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Chapter 1

(General introduction

Natural and Physical Sciences are traditionally attached to the understanding of the
underlying phenomenon observations by creating a model, whose validity and relevance
can be questioned during an experiment. It is through this dialectic between theory and
experimental work, that scientific knowledge progresses. To quote H. Poincaré Science
and Hypothesis, note that if science is built on facts learned, "an accumulation of facts
is no more a science than a heap of stones is a house”. Also, in developing his theory,
the scientist must constantly submit its assumptions verification by experiment and to
accomplish this validation work, " above all, the scientist must provide”.

That is to say, besides its eminently practical interest, the importance of the problem
of prediction, includes basis for the use of statistics for scientific purposes.

Obviously, the purpose of this thesis is much smaller compared to these epistemological
issues. This work deals with the prediction Statistics. It tackles this problem from a point
of view nonparametric.

Indeed, most of the physical phenomena in nature have a random element in their
structure, whereby the magnitudes are variable and can not be predicted with certainty.
It is then natural to adopt an approach Statistics. A probabilistic model is then supposed
to describe the behavior of the phenomenon, which evolves according to a probability law.

The approch discussed in this thesis is somewhat different. The probabilistic model
is nonparametric, and a sample of n pairs of random variables are observed (X;,v;);i =
1,...,n independent, identically distributed. It then tries to predict the sense of ex-
plaining the variable Y by the predictor variable X. The interest then focuses on the
parameter estimation of conditional position, constructed from a regression estimator.

For this purpose there is provided a new and studying the regression estimator (Chapters
2 and 3).



Let (X;,y;);i = 1,...,n independent samples identically distributed random variables
with real value (X,Y) sitting on a given probability space. To predict the response Y of
the input variable X at a given location x, it is of great interest to estimate the conditional
mean or the regression function E(Y/X = x) = r(x). A natural approach to estimate the

regression would be to exploit the identity

r(x) = E(Y/X = 1) = / uf (y/z)dy = / y%@

Where fxy and fx denote the joint density of (X,Y") and X , respectively. By introducing

the kernel estimator of Nadaraya-Watson regression , namely ,

YR V()
S K ()

()

However, its form as a quotient of two estimators, the probabilistic behavior of the
Nadaraya-Watson estimator is difficult to study. It is usually treated with a centering
waiting for the numerator and denominator of the inverse linearization, see e.g. Fan, J.
and Yao, Q. (2005 ) or Bosq, D. (1998 ) for details. As a result, the practical applications
of this estimator can lead to numerical instability when the denominator is close to zero.

So, What criteria can we choose to measure the performance of our prediction? Several
methods exist in the literature, however there is no method universally better than the

other.
To overcome these problems, we propose an estimator which is based on the idea

of using synthetic data, i,e. a data representation more adapted to the problem as the
original. By transforming the data by quantile transformations and using the copula

function, the estimator turns out to have a remarkable product form
Pa)=E(Y/X =x)=Ye(F(x),G(y))

His study then is particularly simple: it reduces to those already made on the estima-

tion of nonparametric regression.

Copula theory, following the works of Sklar in 1959, allows a flexible modeling of
dependence between two or more random variables. In recent years, the growing interest

for this theory is phenomenal. Thomas Mikosch stated that in September 2005, a Google



search on the term "copula" produced 650,000 results. Then, in January 2007, this same
query generates more than 1.13 million. Given the number of publications in scientific
journals and the number of papers available on Internet, it is undeniable that passion to
the copula theory is still booming.

The progress of applications of this theory is wide in the field of finance, risk manage-
ment, performance evaluation of assets, the valuation of derivatives, the extreme value
theory, contagion require flexible and practical models of addiction. The construction
and properties of copulas have been studied rather extensively during the last 15 years.
Hutchinson and Lai (1990) were among the early authors who popularized the study of
copulas. Nelsen (1999) presented a comprehensive treatment of bivariate copulas, while
Joe (1997) devoted a chapter of his book to multivariate copulas. Further authoritative
updates on copulas are given in Nelsen (2006). Copula methods have many important
applications in insurance and finance Cherubini et al. (2004) and Embrechts et al. (2003).

