) = 0. The result is proved

by exploiting the self-similarity of B¥. Consider the random variable

B (t) — B (o)
t—to

Rt,tg =

that represents the incremental ratio of B¥. Since B¥ is self-similar (see[10]), we have that the
law of Ry, is the same of (¢t — ¢) ' BH(1). If one considers the event

>},

B*(s)

S

A(t,w) == { sup

0<s<t

then for any sequence (t,),en decreasing to 0, we have
A(tna UJ) 2 A(tn+1a UJ),
and

BH(t,)

At ) 2 (17

| >d)= (|1B"(1)| > t, "d).

The thesis follows since the probability of the last term tends to 1 as n — oc.

1.3.6 The fBm is not a Semimartingale for H # %

1
The fact that the fBm is not a semimartingale for H # 3 has been proved by several authors.

1
In order to verify that B is not a semimartingale for H # 3 it is sufficient to compute the

p-variation of B,

Definition 1.3.2 Let (X (t))ico,1) be a stochastic process and consider a partition 7 = {0 =

to<t1 < ... <t,=T}. Put
n
Splw,m) = [ X(t:) — X(t;i-1)|".
i=1

The p-variation of X over the interval [0,T] is defined as

VP(X7 [O7T]) = S?Tpsp(Xv 77)7
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where m is a finite partition of [0,T]. The index of p-variation of a process is defined as
I(X,[0,T]) :=inf{p > 0; V,(X, [0,T]) < oo}.

We claim that

1
I(BH [0, 1)) = e
In fact, consider for p > 0,
. i i—1.
Yo :nPH*Z; BH(g) — BH( —)| -
i—

Since BH has the self-similarity property, the sequence Y.p.n € N has the same distribution as
n
Gnp=n"1 D |BH(0) - B - D",
i=1

and by the Ergodic theorem (see, for example, [39]) the sequence Y, converges almost surely and

in L' to B[|BH(1)|P] as n tends to infinity. It follows that

n

Vap =)

i=1

gl - g

converges in probability respectively to 0 if pH > 1 and to infinity if pH < 1 as n tends to
infinity. Thus we can conclude that I1(B™,[0,T]) = % Since for every semimartingale X, the

index 1(X,[0,T]) must belong to [0,1] U {2}, the fBm B cannot be a semimartingale unless

1
H=_-.
2

1.3.7 Invariance principle

Here we present an invariance principle for fBms due to [12].
Assume that {X,,n = 1,2,...} is a stationary Gaussian sequence with E[X;] = 0 and

E[Xf] = 1. Define

[nt]—1

Zn(t) = > Xip, 0<t<1,
k=1
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n
where [-] stands for the integer part. We will show that if the covariance of Z X, is proportional
0

to C21 for large n, Z,(t),t > 0 converges weakly to \@Bt(H) in a suitable metric space. Let as

first introduce the real-valued function wg(.) defined by

B
1
wi(t) =t* <1+logt> , t>0,

and we let

wp(fv t)
wi(t)

wOé
||f’|pﬁ = HfHLP(I) sup
0<t<1

The Besov space Lip,(a, 3) is the class of functions f in LP(I) such that || f| |:ﬁ < 00. Lipy(a, )

o

B

endowed with the norm HH: is a nonseparable Banach space. Let B) # denote the separable

subspace of Lipy(a, 5) formed by functions f € Lipy(a, ) satisfying w,(f,t) = o(wg(t)) ast —»

0. For a continuous function f, denote by {C),(f),n > 0} the coefficients of the decomposition
of f in the Schauder basis given by

Co(f) = £(0),C1(f) = f(1) = f(0),

and forn =2 +k, j>0,and k=0,...,27 —1,

i 2k +1 1 2k 2k — 2
oun=22{s () -5 |1 (5) +7 ()|
Lemma 1.3.7.1 Let o > % and 0 < < B'. The space Lip,(a, B) is compactly embedded in
By?
We refer the reader to [12].

Lemma 1.3.7.2 Let (X!,t € I),>1 be a sequence of stochastic processes satisfying

1. Xy =0, foralln > 1.
2. There exists a positive constant C' and o €0, 1] such that for p > 1,
E[| X — X3P < Ot — s

for all s,t € I. Then (X™(t),t € I)p>1 is tight in Bg’ﬁ,ﬁ >0 forp> max(é, %)
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Proof. By the assumptions, we have Cp(X™) = 0 and C1(X"™) = XJ'. To prove the lemma, by
lemma (1.9.3, see [36]) it is enough to show that there exists a constant C}, > 0 such that , for

)\>0and%<ﬁ’<ﬁ,wehave

P(IX"|," > A) < CpA~P
for all n > 1.Thus, it suffices to show that

P(M(X™) > )X) < CpAP,

where M (X™) is the maximum of the set

g—i(z—aty) | 27 z
[Co(X™)[, [CL(X™)], sup ————5— |C(z™) [P
20 (145)7 m§+1

Now, by the Chebyshev inequality, we have

27 +1 P

2—j(%—o¢+%)
[Con(X)P| > A

I = Plswp>
. Yol
320 (1+']> m=2J41

yiphoat) 27

< ZW Z E[|Crn(X™)[PIATP.

>0 m=27+1
Recall that for m = 27 + k,

Cm(X ) == 22% |:X(2k_1)/2j+1 - 5 (X(Qk)/2j+1 +X(2k_2)/2j+1):| .

Thus,

2*]'P(%*O‘+%) P
I S CpAip Z W Z(E[‘X&kfl)/Qj"'l - X(Qk)/Qj-‘rl ’p]

>0 k=1
B [IX ey~ Xy l”])
1
<oy —L | <o
>~ \pB =~ Lp
S A+

which completes the proof.
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Corollary 1.3.7.1 [12]. Let H € (0,1), 8 > 0, and p > max(, %) Assume that {X,,n =

1,2,...} is a stationary Gaussian sequence with spectral representation

X, :/ exp(in\) |\ =7 B(d)\),n =1,2. ..,

—T

where B(d)) is a Gaussian random measure with E[|B(d\)|?] = d\. Then there exists a positive
constant C such that (Z,(t),t € [0,1]) converges weakly to (CB}),t € [0,1]) in the space B;I’ﬁ.

1.4 Stochastic Integration w.r.t SBM

This section is devoted to the study of an integration where the integrator is Brownian motion.

In fact, we would like to define
/ fsdWs, (1.3)
T

where f; is a certain stochastic process. Note that there are various notation for the stochastic
integral. We use (1.3) or Iy (f) as well as f - W.

Besides, we would like that this integral satisfies the common property of the usual Riemann
(Lebesgue) integral. For example, if the integrands is fs = 1, then fOT dW, = Wp — Wy, we want
the integral satisfies the (splitting) property, i.e. the integration over [0,7] is equal to the sum

of the integration over [0,a) and [a,T]. Also, we ask for the linearity.

1.4.1 Wiener Integral

Now let us consider the following integral:

b
/ AW (1, w),

where f is a deterministic function (i.e, it does not depend on w) and W (t,w) is a Brownian
motion. Suppose for each w € ) we want to use the integration by parts formula to define this

integral in the Riemann-Stieltjes sense by

b b
/ FOAW (tw) = F(EW (tw)]l — / W (t, w)df ().
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b
Then the class of functions f(¢) for which the integral / f(t)dW (t,w) is defined for each w € Q

is rather limited, i.e, f(¢) needs to be a continuous function of bounded variation.

b
We need a different idea in order to define the integral / f(t)dW (t,w) for a wider class of

functions f(¢). This new integral, called the Wiener integral of f, is defined for all functions
f € L?[a,b]. Here L?[a, b] denotes the Hilbert space of all real-valued square integrable functions
on [a,b].

Now we define the Wiener integral in two steps:

Step 1. Suppose f is a step function given by f=>"", aily, , t,), where {p = a and ¢, = b. In

this case, define

n

I(f) = ai(W(t:), W (ti-1))- (1.4)

i=1
Obviously, I(af +bg) = al(f)+bI(g) for any a,b € R and step functions f and g. Moreover,

we have the following lemma.

Lemma 1.4.1.1 For a step function f, the random variable I(f) is Gaussian with mean 0 and

b
E(I(f)?) = / £(t)%dt. (1.5)

Proof. It is well known that a linear combination of independent Gaussian random variables is
also a Gaussian random variable. Hence by definition 1.2.2, the random variable I(f) defined by

Equation (1.4) is Gaussian with mean 0. To check Equation (1.5), note that
E(I(f)*) =E Y aai(W(t:), W(ti-1)) (W (t)), W (tj-1))-
ij=1
By Definition 1.2.2, we have
E(W(t:), W(ti—1)) =ti — ti—1,

and for i # 7,
E(W (£), W (t:-1)) (W (£;), W (t,1)) = 0.

Therefore,
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O
Step 2. We will use L?(2) to denote the Hilbert space of square integrable real-valued random

variables on ) with inner product (X,Y) = E(XY). Let f € L?[a,b]. Choose a sequence
{fn}52, of step functions such that f, — f in L?[a,b]. By Lemma 1.4.1.1 the sequence {I(f,)}
is Cauchy in L?(92). Hence it converges in L?(£2). Define

I(f) = lim I(f,), in L*Q). (1.6)

n—oo

Question. Is I(f) well-defined?

In order for I(f) to be well-defined, we need to show that the limit in Equation (1.6) is
independent of the choice of the sequence {f,}. Suppose {gn} is another such sequence, i.e,
the g,, are step functions and g,, — f in L?[a,b]. Then by the linearity of the mapping I and
equation (1.6),

b
E(H(fa) = L(gm))I?) = E(L(fa — gm)I?) =/ (fa(t) = gm(1))?dt.

Write fi,(t) —gm(t) = [fn(t)— f(t)]—[gm(t)— f(t)] and then use the inequality (z—y)? < 2(z2+y?)
to get
b

b
[0 = gm@yde <2 [ (15t = 70 + am(®) - £OF) de

— 0, as mn,m — 0.

It follows that lim I(fn) = lzln I(gm) in L%(Q). This shows that I(f) is well-defined.

Definition 1.4.1.1 Let f € L?[a,b]. The limit I(f) defined in Equation (1.6) is called the
Wiener integral of f.
The Wiener integral I(f) of f will be denoted by

I(f)(w)z( /ab f(t)dW(t)) @), weQ, almost surely.

b b
For simplicity, it will be denoted by / f(t)dW(t) or / f(t)dW (t,w). Note that the mapping

I is linear on L?[a, b].
b
Theorem 1.4.1.1 For each f € L?[a,b], the Wiener mtegml/ f)dW (t,w) is a Gaussian
a

b
random variable with mean 0 and variance || f||> = / f(t)?dt.
a
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Proof. By Lemma 1.4.1.1, the assertion is true when f is a step function. For a general
f € L?[a,b], the assertion follows from the following well-known fact: If X,, is Gaussian with
mean /i, and variance o2 and X,, converges to X in L2(Q), then X is Gaussian with mean

w= lim pu, and variance o = lim o,.
m—r0o0 m—r0o0

O

1
Example 1.4.1 The Wiener mtegml/ s2dW, is a gaussian r.v. with mean zero and variance
0

/01(32)2d3 =1.