Briefly speaking, copulas are functions that join multivariate distributions to their
one-dimensional marginal distribution functions. Equivalently, copulas are multivariate
distributions whose marginals are uniform on the interval (0, 1). In this thesis, our
attention id restricted to bivariate copulas. Fisher (1997) gave two major reasons as
to why copulas are of interest to statisticians: firstly, as a way of studying scale-free
measures of dependence; and secondly, as a starting point for constructing families of

bivariate distributions.”
Specifically, copulas are an important part of the study of dependence between two

variables since they allow us to separate the effect of dependence from the effects of the
marginal distributions. This feature is analogous to the bivariate normal distribution
where the mean vectors are unlinked to the covariance matrix and jointly determine
the distribution. Many authors have studied constructions of bivariate distributions with
given marginals: This may be viewed as constructing a copula. Nonparametric estimators
of copula densities have been suggested by Gijbels and Mielnicsuk (1990) and Fermanian
and Scaillet (2005), who used kernel methods, Sancetta (2003) and Sancetta and Satchell
(2004), who used techniques based on Bernstein polynomials. Biau and Wegkamp (2006)
proposed estimating the copula density through a minimum distance criterion. Faugeras
(2008) in his thesis studied the quantile copula approach to conditional density estimation.

There is a fast-growing industry for copulas. They have useful applications in econo-
metrics, risk management, finance, insurance, etc. The commercial statistics software

SPLUS provides a module in FinMetrics that include copula fitting written by Carmona



(2004). Onme can also get copula modules in other major software packages such as R,
Mathematica, Matlab, etc. The International Actuarial Association (2004) in a paper on
Solvency II,1 recommends using copulas for modeling dependence in insurance portfolios.
Moodyis uses a Gaussian copula for modeling credit risk and provides software for it that
is used by many financial institutions. Basle 112, copulas are now standard tools in credit
risk management. There are many other applications of copulas, especially the Gaussian
copula, the extreme-value copulas, and the Archimedean copula. Now, we classify these

applications into several categories.

1.1 Some generalities on Copulas

The study of copulas and their applications in statistics is a rather modern phe-
nomenon. Until quite recently, it was difficult to even locate the word "copula" in the
statistical literature. There is no entry for "copula" in the nine volume Encyclopedia of
Statistical Sciences, nor in the supplement volume. However, the first update volume,
published in 1997, does have such an entry (Fisher 1997). The first reference in the
Current Index to Statistics to a paper using "copula" in the title or as a keyword is in
Volume 7 (1981) [the paper is (Schweizer and Wolff 1981)]-indeed, in the first eighteen
volumes (1975-1992) of the Current Index to Statistics there are only eleven references
to papers mentioning copulas. There are, however, 71 references in the next ten volumes
(1993-2002).

Further evidence of the growing interest in copulas and their applications in statistics
and probability in the past fifteen years is afforded by five international conferences de-
voted to these ideas: the "Symposium on Distributions with Given Marginals (Fréchet
Classes)" in Rome in 1990; the conference on "Distributions with Fixed Marginals, Dou-
bly Stochastic Measures, and Markov Operators" in Seattle in 1993; the conference on
"Distributions with Given Marginals and Moment Problems" in Prague in 1996; the con-
ference on "Distributions with Given Marginals and Statistical Modelling" in Barcelona in
2000; and the conference on "Dependence Modelling: Statistical Theory and Applications
in Finance and Insurance" in Québec in 2004. As the titles of these conferences indicate,
copulas are intimately related to study of distributions with "fixed" or "given" marginal

distributions. The published proceedings of the first four conferences (Dall’Aglio et al.
1991; Riischendorf et al. 1996; Benes and S’tépn 1997; Cuadras et al.2002) are among the

most accessible resources for the study of copulas and their applications.



What are copulas? From one point a view, copulas are functions that join or "couple"
multivariate distribution functions to their onedimensional marginal distribution func-
tions. Alternatively, copulas are multivariate distribution functions whose one-dimensional
margins are uniform on the interval (0,1). this chapter will be devoted to presenting a
complete answer to this question.

Why are copulas of interest to students of probability and statistics? As Fisher (1997)
answers in his article in the first update volume of the Encyclopedia of Statistical Sciences,
"Copulas |are| of interest to statisticians for two main reasons: Firstly, as a way of studying
scale-free measures of dependence; and secondly, as a starting point for constructing
families of bivariate distributions, sometimes with a view to simulation."