Definition 1.4.1.2 [35]. The stochastic integral with respect to Brownian motion (W;)ier, of
the simple step functions f is defined by

n

/Ooo FOAW, == (W, = Wi,_,).

=1

1.4.2 It6 integral

In this section, we will study the simplest stochastic integral, where the integrand and the
integrator are random variable. The first who defined this integral was K.It6 in 1944. Therefore
we named this integral after him. In fact, the integrand will be an adapted stochastic process
w.r.t the natural filtration of the Brownian motion. Besides, to be well defined, we will need
another hypothesis on the integrand.

There are many reason to developp the stochastic integration. For example, we showed in

theorem 8 in [26] that the following stochastic process given by the random variables
t
M, = / f(s)dWs, a<t<hb, (1.7)

is an F}Y-martingale, where f € L([a,b]).

A natural question is whether the following process (yet not defined)

t
M, = / fs(w)dWs(w), a<t<hb,

is a martingale, where (f;);cr, is now a stochastic process. (We emphazise the randomness by

adding the w.)
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Riemann-type Approach

As soon as we want to define an integral, often we would like to have a Riemann approach, i.e.
we want the integral to be the a.s. limit of the so-called Riemann sums ), Hy, (Wi, Wy, ),
where (H;) is the integrand process and w; € [t;,t;+1]. Moreover, since the Brownian motion is
a martingale, if we consider discrete-time processes, we have seen definition 39 in [26]. that the

so-called martingale transform

Z I{u2 (Wt¢+1/\t7 Wti/\t)

is a martingale. Thus, we could take the limit and define as Riemann did an integral with
continuous-time processes.

However, we cannot have yet a such approach. Indeed, as we proved in Corollary 4 in [26] the
Brownian motion is not of bounded variation. Besides, the Riemann-Stieltjes integration theory
says that we can have a such approach only if the paths are locally of bounded variation. Thus,
the Riemann sums does not converge pathwise almost surely. However, it can be shown that it
converges in probability.

Therefore, we will use a generalization of the Wiener type integral.

Wiener-type Approach

We have seen in (1.7) how to define an integral, where the integrand was a non-stochastic function
and the integrator was a Brownian motion. Then, we will adopt the same way as we did in (1.7).
First, we will consider in the sequel a Brownian motion (W});cr, defined on the filtered

probability space (€2, F, (Ft)ier., , P) satisfying the usual conditions.

Definition 1.4.2.1 [35] We denote by L2,(Q x T, (Ft)ier) the set of caglad (F;)-adapted pro-

E </T Hfds) < o0 (1.8)

Remark 1.4.2.1 These are These are caglad (continu a gauche, limité & droite) processes. Note

cesses (Hy)ier satisfying

that, for the integration with respect to a Brownian, we can also take right-continuous functions.
But, the point is that when we change the integrator, as in the next section, when we deal with

martingales, we can take only the left-continuous functions.

Remark 1.4.2.2 Recall that the caglad (F;)-adapted processes are equivalent to the progres-

sively measurable processes.
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Lemma 1.4.2.1 <L<21d(Q x T, (Fi)er, || - HL2d(QxT)) is a Hilbert space with the following norm

187122y = B [ 1205).

This Hilbert space will be the space of our integrands. let us start with the simplest case of
random integrands.
Integrands as stochastic step processes

Let us denote by £ the set of simples (F;)-predictables processes (Hy)er, , i.e.

Hy(w) = hi(w)lp,_ (), teT. (1.9)
=1

with 0 <ty <t; < ... <t, tn and h; a F;, ,-measurable random variable which belongs to
L2(9).

Then we can define the integral for H € £ w.r.t a brownian motion by.

n

Z hi(Wi,, W, 1) if T =Ry,
I(H)=(H -W), = / H dW, = =1 (1.10)
r Z hi(Wti/\Ta Wtifl/\T) Zf T = [07 T]
i=1

Proposition 1.4.2.1 For I(H) defined by (1.10), we have
E(I(H))=0 and E(I(H)*)=E </ Hfdt) :
T
Proof. The proof can be found in ([26], p.47).
Remark 1.4.2.3 Note that if H ¢ ¢ C L?(Q), we would not have a finite variance.

Integrands as square integrable stochastic processes

The idea is to extend, by density of £ in L?(Q), the definition of I(H) in (1.10) to larger processes,

i.e. processes in L?(£2) as the limit of processes in ¢, like we did for the Wiener integral. Indeed,
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by density, we have for each (H;)ier, € L*(2) there exists a sequence (Hy)icr, € L?(Q))nen

such that
lim (|Hy — Hypl)dt = 0. (1.11)

n—oo R+

However, our integrands, as the L? limit of processes in €, must satisfy certain constraints to

be well-defined. Therefore, we will take as the space of integrands L2 ,(Q x T, (F¢)ter)-
Obviously we have { C L2,(Q2x T, (F;)ier) and £ = L2, (2T, (F)ier). In this way, we have

the following theorem which defines the so-called It6 integral.
Theorem 1.4.2.1 [35] There exists a unique linear application
T: L2, % T, (F)eer) — L*(Q, Ft,P)

such that:

1. For Hy(w) =", hi(w) 1, 4,(t) €&,

n

th’(Wt“Wti,l) if T=Ry,
I(H) = = (1.12)

Z hi(Winrs Wiy aT) if T=10,T)
i=1

2. For H € L2,(Q x T, (Fi)eer)
E(I(H)?) = E(/ H2ds). (1.13)
T

Definition 1.4.2.2 The application defined in Theorem 1.4.2.1 is called the Ité integral w.r.t

the brownian motion.

oo
Proposition 1.4.2.2 The definition of the stochastic integral / f(t)dW, can be extended to
0

any measurable function f € L*(Ry), i.e, to f such that

/Oo F(8)2dt < .
0



1.5 Stochastic Integration w.r.t FBM 29

o0
In this case, / f(t)dW, has a centered Gaussian distribution
0

| swawe = w0, [ iswpay
0 0

oo
with variance / |f(t)|>dt and we have the It isometry
0

B ([ swawy?] = [T iropa

proof. We refer the reader to proposition 4.1 in [35]

1.5 Stochastic Integration w.r.t FBM

Fractional Brownian motion is not a semimartingale, and hence the stochastic integral with

respect to fractional Brownian motion B becomes more challenging. It turns out that fractional
calculus creates a path to defining a kind of integral with respect to paths of fractional Brownian

motion. For a complete treatment of deterministic fractional calculus, see the book by Samko
[28].

1.5.1 Fractional calculus on a finite interval

Let a < b be two real numbers and f : [a,b] — R be a function. Then by a straightforward

induction argument, a multiple integral of f can be expressed as

tn to t1 1 tn 1
/a 3 / [ ryanatiy = 57 [7 e, —wtau, (1.14)
where t,, € [a,b] and n > 1. (By convention, (0)! = 1 and a® = 1.) We know that (n—1)! = I'(n).
So replacing n by a real number o > 0 in (1.14), we are motivated to define the so-called fractional

integrals as follows.
Definition 1.5.1.1 Let f € L'[a,b] and a > 0. The integrals

1

(12:H@) = e / " F(0) (e - £, (1.15)
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fort € (a,b), and
(I3 f / £t ) lat, (1.16)
where t € (a,b), are called fractional integrals of order «.

The fractional integral I, is called left-sided since the integration in (1.16) is over the left
hand side of the interval [a,?] of the interval [a,b]. Similarly, the fractional integral Ij* is called

right-sided. Both integral I, and I;' are also called Riemann-Liouville fractional integrals

Remark 1.5.1.1 [34]. The fractional integrals I, and I;* are well-defined for functions f €

L'[a,b], and so also for functions f € LP[a,b], for p > 1 as well, i.e. the integrals in (1.15) and

(1.16) converge for almost all t € (a,b) with respect to Lebesgue measure.

Remark 1.5.1.2 The left (right)-sided fractional integrals can be defined on the whole real line

in a similar way.

Proposition 1.5.1.1 [34]. For a > 0, the fractional integrals 1, and I . have the following
properties:

(i) Semigroup property: for f € L'[a,b] and o, 3 > 0
I I f =T and In) f =1 (1.17)

(ii) Fractional integration by parts formula: let f € LP[a,b] and g € Lia,b] either with p,q > 1
and%—i—%gl—i—a, or with p,q >1 and p,q >1 and%+%=l+04.

Then we have
b b
/f(t)(13+g)(t)dt=/ g(t) (L= f)(t)dt. (1.18)

(wii) If 13 f =0 or I f =0 then f(u) = 0 almost everywhere.

For 0 < a < 1, we define the operator I,{*(,"*) as the inverse of the fractional integral

operator in the following way.

Definition 1.5.1.2 Let 0 < a < 1. The integrals

DY) = (100 = ey |, S6)E=9)as (119
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1 d [
Dy ft)=(It) = —=———— t—s) % 1.2
0 = 10 =~y | T =) (1.20)
for t € (a,b), are called fractional derivatives of order .. Both (1.19) and (1.20) are also called

the Riemann-Liouville fractional derivatives.

Remark 1.5.1.3 The fractional derivatives Dy, f and Dy f are well defined if, for example,
function f can be expressed as f = Dg ¢ or f = D' ¢, for some ¢ € LP[a,b] and p > 1.

1.5.2 The Lebesgue-Stieltjes integral

Let us starting by recall the Riemann-Liouville fractional derivatives

D@ =ty | TOE =07
and
b
(D 1)@ = ~Fr=a gy [ FO@ =07

for a > 0.
We refer the reader to [34] for futher information in this topics.

Consider two nonrandom functions f and g defined on some interval [a,b] C R and suppose
that the limits f(u+) := lgfozf(u + ) and g(u—) := lg’wg(u —9d),a < u < b, exist. Put
Jar (@) := (f(2) = f(a+))L(ap) (@), go—(2) = (9(b=) — 9(2)) L (ap)(2)-

Suppose also that fo4 € I2, (Ly[a,b)), go— € I,~*(Ly[a,b]) for some p > 1,¢ > 1,1/p+1/q <
1,0 < a < 1. Then, evidently, D, fot € Lpla,b], Di~®gy— € Ly[a, b)].

Let @ > 0 (and in most cases below o < 1 though this is not obligatory). Define the Riemann-
Liouville left-sided and right-sided fractional integrals on (a,b) of order o by

(12, / f(t) ) Ldt,

(I3 f /f t)(t — x)* tdt,

and

respectively.
We say that the function f € D([,4—)) (the symbol D(.) denotes the domain of the

corresponding operator),
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Definition 1.5.2.1 [34]. The generalized (fractional) Lebesque-Stieltjes integral
fff(:v)dg(x) is defined as
b b
[ @sta) = [[(DF, fu) @)D g0 )@ + flas)(0-) - glas)

Lemma 1.5.2.1 Definition 1.5.2.1 does not depend on the possible choice of a.

Proof. Let for € (I3, N Is_t’g(Lp[a,b]), - € (I;7*N I;:aiﬁ(Lp[a,b]) for some a, 3 such that
0<a<1l,0<a+p<1,1/p+1/q <1. Then, according to (1.1.5) (composition formula for
fractional derivatives) and (1.1.6) (integration-by-parts formula),[34].

b b
/ (DEF8 0 ) (@) (DL P gy (w)de = / (D8 D2, fu. ) (@)D" Pg, )(x)da

a ab
— / (D2, fu)(@)(DE DI Pg, \(x)de

b
- / (DS fu,)(@) (DL g, )(x)da.



Chapter 2

Stochastic Evolution Equations With
Infinite Delay

In this chapter!, we are interested in studying the existence of mild solutions of the following

impulsive fractional stochastic differential equations with infinite delay in the form
DRfa(t) — g(t,z)] = Alw(t) — g(t,z0)] + f(t, 20, Bra(t) + o(t, o1, Byz(t) 252,
teJ:=[0,T], T>0, t#tg,
Aw(tk) = Ikl’(t,;), k:1,2,...,m,
x(t) = o), &) € By,

(2.1)

Where Dy is the Caputo fractional derivative of order «,0 < o < 1; x(.) takes the value in the
separable Hilbert space H; A : D(A) C H — H is the infinitesimal generator of an a-resolvent
family S (t)i>0. The history ¢ : (—00,0] — H,z(0) = z(t + 0),6 < 0, belongs to an abstract
phasespacel’j’h,g:Jth—>’H,f:JthxH%Handa:Jthx’H%Lg are appropriate
functions to be specified later; I, : By, — H,k = 1,2, ..., m, are appropriate functions. The terms

Bix(t) and Baz(t) are given by

Bla:(t):/o K(t,s)x(s)ds
and
BQI(t):/O P(t,s)x(s)ds

respectively, where K, P € C(D,R") are the set of all positive continuous functions on D =

{(t,s) e R2: 0 < s <t <T} Here0 =ty <t] < .. <ty <tm1 =T, Az(ty) =

!The chapter is based on the paper [19].

33
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z(th) —z(t;), =z(t{) = limx(ty + h) and z(t;) = limx(t; — h) represent the right and left
h—0 h—0

limits of z(t) at t = ¢, respectively. The initial data ¢ = {¢(t),t € (—o0, 0]} is an Fp-measurable,

Bp-valued random variable independent of with finite second moments.

2.1 Preliminaries And Basic Properties

Let H, K be two separable Hilbert spaces and L(K, H) be the space of bounded linear operators
from K into H. For convenience, we will use the same notation ||.|| to denote the norms in H,
and L(K,H), and use (.,.) to denote the inner product of H and K without any confusion. Let
(Q, F,{Fi}+>0,P) be a filtered complete probability space satisfying the usual condition, which
means that the filtration is a right continuous increasing family and Fy contains all P-null sets.
W = (Wy)i>0 be a Q-Wiener process defined on (2, F, {F; }+>0,P) with the covariance operator
@ such that tr@Q < co. We assume that there exists a complete orthonormal system {ej}r>1 in
K, a bounded sequence of nonnegative real numbers A; such that Qe = Agex, k=1,2,... and a

sequence {f}r>1 of independent Brownian motions such that

(w(t),e)c = Y VArler e)cBu(t), ek, te0,b].
k=1

Let Lg = L2(Q1/2H,H) be the space of all Hilbert Schmidt operators from Q'/2K into H with
the inner product (¢, m) 2 = tr[Q7*].

0
Assume that h : (—o00,0] — (0,00) with [ = / h(t)dt < oo a continuous function. We

—00

define the abstract phase space By by

B, = {¢>: (—00,0] = M, for any a>0,(E|¢(0))*)/? is bounded and measurable

functionon|[—a,0] with ¢(0)=0 and /0 h(s) sup (E|¢(9))\2)1/2ds<oo}.

—00 s<0<0

If B, is endowed with the norm

0
16l15, = / h(s) sup (E|6(0)))"2ds, &€ By,

—00 $<0<0
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then (B, ||.||5,) is a Banach space [14].

We consider the space

By = {x : (—00,0] = H,such that z|; € C(Jy,H) and there exist

a:(tg) and x(t,) with x(ty) =xz(t,), x=¢¢c By, k:1,2,...,m},

where x|, is the restriction of  to Jy = (tg,tk+1], k=1,2,...,m. the function ||.||, to be

a seminorm in By, it is defined by

Izlls, = I6]l5, + sup (El6(0)]*)'/2, x € B,
0<s<T

Lemma 2.1.1 Assume that x € By; then fort € J, 1z € By. Moreover,

BB <1 sup Ella()][)2 + o]l

0
where [ = / h(s)ds < oc.

—0o0

Let us recall the following known definitions. For more details see [28].

Definition 2.1.1 The fractional integral of order oo with the lower limit O for a function f is
defined as

(6% 1 !
If(t)zl“(a)/o (t—s)lfads’ t>0, a>0

provided the right-hand side is pointwise defined on [0,00), where T' is the gamma function.

Definition 2.1.2 Riemann-Liouville derivative of order a with lower limit O for a function f :

[0,00) — R can be written as

L na _ 1 d" ! f(S)

Definition 2.1.3 The Caputo derivative of order « for a function f : [0,00) — R can be written
as

n—1
°pef(t) =L D~ (f(t)—ZZfWO)), t>0, n—1l<a<n. (2.3)
k=0
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If f(t) € C™[0,00), then

‘DYf(t) = ! ) /Ot(t —8)" T (§)ds = I"Yf(s), t>0,n—1<a<n,

'n—a

Obviously, the Caputo derivative of a constant is equal to zero. The Laplace transform of the

Caputo derivative of order o > 0 is given as

n—1

L{°D%f(t); s} = s f(s) — Zsa_k_lf(k)(()); n—1<a<n.

k=0

Definition 2.1.4 [28] A two parameter function of the Mittag-Leffler type is defined by the series

expansion

EOgZ—g ’ _1 du a,feC,R(a

= — = [ , ,B€C, > 0,

#(2) kOI‘(ak—I—B) 2m’/cua—z (@)

where C is a contour which starts and ends at —oco end encircles the disc |p| < |z|*? counter

clockwise.

For short, E,(2) = Ea1(2). It is an entire function which provides a simple generalization of
the exponent function: E1(z) = e* and the cosine function: Fy(2?) = cosh(z), E2(—2%) = cos(z),
and plays a vital role in the theory of fractional differential equations. The most interesting
properties of the Mittag-Leffler functions are associated with their Laplace integral

X8

oo
/0 e_’\ttﬁ_lanﬁ(wto‘)dt =Y ReX > w'®* w >0,

and for more details see [28].

Definition 2.1.5 [/1]. A closed and linear operator A is said to be sectorial if there are constants

weR, 0c[F,n],M >0, such that the following two conditions are satisfied:
i p(A) - E@,w = {)‘ eC,AN#w, ’arg()‘ - w)| < 9}7

o ROl = I — 4)71]] < 52 3 € g,
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Definition 2.1.6 [15]. Let A be a closed and linear operator with the domain D(A) defined in
a Banach space H. Let p(A) be the resolvent set of A. We say that A is the generator of an a-
resolvent family if there exist w > 0 and a strongly continuous function S, : Ry — L(H), where
L(H) is a Banach space of all bounded linear operators from H into H and the corresponding

norm is denoted by ||.||, such that {\* : ReA > w} C p(A) and

(AT — A) e = / eMSy(t)xdt, Rel > w,z € H, (2.4)
0

where Su(t) is called the a-resolvent family generated by A.

Definition 2.1.7 Let A be a closed and linear operator with the domain D(A) defined in a
Banach space H and o > 0. We say that A is the generator of a solution operator if there exist
w > 0 and a strongly continuous function S, : Ry — L(H) such that {\* : ReX > w} C p(A)

and

AT ONT — A) e = / eM S, (t)xdt, Re\ > w,z € H, (2.5)
0

where Sq(t) is called the solution operator generated by A.

The concept of the solution operator is closely related to the concept of a resolvent family. For

more details on a-resolvent family and solution operators, we refer the reader to [15].

Lemma 2.1.2 [15]. If f satisfies the uniform Holder condition with the exponent 8 € (0,1] and

A is a sectorial operator, then the unique solution of the Cauchy problem

CD? = A:L’(t)—i—f(t,xt,Bx(t)), t > to,to Z0,0<C¥< 17

() = ot), t<to. (2:6)
18 given by
t
x(t) = Ta(t — to)(x(tg)) + Sa(t — 8)f(s,xs, Bx(s))ds, (2.7)
to
where
1 A /\a—l
To(t) = Eo 1 (A1) = — AN 9.
) = Eap(am) = o [ i (2.9
Su(t) = 147 B o (A1) = 1/ A AT (2.9)
o o Comi Jp, A—A '

here B, denotes the Bromwich, path; Sa(t) is called the a-resolvent family and T, (t) is the solution
operator generated by A.
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Proof. Let t — ty = u, then we get
Dix(u+to) = Ax(u + to) + f(u + to, Tutty, Bx(u +1gp)), u>0. (2.10)
Taking the Laplace transform of (2.10), we have
N L{z(u+to)} — A ra(t]) = AL{z(u+ to)} + L{f (u + to, Tutty, Bx(u + to))}. (2.11)
Since (AT — A)~1 exists, that is, A* € p(A), from (2.11), we obtain
L{z(u+to)} = X1 ONT — A) Lo (td) + (ANT — A) T L{f(u + to, Tutee, Br(u+to))}. (2.12)

By the inverse Laplace transform of (2.12), we get
u
x(u+ty) = Eaﬁl(Auo‘)x(tS')—i—/ (u—8)""Eqo(A(u—35)*)f(s+to, Tsrty, Br(s+to))ds. (2.13)
0

Set u + tg = t, in (2.13), we have

o(t) = Eau(A(t —to)")a(ty)

o a1 o (2.14)
+ (t—to—5)* "EqalAlt —to—$)Y) f(s+to, Tstty, Bx(s +to))ds.
0
On simplification, we obtain
a(t) = Ba1(At—to))z(t])
o a—1 « (215)
[ (= 0" Baa(A(t — 0)°) £(0, 36, Ba(0))db.
0
Set To(t) = Eai1(AtY) and S, (t) = t*"1E, o (AtY), in (2.15). We have
t
2(t) = Talt —to)z(ty) + [ Salt+0)f(0,z9, Bx(9))do.
to
This completes the proof of the lemma.
O

Theorem 2.1.1 [15]. Let B be a nonempty closed convex of a Banach space (H,||-||). Suppose
that P and Q@ map B into ‘H such that

e Px+ Qy € B whenever x,y € B;
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e P is compact and continuous;

e () is a contraction mapping.
Then there exists z € B such that z = Pz + Qz.

Theorem 2.1.2 [42]. If a € (0,1) and A € A*(6p,wp) is a sectorial operator, then for any
x € H andt > 0, we have

[[Sa(t)]| < Cet (1 +t*71), t>0,w > wp,

where C is a constant depending only on 0 and w.

At the end of this section, we recall the fixed point theorem of Sadovskii [40] which is used to

establish the existence of the mild solution to the impulsive fractional system (2.1).