Proceed briefly to the history of the developement and the study of copulas. For
more details on those who participated in the evolution of the topic, see documents by
Dall’Aglio (1991) and Schweizer (1991) the work of the Conference of Rome and Article
Sklar (1996) acts conference in Seattle.

The word copula is a Latin noun that means "a link, tie, bond" (Cassell’s Latin Dic-
tionary) and is used in grammar and logic to describe "that part of a proposition which
connects the subject and predicate" (Oxford English Dictionary). The word copula was
first employed in a mathematical or statistical sense by Abe Sklar (1959) in the theorem
(which now bears his name) describing the functions that "join together" one-dimensional
distribution functions to form multivariate distribution functions .In (Sklar 1996) we have

the following account of the events leading to this use of the term copula:

Feron (1956), in studying three-dimensional distributions had introduced auziliary
functions, defined on the unit cube, that connected such distributions with their one-
dimensional margins. I saw that similar functions could be defined on the unit n-cube
for all m > 2 and would similarly serve to link n-dimensional distributions to their one-
dimensional margins. Having worked out the basic properties of these functions, I wrote
about them to Frechet, in English. He asked me to write a note about them in French.
While writing this, I decided I needed a name for these functions. Knowing the word "cop-
ula" as a grammatical term for a word or expression that links a subject and predicate, 1
felt that this would make an appropriate name for a function that links a multidimensional
distribution to its one-dimensional margins, and used it as such. Frechet received my note,
corrected one mathematical statement, made some minor corrections to my French, and
had the note published by the Statistical Institute of the University of Paris as Sklar (1959).

10



But as Sklar notes, the functions themselves predate the use of the term copula.
They appear in the work of Fréchet, Dall’Aglio, Féron, and many others in the study of
multivariate distributions with fixed univariate marginal distributions. Indeed, many of
the basic results about copulas can be traced to the early work of Wassily Hoeffding. In

(Hoeffding 1940, 1941) one finds bivariate "standardized distributions" whose support is

contained in the square [—3, 1]? and whose margins are uniform on the interval |

X 1 1}.

202
(As Schweizer (1991) opines, "had Hoeffding chosen the unit square [0,1] instead of
[—3, 3]? for his normalization, he would have discovered copulas.")

Hoeffding also obtained the basic best-possible bounds inequality for these functions,
characterized the distributions ("functional dependence") corresponding to those bounds,
and studied measures of dependence that are "scale-invariant," i.e., invariant under strictly
increasing transformations. Unfortunately, until recently this work did not receive the at-
tention it deserved, due primarily to the fact the papers were published in relatively
obscure German journals at the outbreak of the Second World War. However, they have
recently been translated into English and are among Hoeffdin’s collected papers, recently
published by Fisher and Sen (1994). Unaware of Hoeffding’s work, Fréchet (1951) inde-
pendently obtained many of the same results, which has led to the terms such as "Fréchet
bounds" and "Fréchet classes." In recognition of the shared responsibility for these impor-
tant ideas, we will refer to "Fréchet-Hoeffding bounds" and "Fréchet-Hoeffding classes."
After Hoeffding, Fréchet, and Sklar, the functions now known as copulas were rediscovered
by several other authors. Kimeldorf and Sampson (1975b) referred to them as uniform
representations, and Galambos (1978) and Deheuvels (1978) called them dependence func-

tions.
At the time that Sklar wrote his 1959 paper with the term "copula", he was collab-

orating with Berthold Schweizer in the development of the theory of probabilistic metric
spaces, or PM spaces. During the period from 1958 through 1976, most of the important
results concerning copulas were obtained in the course of the study of PM spaces. Recall
that (informally) a metric space consists of a set S and a metric d that measures "dis-
tances" between points, say p and ¢, in S. In a probabilistic metric space, we replace the
distance d(p,q) by a distribution function F,, , whose value F,,(z) for any real z is the
probability that the distance between p and ¢ is less than x. The first difficulty in the
construction of probabilistic metric spaces comes when one tries to find a "probabilistic"

analog of the triangle inequality d(p,r) < d(p,q) + d(q,r). What is the corresponding

11



relationship among the distribution functions F,,, F,, , and F, for all p,q, and 7 in S7
Karl Menger (1942) proposed Fy,.(z +y) > T(Fp,(z), Fyr(y)); where T' is a triangle norm
or t-norm. Like a copula, a t-norm maps [0, 1] to [0, 1], and joins distribution functions.
Some t-norms are copulas, and conversely, some copulas are t-norms. So, in a sense, it was
inevitable that copulas would arise in the study of PM spaces. For a thorough treatment
of the theory of PM spaces and the history of its development, see (Schweizer and Sklar
1983; Schweizer 1991).