Theorem 2.1.3 [40]. Let ® be a condensing operator on a Banach space H, that is, ® is
continuous and takes bounded sets into bounded sets, and u(®(B)) < u(B) for every bounded set
B of H with u(B) > 0. If ®(N) C N for a convez, closed and bounded set N of H, then ® has

a fized point in H (where p(.) denotes Kuratowski’s measure of noncompactness).

2.2 The mild solution and existence

In this section, we consider the fractional impulsive system (2.1). We first present the defini-

tion of mild solutions for the system based on the paper [15].

Definition 2.2.1 An H-valued stochastic process {z(t),t € (—oo,T|} is said to be a mild solution
of the system (2.1) if xg = ¢ € By, satisfying xo € L2(Q,H) and the following conditions hold.

i. x(t) is Fy adapted and measurable, t > 0;

it. x¢ 18 Bp-valued and the restriction of x(.) to the interval (tg,tgs1], k= 1,2,...,m is contin-
uous;

iti. for each t € J, x(t) satisfies the following integral equation
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o(t), te (—o0,0], t
Tuwwm»+ma¢n—mam»+[}%a—sﬁ@m&3m@»w

tS (t — s)o(s,xs, Box(s))dw(s), te€[0,t1],

)[ ¢(0) +g(0,9)] + Tu(t — t1) 11 () — g(t, =)
gt —t)[g(tr, 2, + I1(t7)) — g(tlawtl)}

Tult
+Ta
2(t) = / o(t —s)f(s, 25, Bra(s) ds+/ Sa(t — 8)o(s,xs, Bow(s))dw(s), t € (t1,ta],

m

To(8)[6(0) + (0, 0)] + Y Ta(t — tr) I (w(ty) — g(t, 1)

k=1

ot = te)[g(teg, zey,, In(x, )) — g(tr, 74,)]

Ms

1
+ t Sa(t —8)f(s,xs, B1z(s))ds + /t Sa(t — s)o(s,xs, Box(s))dw(s), t € (tm,T].
0 0

(2.16)

w. Axli—y, = I(x(t,)), k=1,2,...,m therestriction of x(.) to the interval [0, T)\{t1, ..., tm}
18 continuous.
In order to explain our theorem, we need the following assumptions.
(H1): If « € (0,1) and A € A, (0y,wp), then for z € H and ¢t > 0 we have ||S,(t)|| < Ce*t(1 +
t*~ ) and ||T,(t)|| < Me*t ;w > wp. Thus we have

ITa(®)l] < My and ||Sa(8)]] < %' Mg,

where My = sup [|Ta(t)]], Mg = sup Ce* (1 +t17?) (fore more details, see [42]).

0<t<T 0<t<T
(H2): The function g : J x By, — H is continuous and there exists some constant M, > 0 such
that

E"g(tawl)_g(tan)H%{SMgle_wQH%M (tvwi) GJXBhv i:1727

Ellg(t, |13 < M, (|[9]3, +1).

(H3): The function f : J x By, x H — H satisfies the following properties:

i. f(t,.,.) : By, — M is continuous for each ¢ € J and for each (¢,x) € By, x H, f(., ¥, ) :

J — H is strongly measurable;
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ii. there exist two positive integrable functions p1, u2 € L'([0,T]) and a continuous nonde-
creasing function Zy : [0,00) — (0,00) such that for every (t,7,x) € J x By x H, we

have

_ .. .2s(q)
Ellf(t, 9, 2)[13, < m@Zr(181[5,) + m1(tEl 2|3, hqrgggffT = A < 0.

iii. there exist two positive integrable functions 1, ue € L([0,7T]) such that

El[f(t, 4, 2) = f(t, 0,9 < m@OY = ollf, + u2(DEllx -yl
for every (t,%,x) and (t,p,y) € J x B, x H.
(H4): The function o : J x By, x H — L2 satisfies the following properties:

i. o(t,.,.): By xH — L3 is continuous for each ¢ € J and for each (¢, z) € By, x H,o(.,1, ) :

J — L3 is strongly measurable;

ii. there exist two positive integrable functions 1,15 € L'([0,T]) and a continuous nonde-
creasing function =, : [0,00) — (0,00) such that for every (¢,¢,z) € J x B x H, we
have

=5(9) =T < 0.

Ello(t, v, 2)|l7: < n(OZ([0ll5,) +vi(OE||zll, lim inf

iii. there exist two positive integrable functions vy, ve € L([0,T]) such that
Ello(t, v, 2) = o(t, 0, 9)|lz < mi@)llv = llz, +v2)Ellz -yl
for every (t,,z) and (¢, p,y) € J X B, x H.

(H5): The function I : H — H is continuous and there exists © > 0 such that

= 2
0= 1§k§gql,axzqu {ElTe(2)ll3}

where By = {y € Bl?, HszBg <gq, q>0}

The set B, is clearly a bounded closed convex set in Bg for each ¢ and for each y € B;. From
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Lemma 2.1.1, we have

N

e — zellz, < 2([well3, +11203,)
< 4 sup Elly(®)lF + llwllg, | +4 (1 sup Elly(t)]13) + ||7ll?
Y H YollB,, Yy H By,
0<t<T 0<t<T

< 4(lgll,) + Pa).
(2.17)

The main object of this chapter is to explain and prove the following theorem.

Theorem 2.2.1 Assume that the assumptions (H1)-(H5) hold. Then the impulsive stochastic

fractional system (2.1) has a mild solution on (—oo,T| provided that

C+16M2+ 70272 | Ly 2o 2.18
* * a2 * T(2a —1) < (2.18)
and
M2+ 7aer2e (YL %2 | 2.1
gl + TM; oz2+T(2oz—1) < (2.19)

Cisa positive constant depending only on MT My and 1.

Proof. Consider the operator P : B, — B defined by

(o(t), te (—o0,0], )
To(t)[9(0) + 9(0, 9)] — g(t, 1) +/0 Sa(t = 8)f(s, 25, Biz(s))ds

/ts (t — $)o (s, 39, Box(s))dw(s), t€[0,41],

To()[#(0) +9(0,0)] + Tu(t — t1) L1 (x(t))) — g(t, 24)
+Ta gt - tl)[ (tl?xtl + Il(tl )) - g(tlvfh)]
Plt) = / (t —s)f(s,xs, Biz(s))ds —i—/o St — s)o(s,xs, Bax(s))dw(s),t € (t1,ta],
To(8)[6(0) + (0, )] + Y Tu(t — ta) Tu((t;) — g(t, 1)
k=1

+ ZTa(t - tk)[g(ttk’xtk’lk(xt;)) - g(tkv xtk)]

—1—/‘; Sa(t —8)f(s,zs, B1x(s))ds + /Ot Sa(t — 8)o(s,zs, Box(s))dw(s), t € (tm,T].

(2.20)
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We shall show that P has a fixed point, which is then a mild solution for the impulsive system
(2.1).
For ¢ € By, define

Then z(t) € By. Let x(t) = y(t) + 2(t),t € (—o0,T]. It is easy to check that z satisfies (2.1) if
and only if yp = 0 and

To(t)[¢(0) + 9(0,0)] — g(t,yt + z) + /O Sa(t —s)f(s,ys + Zs, B1(y(t) + 2(t)))ds
/ Sa(t — s)o(s,ys + zs, Ba(y(t) + 2(t)))dw(s), te€[0,t1],

To()[6(0) + 9(0,9)] + Ta(t — t1) 1 (y(ty)) — g(t, 4 + 2)
Ta(t*tl)[ (tl Yty +Zt1 +Il(yt +Z )) 7g(t1?ytl Jrztl)]

—8)f(s,ys + Zs, B1(y(t) + Z(t))ds

/ (t
/ (t — s)o(s,ys + zs, Ba(ys + zs)dw(s), t € (t1,ta],

y(t) =
To(t)[¢(0) + 9(0, ¢)] + kilTa(t — ) ey () — 9(t, ye + 2)
+ i To(t = ti)[g(tter Yty + 200, Ie(,=)) — 9(ts w1,
+ /Ot Sa(t —8)f(s,ys + Zs, B1(y(t) + 2(t)))ds
\ + /Ot Sa(t —s)o(s,ys + Zs, Ba(y(t) + 2(t))dw(s), t€ (tm,T).
Set

By = {y € By, yo =0 € By}
Thus, for any y € B we have

1

2
lylo = Ilyolls, + sup (Euy(sw) - (Euy(sw) .
0<s<T

0<s<T

N[
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Therefore, (BY,]].||s) is a Banach space.

Consider the map II on Bg defined by

To(t)[6(0) + 9(0,9)] — g(t,ye + 2¢) + /0 Sa(t = 8)f(s,ys + 25, Bi(y(s) + 2(s)))ds
—i—/ Sa(t —s)o(s,ys + Zs, B2(y(s) + 2(s))dw(s), te€[0,1],

To(®)[6(0) + 9(0,8)] + Tult — )L (y(E7)) — gt e + 2)
HTo(t = t)lg(t, yo + 20 + Dy + 20)) = 9(t yn + 21

/ Sa(t—s)f(s,ys + zs, B1(y(s) + z(s)))ds

/ St — 8)o(s,ys + Zs, Ba(y(s) + Z(s))dw(s), t € (t1,ta],
(My)(¢) =

To(8)[6(0) + 9(0,9)] + Y Tult — ti) (1)) — 9(t, ye + 2)

k=1

+ Z Ta(t - tk)[g(ttkvytk + Ztk: Ik(fvt;{)) - g(tka wtk)]

/ Salt — $) (5,4 + 7o Bu(y(s) + 2(s))ds

/S (t — 8)o(s,ys + Zs, Ba(y(s) + Z(s))dw(s), t € (tm,T].

It is clear that the operator P has a fixed point if and only if II has a fixed point. So let us prove
that II has a fixed point. Now, we decompose II as II = I1; 4 II, where

0, t e [O,tl],
To(t —t1) I (y(ty))
+To¢(t - tl)[g(tlayh + 2 + Il(yt; =+ Et;)) - g(t17yt1 + 2t1)]7 te [tla tQ]a

(Ihy)(t) =

Vs

To(t — te) Ie(y(ty,))

i

+
(="

Ta(t - tk)[g(tlaytk + Ztk + Ik(yt; + Zt;)) - g(tlv Yty + ztk)]a te [tmvT]7

>
Il
—_

(M2y)(t) = Ta()g(0,0) = g(t,y: + =) + /0 Sa(t —8)f(s,ys + 25, B1(y(t) + 2(t)))ds

—I-/ Sa(t — s)o(s,ys + Zs, Ba(y(s) + z(s))dw(s)), te€ J.
0
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In order to use Theorem 2.1.3 we will verify that II; is compact and continuous while IIs is a
contraction operator. For the sake of convenience, we divide the proof into several steps.

Stepl. We show that there exists a positive number ¢ such that II(B,) C By. If this is not true,
then for each g > 0, there exists a function y4(.) € By, but II(y?) € By, that is E||(Ily%)(t)|[3, > ¢

An elementary inequality can show that, for ¢ € [0, ¢;].