Among the most important results in PM spaces-for the statistician is the class of
Archimedean t-norms, those t-norms T that satisfy T'(u,u) < w for all w in (0,1).
Archimedean t-norms that are also copulas are called Archimedean copulas. Because
of their simple forms, the ease with which they can be constructed, and their many nice
properties, Archimedean copulas frequently appear in discussions of multivariate distribu-
tions - see, for example, (Genest and MacKay 1986a,b; Marshall and Olkin 1988; Joe
1993, 1997).

We now turn our attention to copulas and dependence. The earliest paper explic-
itly relating copulas to the study of dependence among random variables appears to be
(Schweizer and Wolff 1981). In that paper, Schweizer and Wolff discussed and modified
Rényi’s (1959) criteria for measures of dependence between pairs of random variables, pre-
sented the basic invariance properties of copulas under strictly monotone transformations
of random variables, and introduced the measure of dependence now known as Schweizer

and Wolft’s ¢. In their words, since

. under almost surely increasing transformations of (the random variables), the cop-
ula is invariant while the margins may be changed at will, it follows that it is precisely the
copula which captures those properties of the joint distribution which are invariant under
almost surely strictly increasing transformations. Hence the study of rank statistics-insofar
as it 1s the study of properties invariant under such transformations-may be characterized

as the study of copulas and copula-invariant properties.

Of course, copulas appear implicitly in earlier work on dependence by many other
authors, too many to list here, so we will mention only two. Foremost is Hoeffding. In
addition to studying the basic properties of "standardized distributions" (i.e., copulas),
Hoeffding (1940, 1941) used them to study nonparametric measures of association such

as Spearman’s rho and his "dependence index" ¢?. Deheuvels (1979, 1981a,b,c) used

12



"emperical dependence functions" (i.e., empirical copulas, the sample analogs of copulas)
to estimate the population copula and to construct various nonparametric tests of inde-
pendence. Section 1.1.2 is devoted to an introduction to the role played by copulas in the
study of dependence.

The study of copulas and the role they play in probability, statistics, and stochastic
processes is a subject still in its infancy. There are many open problems and much work

to be done.

1.1.1 Definitions and Basic Properties

As we have just refer that the copulas are "functions or join multivariate distribution
functions to their one-dimensional marginal distribution functions" and also "distribution
functions whose one-dimensional margins are uniform". But neither of these statements
is a definition-hence we will devote this section to giving a precise definition of copulas
and to examining some of their elementary properties.

But first we present a glimpse of where we are headed. Consider for a moment a pair
of random variables X and Y, with distribution functions F'(z) = P[X < z] and G(y) =
PJY < y], respectively, and a joint distribution function H(z,y) = P[X < z,Y < y] (we
will review definitions of random variables, distribution functions, and other important
topics as needed in the course of this chapter). To each pair of real numbers (z,y) we
can associate three numbers: F'(z),G(y), and H(x,y). Note that each of these numbers
lies in the interval [0, 1]. In other words, each pair (z,y) of real numbers leads to a point
(F(z),G(y)) in the unit square [0, 1] x [0, 1], and this ordered pair in turn corresponds to a
number H(z,y) in [0, 1]. We will show that this correspondence, which assigns the value of
the joint distribution function to each ordered pair of values of the individual distribution
functions, is indeed a function. Such functions are copulas. To accomplish what we
have outlined above, we need to generalize the notion of "nondecreasing" for univariate
functions to a concept applicable to multivariate functions. We begin with some notation

and definitions. Throughout this work we limit ourselves to two-dimensional case.

1.1.1.1 Preliminaries

The focus of this section is the notion of a "2-increasing" function-a two-dimensional

analog of a nondecreasing function of one variable. But first we need to introduce some

notation. We will let R denote the ordinary real line (—o0o,o0), R denote the extended
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real line [—o0, o], and R denote the extended real plane R x R. A rectangle in R is
the Cartesian product B of two closed intervals: B = [x1, 23] X [y1,y2] . The vertices of
a rectangle B are the points (x1,v1), (71, %2), (T2, 1), and (z2,y2). The unit square I? is

the product I x I where I = [0, 1]. A 2-place real function H is a function whose domain,
DomH, is a subset of R” and whose range, RanH, is a subset of R.
Definition 1.1.1. Let S; and Sy be nonempty subsets of R, and let H be a two-place real

function such that DomH = Sy X Sy. Let B = [x1, ] X [y1,y2] be a rectangle all of whose

vertices are in DomH. Then the H-volume of B is given by
Vi(B) = H(xz,y2) — H(w2,y1) — H(z1,y2) + H(z1,31). (1.1)
Note that if we define the first order differences of H on the rectangle B as
AL = H(xz,y) — H(z1,y) and AP = H(z,y2) — H(z,y1),
then the H-volume of a rectangle B 1is the second order difference of H on B,
Viu(B) = ARATH (2, y).

Definition 1.1.2. A 2-place real function H is 2-increasing if Vi (B) > 0 for all rectangles
B whose vertices lie in DomH. When H is 2-increasing, we will occasionally refer to the
H-volume of a rectangle B as the H-measure of B. Some authors refer to 2-increasing
functions as quasi-monotone. We note here that the statement "H is 2-increasing"” neither

implies nor is implied by the statement "H is nondecreasing in each argument”.

The following lemmas will be very useful in the next section in establishing the con-
tinuity of subcopulas and copulas. The first is a direct consequence of Definitions 1.1.1
and 1.1.2.

Lemma 1.1.1. [Nelsen (2006)] Let Sy and Sy be nonempty subsets of R, and let H be
a 2-increasing function with domain S; X So. Let xq,x9 be in Sy with x1 < xy , and let
Y1, Y2 be in Sy with y; < yo . Then the function t — H(t,y2) — H(t,y1) is nondecreasing

on Sy, and the function t — H(xq,t) — H(x1,t) is nondecreasing on Ss.

As an immediate application of this lemma, we can show that with an additional

hypothesis, a 2-increasing function H is nondecreasing each argument. Suppose S; has

14



a least element a; and that S5 has a least element ay, . We say that a function H from
S1 x Sy into R is grounded if H(x,a2) = 0= H(ay,y) for all (x,y) in S; x Sy. Hence we

have

Lemma 1.1.2. [Nelsen (2006)] Let Sy and Sy be nonempty subsets of R, and let H be a

grounded 2-increasing function with domain Sy X So. Then H is nondecreasing in each

argument.

DomF = Sy, and F(z) = H(z,by) for all x in Sy;
DomG = Sy, and G(y) = H(by,y) for all y in S,.

Lemma 1.1.3. Let S; and Sy be nonempty subsets of R, and let H be a grounded 2-
increasing function, with margins, whose domain is S; X Sy. Let (x1,y1) and (x2,ys2) be

any points in S1 X Sy. Then
|H (22, y2) — H(z1,y1)| < [F(22) — F(z1)| + |G(y2) — G(y1)].

1.1.1.2 Copulas

We are now in a position to define the functions-copulas that are the subject of this

chapter. To do so, we first define subcopulas as a certain class of grounded 2-increasing

functions with margins; then we define copulas as subcopulas with domain I2.

Definition 1.1.3. A two-dimensional subcopula (or 2-subcopula, or briefly, a subcopula)

is a function C with the following properties:

1. DomC' = 8; x Sy, where Sy and Sy are subsets of I containing 0 and 1;

2. C" is grounded and 2-increasing;

3. For every u in S, and every v in Ss,
C'(u,1) =u and C'(1,v) = v. (1.2)

Note that for every (u,v) in DomC",0 < C'(u,v) < 1, so that RanC'" is also a
subset of I.
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Definition 1.1.4. A two-dimensional copula (or 2-copula, or briefly, a copula) is a 2-
subcopula C whose domain is I°.