¢ < E|@eHml5

t 2
< BT (00(0,0) B + gt + 20 48 | [ S5+ 20 Br1(5) + 29)s
0 H
t 2
HE | [ 8alt = 9105, + 20, Balus) + 2(5)) )
0 H
= 431 L.
(2.21)
Let us now estimate each term above I;,i = 1,...,4. By Lemma 2.1.1 and assumptions (H1) —
(H2), we have
1 < MZE||9(0,9)|[3 < MEM,(|[][%, +1). (2:22)
I < My(|lyf + 2[5, + 1) < M, [4(ll¢l15, +Pq) + 1] (2.23)

Together with assumption (H3) and (2.17), we have

t t
Iy < /Ollsa(t—5)|d8+ ; 1St = $)IE[| £ (5,52 + 25, Ba(y(s) + 2(s)))|[3,ds
t

Dot
< /0 (t— )" \ds + /0 (t— )2 () E Iy + 2el13,) + Bl Bu(y(s) + 2(s))] Zlds
o~ @ t
< ML / (t— 870 |25 a(I613, + Pa))it + Bius sup Ellyd + 2] Zds
0 0<s<T
t
. 2a — — * * %
< MY /0 (t— )V [Ep4(1613, + Pat + Bria)

(2.24)
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where B} = sup / K(t,s)ds < oo, pj= sup pi(s), p5= sup pa(s).
te[0,7) s€[0,t] s€[0,t]

A similar argument involves assumption (H4), we obtain
t
o< [ USult= 9Pl + 2 Bu(y(s) + 2(5)) s
0
ot
= Mg/ (t—s)* [Eo‘lmqﬁ!%h +Pq)vi + Bivs sup Elly? + z|[3,ds (2.25)
0 0<s<T

t
ot 2a—1 _ — * K ok
< Lt /O (t — 5)° L [E,4(I]3, + Pa)vi + Bivid]

where B = sup / K(t,s)ds < oo, vj = sup vi(s),vs = sup va(s).
t€[0,T] s€[0,t] s€[0,t]

Combining these estimates (2.21)-(2.25) yields

B
(VAN

(11" (1) 3, t
et 2a — * *
< Lo+ 16M,%q + 4M§1;2/ [Eo4(lloll5, + Pa)ui + B psd] (2.26)
i .

t
et 2a—1 — —_ * * ok
+HAMES /0 (t =) [Eod(ll¢lIB, + Pa)vi + Bivsa]

N

where
Lo = 4MZMy(||l5, +1) +4My(1 + 4][6][5,)-
Dividing both sides of (2.26) by ¢ and taking ¢ — oo, we obtain

T2a71
16Myl% + AMZ TS (AN + Bips] + 4MS [4T1/1 + B3uj]

— 16M,% + 4M3T* |2 + 7

a1 oy

which is a contradiction to our assumption in (2.18).

For ¢ € (t1,t2], we have

E[|(Ty?) (1),
T Ta(t = t)IPEND (v (0) e + TN Ta(t = 0)[PElg(t, v, + 20 + Dy +2,))1

+7|| T (t — t)I12|lg(tr, vl + Z0, 113, + TE[|Ta(t)g(0, ¢>)2||% + TE||g(t, v + 2|3,
t

/ St — 8)f(5, ¥ + 2o, Ba(y(s) + 5(s)))ds
0

ININ

+4E

"o

t
VTE /0 Sut — $)0(5, 57 + Zo, Ba(y(s) + 2(s)))dw(s)

H
(2.27)
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Using assumptions (H1)-(H5) we obtain

E[|(Ty?) (1)[13, t
< Ly + TOMZM,l%q + 28Myl%q + TM3ETS / [Zr(4(10ll3, + %q))ui + Binsg]
0

t
2a—1 — * * %
Tt [ Eaalolf, + Pavi + Bivia).
where

Ly =TM2%(©+ My [1+6(||¢|[z, +1°0)]) + 7]\72]\49(1 +1¢l1%,) + TMg (1+4]|¢][3,) -

A Similar argument gives

70M2M 1% 4 28M,12 + TM2 TS [4Ap; + Bl,LLQ] + TMET L (4w + By

S 2a—
= TOMZM,I? + 28M,12 + TM2T? ["1 + } >1,

(2a 1)

which is a contradiction to our assumption in (2.18). Similarly for t € (¢;,t;11],4 = 1,2,...,m,

we obtain

C + 16My1% + TMZLS [4Ay; + B; MQ] +TMET L (4w + By
= C + 16M,i2 + TMET? [% n ] >1,

T(2a71)

with m = 4Ap] + Bips,m2 = 4Tv] + B3v; and C is a positive constant depending only on M;
,Mg and [. This is a contradiction to our assumption in (2.18).

Thus, for some positive number ¢, II(B,) C B,.

Step 2. The map II; is continuous on Bj.

Let {y"}22, be a sequence in By with limy"™ — y € B,. Then for t € (t;,t;41], we have

E[|(My™)(¢) — (y) (#)]]

< 3 1Tl — 1) [Eufk(y”(t,;)) L))

2
+E Hg(tk, yr 4z, + Ik(y% +2-) = 9tk yo, + 20, + Dy, + %;))HH
_ _ 2
+E Hg(tkaygC + Ztk) - g(tk7ytk + Ztk))H’H :
Since the functions g, I;,i = 1,2,...,m are continuous, hence lim E|II;3™ — I y||*> = 0 which
n—oo

implies that the mapping 1I; is continuous on B,.
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Step 3. II; maps bounded sets into bounded sets in B,.
Let us prove that for ¢ > 0 there exists a 6 > 0 such that for each y € B,;, we have

E||(y)(¢)]|3, < 6 for ¢ € (ti, tiv1),i=0,1,...,m. We have

El[(Ihy)®)F < 3Z\|Ta(t—tk)HQ[EHIk(y(t;Z))H%+EHg(tk,ytk+Ztk)\|3rz
k=1

+El|g(tr, yty, + 21, + Ik(yt,: + Ztk))|”21-[:|
< 3M2 [@(1 + 6M,12) + 20, + 10M,(]|g|[3, + l2q)]
= 4,
which proves the desired result.
Step 4. The set {Il;y,y € By} is an equicontinuous family of functions on J.
Let u,v € (ti, tit1],ti <u<v<tiy;, =0,1,...,m,y € B;. We have

E[|(Tyy)(v) — (M) (w13,

(2
< 3) |Talv —t) = Tulu— )] [E!\Ik(y(tﬁ))!\% +Elg(te, yu, + 2|3
k=1

+EHg(tkaytk + Etk + Ik(yt; + Ztk))H%-L:|
7
< 3[001+ 6M,) 4 2, + 10N, (ol + )] 3 ITule = 1) = Tulu = )
k=1

Since T,, is strongly continuous and it allows us to conclude that lim ||Ta(v—tg) —Ta(u—tg)||* = 0
uU—v

for all k =1,2,...,m, which implies that the set {Il,y,y € By} is equicontinuous.

Finally, combining Step 1 to Step 4 together with Ascoli’s theorem, we conclude that the oper-

ator II; is compact.
Step5. Il is contractive. Let y,y* € B,y and t € (t;,ti41], i=0,1,...,m. Then

E[|(Tl2y)(t) — (T2y*) (8)] 3,

< 3Elg(t,y + 2) — gty + 2|3

t 2
\3E ’ / Sult— ) [ £(5,9s + Zo, Bi(y(s) + 2()) — f(5,9% + Z, B1 (4" (5) + z<s>>>] ds
0 H
t 2
+3E / Salt — 8)[0(5,9s + Zo, Ba(y(s) + 2())) — 0(5, 4 + 25, Ba(y* (s) + 5(s)))du(s)
0 H




2.2 The mild solution and existence 49

IN

t t

3Ellg(t. i+ 2) o607 + 2N+ 3 [ 11Sae=9)lds [ [1Salt =)
0 0

KEILF (5, + 20 Brlyl0) + 2(0) — T s, + 20 By () + 2(5)) |y

+3 [ 1100 = Bl (s, + 20 Bay(s) + 2(5) = 05,55 + 20 Bl () + 3(5)) By

IN

30, ye — vil[3, + 30T / (t— )2 1ds
0
< [m(S)Hys 1B, + i (S)EI By (y(t) + 2(5) — Bi(y*(s) + 2(5))|1% | ds
13072 /0 (t — )% [1a(3)] s — 47 (5) |13, + voEl[Ba(y(s) + 2(s)) — Baly"(s) + 2(s)| 2] ds

2 N2Ta
3Mlly: — villg, +3M

IN

o
! 1 2 2
X /O (t =) [l supElly(s) — y"(s)ll3 + 13 BT sup Elly(s) — y*(s)[l342] ds

oyt
+3M§/ (t = &>V [wi P sup [[y: — y* (1)[3, + v5 Bi sup |ly: — y* (1)|[3,] ds
0

IN

1
Q

s * * ok 1 * * ok *
3 <12Mg + Mg[ﬁ(mﬂ + p3BY) + m(%ﬂ + VQBQ)]> lly —y H?gg

T2 | V1 V2
= 3(PPM,+ M2 |5 + —"—0 — ]| %.
So Il is a contraction by our assumption in (2.19). Hence, by Sadovskii’s fixed point theorem

we can conclude that the problem (2.1) has at least one solution on (—oo,T]. This completes

the proof of the theorem.
O
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2.3 An example.

In this section, we consider an example to illustrate our main theorem. We examine the existence

of solutions for the following fractional stochastic partial differential equation of the form

D} [u(t x)Jr/t a(t,z st)Q1(U(s,x))ds} = ;;[u(t,;p)+/t a(t,z,s — t)Q1(u(s, z))ds]
/ H(t,z, s — 1)Qa(u(s, z) d8+/tk e~ s s
0 t
0

x € (0,7, tE[Ob]t;étk
u(t,0) =0=wu(t,7), t>0
u(t,z) = ¢(t,x), te(—o00,0], x€][0,nr],

Au(t;)(z) = / qi(t; — s)u(s,x)ds, =€ [0,7],

(2.28)
where ((t) is a standard cylindrical Wiener process in H defined on a stochastic space (2, {F; }, F, P);
D} is the Caputo fractional derivative of order 0 < ¢ < 1;0 < t; <ty < ... < t, = T are prefixed
numbers; a, Q1, H, Q2,V, Q3 are continuous; ¢ € By,
Let H = L2([0,7]) with the norm || - ||. Define A:H — H by Ay = y” with the domain

D(A) = {y € H;y,y are absolutely continuous,y” € H and y(0) = y(7) =0} .

oo
Then, Ay = Z n2(y, Yn)Yn, Y € D(A), where y,(z) = \/gsm(nx),n =1,2,...,is the orthog-

n=1
onal set of eigenvectors of A. It is well known that A is the infinitesimal generator of an analytic

semigroup (T'(t));>0 in H is given by
t)y = Zexp " Yy, yn)yn, for all ye€H,t>0.
It follows from the above expressions that (7(¢))¢>0 is a uniformly bounded compact semigroup,

so that, R(\, A) = (AI — A)~! is a compact operator for all A\ € p(A).

t
1
Let h(s) = €%, s < 0, then | = / h(s)ds = 3 and define

—00

2llB,, =/ h(s) sup (E|¢(6)[?)2ds.

—00 $<0<0
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Hence for (t,¢) € [0,T] x By, where ¢(0)(y) = ¢(6,y), (0,y) € (—00,0] x [0,7]. Set u(t)(x)
u(t, z),

0
ot 6)(x) = /laﬁmﬁmdM@@Wﬁ
0"
f(t.6.Bu®)e) = [ H2,6)Qu(6(0))d8 + Bru(t)(o)
0

o(t, 6, Bou(t)) (z) =l/ V(t, 2,0)Qs(6(0) (2))d0 + Bau(t)(x),
0
L(6)(x) = / 4i(~0)6(6)(x)db),

— 0o
t t
where Biu(t) = / k(s,t)e”"*?)ds and Bou(t) = / p(s,t)e ™" ds. Then with these settings
0 0
the equations in (2.28) can be written in the abstract form of Eq. (2.1). All conditions of

Theorem 2.2.1 are now fulfilled, so we deduce that the system (2.28) has a mild solution on

(=00, T1.



Chapter 3

Almost periodic mild solutions for
stochastic delay functional differential
equations driven by a FBM

In the present chapter!, we investigate the existence and stability of quadratic-mean almost
periodic mild solutions for stochastic delay functional differential equations

{ de(t) = (Az(t) +b(t, (1), z¢))dt + oy (t)dBE (), te[0,T], (3.1)

z(t) = (1), —r <t<0, r >0,

where Bg = {Bg(t), t € [0,7]} is a fBm with Hurst index H € (3,1). For more detail we
refer the reader to (8, 46].

3.1 Preliminaries

In this section we introduce some notations, definitions, a technical lemmas and preliminary

fact which are used in what follows.
Let (2, F, (F,t € [0,7]),P) be a complete probability space with a filtration satisfying the

standard conditions. Let 7' > 0 and denote by T the linear space of R-valued step functions on
[0,T], that is, ¢ € T if

n—1

¢(75) = Z ZiX[ti,ti+1)(t)a

=1

!The chapter is based on the paper [20]

52
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where t € [0,T],z; e Rand 0 =t <ty <.<t, =T. For ¢ € T its Wiener integral with respect
to B is

n—1
/ o(s)dB" (s) = 3 zi(B" (ti21) — BY(1,).
=1

Let H be the Hilbert space defined as the closure of T with respect to the scalar product
{(X[0,4> X[0,5])# = Ru(t,s). Then the mapping

n—1 T
6= 3 (&) [ H(s)AB"(s)
i=1 0

is an isometry between Y and the linear space span{B¥ (t),t € [0,T]}, which can be extended

to an isometry between H and the first Wiener chaos of the fBm span™ @ {BH (t),t € [0,T]},
(see[34]). The image of an element ¢ € H by this isometry is called the Wiener integral of ¢

with respect to B,

Let us now consider the Kernel

t
Ky(t,s) = cys? H/ (u — s)HA=3/2H=1/2gy

Where cpr = (#H’;_)%))% , where 8 denoting the Beta function, and ¢ > s. It is not difficult

to see that

6KH t H_é H—%
Eo () = H()M 3 — )3,

Let Kp : Y +— L?([0,T]) be the linear operator given by

Kid(s /¢> ORI (1, sy

Then (Kuxp,.g)(s) = Ku(t, s)xjo4(s) is an isometry between T and L?*([0,7]) that can be
extended to H. Denoting L3,([0,T]) = {¢ € H,Ku¢ € L*([0,T])}. since H > 1/2, we have

L9 ((0,T)) € L3,([0,T)). (3.2)

Moreover the following result hold:
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Lemma 3.1.1 [34]. For ¢ € LI/H([O,TD,

H(2H — 1) / / )llé()llr — ul*2drdu < egl|gl17m o 1y)-

Let us now consider two separable Hilbert spaces (U, |-|v, (-, )v) and (V, ||y, (-, -)v), Let L(V,U)
denote the space of all bounded linear operator from V' to U and @ € L(V, V) be a non-negative

self adjoint operator. Denote by LOQ(V, U) the space of all £ € L(V,U) such that 5@5 is a

Hilbert-Schmidt operator. the norm is given by
1 *
[€l70, v = 1€Q2 Ifrs = tr(£QE).
Then € is called a @Q-Hilbert-Schmidt operator from V' to U.
Let {BX(t)},en be a sequence of two-side one-dimensional fBm mutually independent on the

complete probability space (2, F,P), {e,}nen be a complete orthonormal basis in V.
Define the V-valued stochastic process Bg (t) by

o0
=Y B (1H)Qzen,t > 0.
n=1
If @ is a non-negative self-adjoint trace class operator, then this series converges in the space V,

that is, it holds that Bg(t) € L?(, V). Then, we say that Bg(t) is a V-valued @Q-cylindrical
fBm with covariance operator Q. Let ¢ : [0,T] — L%(V, U) such that

s 1
> s ($Q2)enl| 2 om0y < oo (3.3)
n=1

Definition 3.1.1 Let ¢ : [0,7] — LOQ(V, U) satisfy (3.3). Then, its stochastic integral with

respect to the fBm Bg is defined fort > 0 as

/ b(s)dBH (s Z / $(5)QY2endB (s) Z / (K (0Q"en))(s)dW (5)

where W is a Wiener process.
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Notice that if

S 1
Z 1YQ2enl| 171 (01,0 < 005 (3.4)

n=1

then in particular (3.4) holds, which follows immediately from (3.3).

The following lemma is proved in [34] and obtained as a simple application of Lemma 3.1.1.

Lemma 3.1.2 ([34]). For any ¢ : [0,T] — L%(V, U) such that (3.4) holds, and for any o, 3 €
[0,T] with o« > B,

a 2 oo o 2
E ’ | w6aBg )| < cer - 1a-5°T 0S| [ ugie, ds
B U n—11/8 U
where ¢ = c(H). If in addition
Z ‘wQ%en v is uniformly convergent for te€[0,T], (3.5)
n=1
then
a 2 o
E‘/ﬁ ¢(s)ng(s) <cH(2H — 1)(a — ﬁ)(QH_l)/ﬁ t|¢(3)|i%(v7u)d5- (3.6)
U

For more detail (see [8]). Now, we recall the following

Definition 3.1.2 1. A stochastic process X : [0,T] — L?(Q,U) is said to be continuous,
provided that, for any s € [0,T], ész\X(t) — X(s)|% = 0.
—s

2. A stochastic process X : [0,T] — L*(Q,U) is said to be stochastically bounded, whenever
lim Pl X(t)[lv > N]=0.
N—o0

Let us consider the Banach space C([0, T]; L?(,U)) = C([0, T]; L*(Q, F,P,U)) of all continuous
and uniformly bounded processes from [0, 7] in to L?(€2, U) equipped with the sup norm.

Definition 3.1.3 A continuous stochastic process X : [0,T] — L*(Q,U) is said to be quadratic-

mean almost periodic, provided that, for each € > 0, the set

J(X,e):=<k: sup E[X(t+k) - Xt)|H <e
te[0,7)
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is relatively dense in R, i.e., there exists a constant ¢ = c(€) > 0 such that J(X,e)N[t,t+c| # @,
for any t € [0,T].

Denote the set of all quadratic-mean almost periodic stochastic processes by C ([0, 7], L3(Q,U)).
Notice that this set is a closed subspace of C([0,T]; L2(2,U)). therefore, C([0,T], L2(2,U))

equipped with the sup norm is a Banach space.

Definition 3.1.4 A function b(t,Y) : [0,T] x L*(Q,U) — L*(Q, V), which is jointly continuous,
is said to be quadratic-mean almost periodic in t € [0,T], uniformly for Y € K, where K C
L3(,U) is compact; if for any € > 0, there exists a constant c(e,K) > 0 such that any interval

of length c(e,K) contains at least a number k satisfying

sup (E|b(t +kY)— b(t,Y)\%/) < €,
t€[0,T]

for each stochastic process Y : [0,T] — K.
The collection of such functions will be denoted by C([0,T] x L2(Q,U)), L2(Q, V)).

The following lemma is also proved in [8].

Lemma 3.1.3 Let C([—r,0]; L2(Q, U)) be the space of all continuous functions from [—r,0] into
L?(Q,U) with the sup norm

HZHC*([—T,T};B(Q,U)) = sup{|Z(s)|u; Z € 5, —r <s <0},

K C L2(Q,U) x C([—r,00; L2(Q,U)) be a compact set. Assume that the function b(t,z,y)
[0,7] x L2(Q,U) x C([—r,0]; L2(Q,U)) — L2(Q,V)) be quadratic-mean almost periodic in t €
[0,T], uniformly for (z,y) € K; furthermore, there exists a constant c; > 0 such that

b(t,z,y) — b(t,:ﬁ,gj)@ <a (|x - j|2U +ly - g||52([,T70];L2(Q’U))) )
for t € [0,T] and (z,y),(Z,§) € L2(Q,U) x C([—r,0); L2(Q,U)), then for any quadratic-mean

almost periodic stochastic process v : [0,T] — L*(Q,U), the stochastic process t — b(t,(t), 1)

1s quadratic-mean almost periodic.
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3.2 Almost Periodic Mild Solutions

In this section we study the existence of quadratic-mean almost periodic mild solutions for

stochastic delay functional differential equations

de(t) = (Az(t) +b(t, (1), z:))dt + o (t)dBE (t), t€[0,T],

x(t) = o(t), —-r<t<0, r>0, (3.7)

where Bg (t) is the fractional Brownian motion which was introduced in the previous section,

the initial data ¢ € C([—r,0]; L*(Q,U)) is a function defined by ¢(s) = o(t +s),s € [—r,0],
and A : Dom(A) C U — U is the infinitesimal generator of a strongly continuous semigroup
S(.) on U, that is, for t > 0, it holds |S(t)|y < Me”, M > 1,p € R. The coefficients b :
[0,7] x U x C([—r,0);U) = U and oy : [0,T] — L%(U, V') are appropriate functions.

Definition 3.2.1 A U-valued process z(t) is called a mild solution of (3.7) if
z € C([—r, T); L2(Q,U)), x(t) = ¢(t) fort € [—r,0], and, for t € [0,T), satisfies

x(t) = S(t)p(0) + /0 S(t— s)b(s,z(s), xs)ds + /0 S(t — S)O'H(S)ng(S) P—a-s. (3.8)

Now, we state our first main result. We will make use of the following assumptions on the
coeflicients.
(Hb) The function b € C([0,T] x U x C,U), and there exists a constant ¢, > 0 such that

Ib(t, 2, y) — b(t, T, §)|5 < o (!w —&f+ly - ﬂl%) 7

where the space C is defined in Section 1, (z,), (Z,7) € U x C,t € [0, T).
(Hoy) The function oy : [0,7] — L2 o(U, V) satisfies the following conditions: for the complete

orthonormal basis {e;, }neny in V', we have

Z ||UHQ?€n||L2 ([0,7],0)

Z]aHt:E Q2€n|U is uniformly convergent for te€0,T].

t
Note that assumption (Hoy) immediately imply that, for every ¢ € [0,T], / lor(s)] %0 wv) <
0 Q@

Q.
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Theorem 3.2.1 Under the assumptions on A, the conditions (Hb) and (Hoy) , for every ¢ €

C([—r, T); LA, U)), Eq. (3.7) has a unique quadratic-mean almost periodic mild solution x

whenever
v =2MePT\/Te, < 1,

where ¢, 1S a positive constant.