Equivalently, a copula is a function C from I* to I with the following properties:

1. For every u,v in I,
C(u,0) =0=C(0,v) (1.3)

and
C(u,1) =u and C(1,v) = v; (1.4)

2. For every uy, us, vy, vy tn I such that u; < ug and vy < vg

C(Ug, Ug) — C(Ug, Ul) — C(Ul, UQ) + C(Ul, Ul) 2 0. (15)

Because C(u,v) = V([0,u] x [0,v]) , one can think of C(u,v) as an assignment of a
number in I to the rectangle [0,u] x [0,v] . Thus (1.5) gives an "inclusion-exclusion” type
formula for the number assigned by C to each rectangle [uy, us] X [v1,v9] in I? and states
that the number so assigned must be nonnegative.

The distinction between a subcopula and a copula (the domain) may appear to be a
minor one, but it will be rather important in the next section when we discuss Sklar’s
theorem. In addition, many of the important properties of copulas are actually properties

of subcopulas.

Theorem 1.1.1. Let C' be a subcopula. Then for every (u,v) in DomC',
max(u +v — 1,0) < C (u,v) < min(u, v). (1.6)

Because every copula is a subcopula, the inequality in the above theorem holds for
copulas. Indeed, the bounds in (1.6) are themselves copulas and are commonly denoted
by M(u,v) = min(u,v) and W(u,v) = max(u + v — 1,0) . Thus for every copula C' and
every (u,v) in I?

W(u,v) < C(u,v) < M(u,v). (1.7)

Inequality (1.7) is the copula version of the Fréchet-Hoeffding bounds inequality, which

we shall encounter later in terms of distribution functions. We refer to M as the Fréchet-
Hoeffding upper bound and W as the Fréchet-Hoeffding lower bound. A third important

copula that we will frequently encounter is the product copula II(u, v) = wv. The following
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theorem, which follows directly from Lemma 1.1.3, establishes the continuity of subcopulas

and hence of copulas via a Lipschitz condition on I2.

Theorem 1.1.2. [Nelsen (2006)] Let C' be a subcopula. Then for every (uy,us), (vi,vs)
in Dom(C",
1C" (12, v3) — C (ug,v1)| < |ug — ug| + |va — 0. (1.8)

/ . . . . .
Hence C' s uniformly continuous on its domain.

The sections of a copula will be employed in section 1.1.2 to provide interpretations

of certain dependence properties.

Definition 1.1.5. Let C be a copula, and let a be any number in I. The horizontal section
of C at a is the function from I to I given by t — C(t,a); the vertical section of C at
a is the function from I to I given by t — C(a,t); and the diagonal section of C is the
function ¢ from I to I defined by 6c(t) = C(t,1).

The following corollary is an immediate consequence of Lemma 1.1.2 and Theorem
1.1.2.

Corollary 1.1.1. /[Nelsen (2006)] The horizontal, vertical, and diagonal sections of a

copula C' are all nondecreasing and uniformly continuous on I.

Various applications of copulas that we will encounter in later sections of this chapter
involve the shape of the graph of a copula, i.e., the surface z = C(u,v). It follows
from Definition 1.1.4 and Theorem 1.1.2 that the graph of any copula is a continuous
surface within the unit cube I® whose boundary is the skew quadrilateral with vertices
(0,0,0),(1,0,0),(1,1,1), and (0,1, 0); and from Theorem 1.1.1 that this graph lies between
the graphs of the Fréchet-Hoeffding bounds, i.e., the surfaces z = M(u,v) and z =
W(u,v). In Figure 1.1 we present the graphs of the copulas M and W, as well as the
graph of II, a portion of the hyperbolic paraboloid z = uwv.

A simple but useful way to present the graph of a copula is with a contour diagram
(Conway 1979), that is, with graphs of its level sets-the sets in I? given by C(u,v) = a
constant, for selected constants in 7. In Figure 1.2 we present the contour diagrams of the
copulas M, IT,and W. Note that the points (¢,1) and (1,¢) are each members of the level
set corresponding to the constant ¢. Hence we do not need to label the level sets in the

diagram, as the boundary conditions C(1,t) =t = C(¢,1) readily provide the constant
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Figure 1.1: Graphs of the copulas M, II, and W.

for each level set.

Y
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Y

Mu,v) T,v) Wlu,v)

Figure 1.2: Contour diagrams of the copulas M, II, and W.

Also note that, given any copula C, it follows from (1.7) that for a given ¢ in I the
graph of the level set {(u,v) € I?/C(u,v) =t} must lie in the shaded triangle in Figure
1.3, whose boundaries are the level sets determined by M (u,v) =t and W (u,v) = t.