Proof. We can assume that p > 0, otherwise we can take pg > 0 such that, for t > 0, [S(t)| <
MePot. Define the operator £ on 5’([0, T],U) by

(Lx)(t) = t)go(O)—i—/O s,m(s),:cs)ds+/0 S(t—s)aH(s)ng(s) (3.9)
)¢(0)

S( S(t — s)b(
S(t)p(0) + Px(t) + W(t). P—a-s.

Firstly, it suffices to show that ®x(.) is quadratic-mean almost periodic whenever x is quadratic-
mean almost periodic.

Indeed, assuming that x is quadratic-mean almost periodic, using condition (Hb) and Lemma
3.1.3, one can see that s +— b(s, z(s),zs) is quadratic-mean almost periodic. Therefore, for each

€ > 0, there exists c(e) > 0 such that any interval of length c(e) contains at least s satisfying

sup E|b(t + i, 2(t + ), Ton) — b, (1), 20)|Fr <

—_— 3.10
0<t<T (TMeFT)?’ (3.10)

for T > 0 fixed. Furthermore

E|®z(t + k) — Pz(t)|?

t t 2
/ S(t — $)b(s + k(s + k), o n)ds — / S(t — $)b(s, x(s), 2s)ds
0 0

= E

U

t
< ﬂE/ ’S(t — S) (b(S + H,«T(S + H)7xs+ff) - b(S,.’L’(S), xs))‘?] ds
0
t
< tMQeQ/’TIE/ 1S(t — ) (b(s + K, 2(8 + K), Ts1s) — b(s, 2(5), x5)) |7 ds
y
< TMZCZpT/ sup E‘b(’l’ + K, l‘(T + H), xT+H) - b(’]’, x(7_>7 xT))PUdS
0 0<7<s
< €

Secondly, for the chosen v > 0 small enough, we have
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E[U(t +v) — ¥(t)|? ,

t+v t
_ E /0 S(t + v — s)ou(s)dBE (s) - /0 S(t — s)or(s)dBH (s)
t t4v 2
< 2E /0 [St+v—s)—5(t— s)]aH(s)ng(s) +2E /t S(t— S)O’H(S)ng(S)
= 11 + Is.

Applying inequality (3.5) to I; we get

t
I < 20H(2H—1)t2H—1/ |S(t—s)(S(v)—Id)oH(S)I%oQ(U,V) ds
0
t
< 2cH(2H — 1)t2H1M262pT/ [(S(v) _Id)UH(S)EOQ(V,U) ds
0
t

< 2cH(2H — 1)t2H-1 42T (1 + e2f’“)/ |‘7H(3)|%2)(VU) ds.
O b
Applying now inequality (3.5) to Iy we obtain
t+v
I, < 2cH(2H — 1)U2H‘1M2e2"“/ IUH(S)IioQ(VU) ds.
0 b

We observe that the condition (Hop) ensures the existence of a positive constants ¢; and co

such that

t
2cH (2H — 1)t?H- 14?7 (1 + 62””)/ |O’H(S)|%oQ(V7U) ds < ey,
0

and

t+v
2cH(2H — 1)U2H1M262pv/ |0’H(8)|%%(VU) ds < cs.
0 b
Therefore, for the chosen v > 0 and all ¢ > 0 we have
E|U(t +v) — U(t)|]? <1+ o = c3.

From the above discussion, it is clear that the operator £ maps C([0,T],U) into itself.

Finally we claim that £ is a contraction mapping on C([0,T],U). We have
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2
E[(Lz)(t) — (Ly)(t)]* = E

/0 S(t — 5)[b(s, 2(s), s) — b(s, y(s), ys)lds

N2 /O Ib(s, 2(s), 25) — b5, y(s), ys) [Bds

t
< 2M2e2PTE/ sup |b(r,z(7), z;) — b(r,y(7),y:)|5ds
0 0<7<s
< 2T M?%e*Tey, sup <\x —ylf + ||z - y[%)
0<7r<s
< ATM2e*T sup ||z — y| |2
0<7<s
Hence,
1(L2)(t) = (Ly) ()] |oo < 2M " \/e3l|x = Ylloo = V][& = Yl|oo- (3.11)

As«y < 1,by (3.11), we know that £ is a contraction mapping. Hence, by the contraction mapping
principle, £ has a unique fixed point x, which obviously is the unique quadratic-mean almost
periodic mild solution to Eq. (3.7).

0

Now, we give another main result. We first need to state the following conditions:

(H') The semigroup {S(t)}:+>0 is bounded, i.e., there exists a constant M; > 0 such that
S| < M

(H'b) The function b € C([0,T x U x C,U), and for each natural number n, there exists a

function 7, : R — R such that

sup Elb(t, z(t), z)|3 < nu(t), for (z,2) € U x C,te[0,T);

|lz|<n

(H'op) The function o : [0;T] — L%(U, V), and there exists a function ¥ : R — R* such that

|UH(t)|%%(U7v) < ﬁ(t)v for te [O,T];

(H") Tim inf © < /0 b on(8)ds + tr(Q)cH(2H — )72 /0 ! ﬁ(s)ds) — 0 < 0.

n—oo n

Theorem 3.2.2 Let the conditions , (H'b), (Hoy) and (H") be satisfied. Then Eq. (3.7) has

a quadratic-mean almost periodic mild solution whenever QM? < %

Proof. Let L be the operator defined by (3.9). First, we use the Schauder fixed point theorem

to prove that £ has a fixed point. The proof will be given in several steps.
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Step 1. Let {z,} be a sequence such that z,, — . Using the continuity of b(t, z(t), z;) with
respect to x(t) and z¢, we get b(t, x,(t), (xn):) — b(t, x(t),x¢) as n — oco. For each 0 <t < T we

have

2

E[(Lan)(t) — (L) (t)]? E

/0 S(t— s)[b(s,zn(s), (xn)s) — b(s,z(s), xs)]|ds

< 2M12E/0 1b(s, 20 (5), (zn)s) — b(s, 2(s), z5)|Frds

IN

t
OMIE / Sup [b(r,@n(7), (n)s) — b(r, (7). 22) 2ds,
0

0<7<s

which implies that £ is continuous.

Step 2. Let D, = {z € C([0,T],U);|z| < n}, for each natural number n. We want to show
that the operator £ maps bounded sets into bounded sets, i.e. there exists a natural number n*
such that LD+ C Dy~ . If it is not true, then for each n, there exist x,, € D,, and t,, € [0,T]
such that Lz, (t,) > n. This, together with (H'), (H'b) , (H o) and (H") yields

no < |Laa(ty)? t t 2
Sp(0) + | Slin = (s, 0(s), (e)o)ds + [ S(tn — s)ou(s)dBE ()

= E

in

IN

3E|S(t)@(0)|* + 3E

0 " S(tn — s)ou(s)dBY (s)

T
SM2E | (0)? + 3/ E|S(t — 5)b(s, 2(s), 35)[ ds
0

S(tn — s)b(s,zn(s), (zn)s)ds
2

0
+3E

IN

T
+3M12tr(Q)cH(2H—1)T2H_1/ ]UH(S)\%%(MU)dS
0

IN

T T
3MZE |p(0)]* + 3M2 / Nn(s)ds + 3MAr(Q)cH(2H — 1)T*1 1 / I(s)ds.
0 0

(3.12)

Dividing both sides of (3.12) by n and taking the lower limit as n — 0o, one obtains

Mz (T M3t H(2H — 1)T?H-1 T
1 < liminf Snl / M (s)ds + SMitr(Q)eH( ) / I(s)ds.
0 0

n—00 n

This is a contradiction to the assumption Q]Wl2 < % Then LD« C Dyx.
Step 3. Let D} be a bounded set as in Step 2, and x € Dy« . Then for ¢; < t9 we have
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E|(Lx)(t2) — (La)(t)[7;

< SE[[S(ts) — S(t)](0)? + 3E|/0 " S(ts — 5)b(s, 2(s), zs)ds — 0 'St — $)b(s, 2(s), 3s)ds|?
+3E| OtQ S(ts — s)ou(s)dBY (s) - Otl S(ty — s)ou (s)dBY (s)?
< 3E|[S(t2) — S(t1)]e(0)[? ,
+3E ; ’ S(s)b(ta — s, x(t2 — 8), Tt,—s)ds — ; 1 S(s)b(t1 — s, x(t1 — 8), T4, —s)ds
+3E 0t2 S(s)ou(ts — s)ABH (s) Otl S(s)ou(t — s)dBE (s)
to 2
< E[S(t2) — (t1)]p(0)* + 6E t S(t)b(ty — s, 2(ty — 5), Tp,—s)ds
+6E Oh S(5)[b(ta — 5, (ts — 5),1,_s) — b(ts — 5, 2(ts — 5), 1,_s)]ds
t1 2 to 2
+6E ; S(s)ou(ta —s) —om(t1 — s)]ng(s) + 6E t S(s)om(ta — s)ng(s)

Applying (3.6) of Lemma 3.1.2, the assumptions (H'b) and (H o), we obtain

E|(Lz)(t2) — (Lz)(t1)[F,

< 3E|[S(t2) — S(t1)](0)* + 6M7 /tt2 E|b(ty — s,2(ts — 5), 24,—s)|* ds
1
+6M2 /Otl E [b(ts — 5, 2(fs — 5), 21, s) — blts — 5, 2(t1 — 5), 20, _s)|? ds
+6MEtr(Q)cH (2H — 1)T?H 1 /Otl lop(tz —s) —on(ty — 5)\%2?(1],&/) ds
+6M2tr(Q)cH (2H — 1)T*H -1 /t . low(ty — s)@% wv) ds
1
< BE[1S(2) ~ SO +6F [ (o)
1

to
+6M?2tr(Q)cH (2H — 1)T?H-1 I(ta — s)ds

t1
t1
+6M12/ E[b(ty — s,x(ta — 8), 24,—s) — b(t1 — s, 2(t1 — 8)7331:1—5)’2 ds
0

t1
+6M?2tr(Q)cH (2H — 1)T?H-1 / lor(ta —s) —om(ti — S)\ig(am ds.
0

Thus £ is equicontinuous.

It remains to prove that O(t) = {Lx(t);x € Dy+} is relatively compact in U. S(t) is compact
in U, since it is generated by the dense operator A. Then ©(0) = S(0)xq is relatively compact
inU.
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Now, for ¢ fixed and for each € € (0,t),z € D, we define Lcx(t) as follow

t—e t—e
Lex(t) = S(t)p(0) + ; S(t — s)b(s,x(s),xs)ds + ; S(t— S)O’H(S)ng(S). (3.13)

Then the sets O(t) = {Lex(t);x € Dp+} are relatively compact in U . Moreover, for each

x € Dy~ , one has

! t
nn(S)dS + tT(Q)cH(QH _ 1)T2H—1 /

t—e

alt) - Lol < 208 ( |

—€

ﬁ(s)ds) , (3.14)

from which, by combining the condition (H"), follows that there are relatively compact sets
arbitrarily close to O(t) and hence ©(t) is also relatively compact in U. Thus, the Arzela-Ascoli
theorem implies that LD} is relatively compact, and £ is completely continuous on Dy«.