We conclude this subsection with the two theorems concerning the partial derivatives

of copulas. The word "almost" is used in the sense Lebesgue measure.

Theorem 1.1.3. Let C be a copula. For any v in I, the partial derivative ac{.gZ’U) erists

for almost all u, and for such v and u,

0C (u,v)
< —=< .
0< gy = 1 (1.9)
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\

Figure 1.3: The region that contains the level set {(u,v) € I?/C(u,v) = t}.

Similarly, for any u in I, the partial derivative % exists for almost all v, and for such

u and v,

<1 (1.10)

C'(u,v u,v)

Furthermore, the functions u > g B0 ) and v — % are defined and nondecreasing

almost everywhere on I.

Theorem 1.1.4. [Nelsen (2006)] Let C' be a copula. If 8CéZ’U) and 82%;;”) are continous

on I? and —808(“’U)

exists for all u € (0,1) when v =0, then

0C (u,v) 92C (u,v) ., 2 9%2C (u,v) __ 02C(u,v)
g and —-5= exist in (0,1)% and =5 5 = 5 5~

1.1.1.3 Sklar’s Theorem

The theorem in the title of this subsection is central to the theory of copulas and is the
foundation of many, if not most, of the applications of that theory to statistics. Sklar’s
theorem elucidates the role that copulas play in the relationship between multivariate
distribution functions and their univariate margins. Thus we begin this section with a

short discussion of distribution functions.
Definition 1.1.6. A distribution function is a function F with domain R such that

1. F 1is nondecreasing,

2. F(—o00) =0 and F(o0) = 1.
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Definition 1.1.7. A joint distribution function is a function H with domain R’ such that
1. H 1s 2-increasing,

2. H(x,—00) = H(—00,y) =0, and H(co,00) = 1.

Thus H 1is grounded, and because DomH = R , H has margins F and G given by
F(x) = H(x,00) and G(y) = H(oo,y). By virtue of Corollary 1.1.1, F and G are

distribution functions.

Note that there is nothing "probabilistic” in these definitions of distribution functions.
Random variables are not mentioned, nor is leftcontinuity or right-continuity. All the
distribution functions of one or of two random variables usually encountered in statistics
satisfy either the first or the second of the above definitions. Hence any results we derive
for such distribution functions will hold when we discuss random variables, regardless of

any additional restrictions that may be imposed.

Theorem 1.1.5 (Sklar’s Theorem). [Nelsen (2006)] Let H be a joint distribution function
with margins F and G. Then there exists a copula C such that for all z,y in R,

H(z,y) = C(F(x), G(y)). (1.11)

If F' and G are continuous, then C is unique; otherwise, C' is uniquely determined on
RanF x RanG. Conversely, if C' is a copula and F and G are distribution functions,
then the function H defined by (1.11) is a joint distribution function with margins F and
G.

This theorem first appeared in (Sklar 1959). The name "copula" was chosen to empha-
size the manner in which a copula "couples" a joint distribution function to its univariate
margins. The argument that we give below is essentially the same as in (Schweizer and
Sklar 1974). Also it is very important because it allows to associate with each a two-
dimensional distribution copula. The equation (1.11) gives a canonical representation of
the distribution function H, by bringing one side, the distributions F' and G of unidi-
mentionnelles distributions and on the other side, the copula which allows "be cemented"
these margins; this copula expresses the dependence between the one-dimensional func-

tions.

Thus, it requires two lemmas.
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Lemma 1.1.4. Let H be a joint distribution function with margins F and G. Then there

exists a unique subcopula C' such that
1. DomC" = RanF x RanG,
2. For all z,y in R, H(z,y) = C' (F(z),G(y)).

Lemma 1.1.5. [Nelsen (2006)] Let C" be a subcopula. Then there exists a copula C' such
that C(u,v) = C'(u,v) for all (u,v) in DomC'; i.c., any subcopula can be extended to a

copula. The extension is generally non-unique.

Now, Using the theorem of Sklar, we can express the density of a random vector
(X,Y) depending on the density of the copula and its margins F' and G by the following

definition :

Definition 1.1.8. Let H be a joint distribution function absolutely continuous with mar-

gins F and G, and C the copula such that for all z,y in R:
H(z,y) = C(F(z),G(y)).