As a consequence of Stepsl-3 together with the Schauder fixed point theorem, we deduce that £

has a fixed point in D,» which is a quadratic-mean almost periodic mild solution to Eq. (3.7).
O

Now, we give the third main result. In this sequence, we require the following assumptions.

(H"b) The function b € C([0,T] x U x C,U), and there exists a function 7 : R — RT such that

supBlb(t, 2(t), )} < n(t), for (z.z) €U x Gt € [0,T];
t t
(H") The integral / n(t —s)ds +tr(Q)cH (2H — 1)T?H7~1 / ¥(t — s)ds exists for all t € [0,T].
0 0
Theorem 3.2.3 Let the conditions (H'b), (H op) and (H") be satisfied. Then Eq. (3.7) has a
quadratic-mean almost periodic mild solution.

Proof. We shall also apply the Schauder fixed point theorem to prove this theorem. The proof
of Step 1 in this theorem is the same as the proof of Step 1 in Theorem 3.2.2 and so is omitted.

Now, we start our proof from Step 2.
Step 2. Let D = {x € 6’([0,T], U); x| <k}, where k = 3MJ (E|¢(0)|? + Ms) and M, is the
integral defined in (H”). We have

2

(L)) = E ’S(t)cp(()) + /0 S(s)b(t — s,z(t — s),x4—5)ds + /0 S(s)op(t — s)ng(s)

< 3M:E |<,0(O)\2 + 3/ E|S(s)b(t — s, z(t — s), xt_5)|2 ds
0
t
+3M32tr(Q)cH (2H — 1)T2H—1/0 lop(t — S)PL%(W) ds

IN

3M? (E p(0)> + /Otn(t — s5)ds + tr(Q)cH(2H — 1)T*~! /Ot I(t — s)ds) = k.
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Therefore, £L: D — D.
Step 3. Let D be a bounded set as in Step 2, t1 < t3 and x € D. We have

E|(Lx)(t2) — (Lx)(t1)]? ,
3E|S(t2) — S(t1)e(0))* + 6M12/ n(ty — s)ds + 6 M2 tr(Q)cH (2H — 1)T?H -1

t1

IN

to t1
X ﬁ(t—s)ds—i—GMlz/ E|b(ty — s, x(ty — 5), T4y—s) — b(ty — s, 2(t; — 8), 24, _)|* ds
0

t1

t1
+6M3ZcH (2H — 1)T2H—1tT(Q)/ lop(ta — 8) —om(ti — s)]%%(Uv)ds.
0 ?

Thus, £ is equicontinuous.

Set O(t) = {Lx(t) : = € D. Fix t, for each € € (0,t) and z € D. Let L. be the operator de-
fined by (3.13); then the sets O(t) = {Lcx(t) : © € D} are relatively compact in U. Meanwhile,
(3.15) implies that L, arbitrarily close to O(t) and O(t) is also relatively compact in U. Thus,

the ArzelaAscoli theorem implies that £D is relatively compact, £ is completely continuous on

D.
Finally, we can conclude from Step 1-2 that LD — D is continuous and completely continuous.

Thus, L has a fixed point in D by using the Schauder fixed point theorem. So, it follow that Eq.
(3.7) has at least a quadratic-mean almost periodic mild solution.
O

3.3 Stability

As in this section we first assume that the operator A is a closed linear operator generat-
ing a strongly continuous exponentially stable semigroup S(.) on U, that is, for ¢t > 0, it

holds |S(t)|y < Me ™, M,\ > 0. We also assume in addition to assumption (Hoy) that
oo

/ e)\s’gH(s)]%% w. V)ds < 00. Our first result on the stability of the quadratic-mean almost
O 7

periodic mild solution is the following theorem.

Theorem 3.3.1 Under the assumptions on A, the conditions (Hb) and (Hop), the quadratic-
mean almost periodic mild solution x(t) to Eq. (3.7) is globally exponentially stable.
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Proof. Using the assumptions, one can choose a positive constant 1 such that 0 < n < A. One

has
2

t
e"Elz(t)]? < 3e™E|S(t)p(0)|? + 3e™E / S(t— s)b(s,xz(s),xs)ds
0

¢ NG (3.15)
+e"E S(t —s)ou(s)dBg (s)
= 3¢™E|S(t)p(0)2 + I + L.
Estimating the terms on the right-hand side of (3.15) yields
3e™E|S(£)e(0))? < 3¢ PYMZE|p(0)> = 0 as t— oo, (3.16)

and

t t
I < 3¢" M, / e N7ds / e (Ja(s)f + %) ds.
0 0

For the chosen parameter 0, and any z(t) € U we have

t
Lo< (Mg /0 e ()} + la(3)]3) ds

t
= 3P /0 e (a(s)[f + ]} ) ds.

Now, for any € > 0, there exists a constant v > 0 such that e"*(|z(s — 7)[} < ¢, for s > v, and

we have

t
ho< 0ac [ e (la)f + o)) ds
v

v
Hae? [ e (o) + laa]) ds (3.17)
0

< OGRS 4 SMPape [ e (|a(s) [ + Il |2)ds.

Using the fact that e — 0 as t — oo, it follows that there exists a constant u > v such that

for any ¢t > wu,
9 2
M
§M2cbe*9t /OO e ([e(s)f + o) ds < e~ ° . (3.18)
Thus, from (3.17) and (3.18), we get for any ¢ > u,
¢ 2
I} = 4e"E / S(t— s)b(s,xz(s),xs)ds| <e,
0
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which implies

2

t
I, = 4e"E / S(t—s)b(s,z(s),zs)ds| — 0 as t— oo. (3.19)
0

Estimating Io, for any z(t) € U, t > —r, we have

IQ ds

IN

t
3cH(2H — 1) M22H 1o / e oy (s)[7
0 Q
t
3cH (2H — 1)M2t2H/0 lon (9)l7g @) ds:

(V)

IN

and the additional assumption to (Ho ) ensures the existence of a positive constant e such that
t
3cH(2H — 1)M2T2H/0 6A8|UH(S)|2L%(U’V)dS <e for all t>—r (3.20)

Thus, from (3.15), (3.19) and (3.20), we obtain €|z (s) — 0 as t — oo. The quadratic-

2
LY,(U.V)

mean almost periodic mild solution of (3.7) is exponentially stable.

O
Now we study the uniform stability of the quadratic-mean almost periodic mild solution to Eq.

(3.7). We first require the following assumption:
(H'b) The function b € C([0,T] x U x C,U), and there exists a function ¢, : R — RT such that

btz ) < eo(t) (Jaff + IlylfZ)

where (z,y) € U x C,t € [0,T).

Theorem 3.3.2 Under the assumptions (H'), (Hopy) and (H"b), the quadratic-mean almost

t
periodic mild solution to Eq. (3.7) is uniformly stable whenever M1 < & where I = / cp(s)ds.
0

Proof. Let z(t) be a solution of

z(t) = S(t)p(0) —|—/0 S(t—s)b(s,z(s),xs))ds + /0 S(t— S)UH(S)ng(S), (3.21)
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such that z(0) = xp, where 29 € U. Then

2

|z (t)[7 BE[S(t)¢(0)[* + 3E

IN

/0 S(t — s)b(s,z(s),xs)ds
t 2

/0 S(t—s)ou(s)dBg (s)

3MTE [(0)]* + SMf/O cp(s) (\x(s)!?f + IIxSI%) ds

t
+3M2cH (2H — 1)T2H—1L‘7“(Q)/ |0H(3)|%%(Uv)d8'
0 9

+3E

IN

Using the assumption (Hog) we obtain

ool < 32l + 6017 ([ o) el + s
= 3M7[|p(0)|13% + 6M7I||x] |3, + cs,
c3 is a positive positive constant.
Thus
()3 < 3ME||(0)][5 + 6MEI||z[[5, + cs,
6MZT < 1 yields

@)% <

1
—_— 3ME||e(0)1%) -
L < Tgar (@ 3MEIIROIE)

Therefore, if ||¢(0)||%, < A(e), then ||z||%, < e, which implies that the quadratic-mean almost
periodic mild solution to Eq. (3.7) is uniformly stable.

OJ
3.4 Example
Consider the following stochastic evolution equation:
de(tx) = [ Zablt ) + 3lE(t, ) (sin(t) + sin(V20)]| di + o ()ABE (1), ¢ € [0,1], € [0,7]
f(t,O) = f(ta 7T) =0,
f(t,fl?) - 90(157@ - 07 te [_Ta 0]7
(3.22)

where r € (0,1), (-, z) € 5([—7‘, 0], R) and Bg(t) is a Q-cylindrical fractional Brownian motion
with Hurst parameter H € (1,1) satisfying tr(Q) = 1. Denote U = L?(P; L?[0, ]), and define
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A:D(A) CU — U given by A = g—; with D(A) = {£{(.) e U : {" € U,& € U is absolutely
continuous on [0, 7],£(0) = &(7) = 0}.
It is well known that a strongly continuous semigroup S, generated by the operator A, satisfies

|S(t)] < e7t, for t > 0. Taking b(t, o, :)(0) = 0[p(6)(sin(t) + sin(v/2t))], and oy satisfies

assumption (Hogr). Thus one has
’b(t7 x, :Ut) - b(t7 Y, yt)|2U < 452|ZE - y|2U

Therefore, Eq. 3.20 has a quadratic-mean almost periodic mild solution, provided that, § < %
according to Theorem 3.2.2.

Let n,(t) = 6,(t) = 6%(sin(t) + sin(v/2tt))? for n € N, Eq. 3.20 has a quadratic-mean almos
periodic mild solution according to Theorem 3.2.2.

Let n(t) = 6,(t) = 62(sin(t) + sin(v/2tt))?, Eq. 3.22 has a quadratic-mean almost periodic
mild solution according to Theorem 3.2.3.
The quadratic-mean almost periodic mild solution to Eq. 3.22 is exponentially stable according
to Theorem 3.3.1.

The quadratic-mean almost periodic mild solution to Eq. 3.22 is uniformly stable, provided that,

0 < %aecording to Theorem 3.3.2.



Conclusion

In this thesis, We have studied the existence of mild solutions for a class of impulsive fractional
stochastic differential equations in Hilbert spaces, which is new and allow us to develop the exis-
tence of various fractional differential equations and stochastic fractional differential equations.
An example is provided to illustrate the applicability of the new result. The results presented in
this chapter extend and improve the corresponding ones announced by Dabas et al [15], Dabas

and Chauhan [15]|, Shu et al [40], Sakthivel et al [42] and others.

At the same time, We conquer the difficulty of existence of impulsive, delay and stochastic
factors in a dynamic system, and give a result for the existence and uniqueness of mean al-
most periodic solutions. Moreover, our results have important applications in almost periodic

stochastic delayed networks with impulsive stability.
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