Then we assume that the copula function C(u,v) has a density c(u,v) with respect to

the Lebesgue measure on [0, 1)% in such a way that c(u,v) := % and that F and G are

strictly increasing and differentiable with densities f and g. C(u,v) and c(u,v) are then
the cumulative distribution function (c.d.f.) and density respectively of the transformed
variables (U, V) = (F(z),G(y)). By differentiating formula of H(x,y), we get for the joint
density,

hl,y) = ordy —  Odxr Oy  OF(x)0G(y

Equation (1.11) gives an expression for joint distribution functions in terms of a copula
and two univariate distribution functions. But (1.11) can be inverted to express copulas
in terms of a joint distribution function and the "inverses" of the two margins. However,
if a margin is not strictly increasing, then it does not possess an inverse in the usual sense.
Thus we first need to define "quasi-inverses" of distribution functions (recall Definition
1.1.6).
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Definition 1.1.9. Let I be a distribution function. Then a quasi-inverse of F is any

function FCY with domain I such that

1. ift is in RanF, then FCY(t) is any number x in R such that F(x) =t, i.e., for all
t in RankF,

2. if t 1s not in RanF', then
FOV(t) = inf {z/F(z) >t} = sup {z/F(z) < t}.

If I is strictly increasing, then it has but a single quasi-inverse, which is of course the

ordinary inverse, for which we use the customary notation F~1.

Using quasi-inverses of distribution functions, we now have the following corollary to

Lemma 1.1.4.

Corollary 1.1.2. [Nelsen (2006)] Let H, F, G, and C" be as in Lemma 1.1.4, and let F(-Y)

and GV be quasi-inverses of F and G, respectively. Then for any (u,v) in DomC",

!

C'(u,v) = HFTY (u), GV (v)). (1.12)

When F' and G are continuous, the above result holds for copulas as well and provides

a method of constructing copulas from joint distribution functions.

1.1.1.4 The Fréchet-Hoeffding Bounds for Joint Distribution Functions

In Subsect. 1.1.1.2 we encountered the Fréchet-Hoeffding bounds as universal bounds

for copulas, i.e., for any copula C' and for all u,v in I,
W(u,v) = max(u+v —1,0) < C(u,v) < min(u,v) = M(u,v).

As a consequence of Sklar’s theorem, if X and Y are random variables with a joint

distribution function H and margins F and G, respectively, then for all z,y in R,
max(F(z) + G(y) - 1,0) < H(z,y) < min(F(z), G(y)) (1.13)

Because M and W are copulas, the above bounds are joint distribution functions and

are called the Fréchet-Hoeffding bounds for joint distribution functions H with margins
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F and G. Of interest in this section is the following question: What can we say about
the random variables X and Y when their joint distribution function H is equal to one
of its Fréchet-Hoeffding bounds?

To answer this question, we first need to introduce the notions of nondecreasing and

. . . =2
nonincreasing sets in R".

Definition 1.1.10. A subset S of R is nondecreasing if for any (x,y) and (u,v) in
S,x < u implies y < v. Similarly, a subset S of R is nonincreasing if for any (r,y) and
(u,v) in S,x < u implies y > v.

The following figure illustrates a simple nondecreasing set.

e

A

Figure 1.4: The graph of a nondecreasing set.

We will now prove that the joint distribution function H for a pair (X,Y") of random
variables is the Fréchet-Hoeffding upper bound (i.e., the copula is M) if and only if the
support of H lies in a nondecreasing set. The following proof is based on the one that

appears in (Mikusiniski, Sherwood and Taylor 1991-1992). But first, we need two lemmas:

Lemma 1.1.6. Let S be a subset of R>. Then S is nondecreasing if and only if for each
(x,y) in R’ , either

1.
for all (u,v) in S;u <z implies v <vy; or (1.14)

for all (u,v) in S,v <y implies u < z. (1.15)
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Lemma 1.1.7. Let X and Y be random variables with joint distribution function H.

Then H is equal to its Fréchet-Hoeffding upper bound if and only if for every (z,vy) in R
, either
PX>z,Y<yl=0 or PIX<uzY >y|=0.

We are now ready to prove

Theorem 1.1.6. Let X and Y be random variables with joint distribution function H.
Then H is identically equal to its Fréchet-Hoeffding upper bound if and only if the support

of H is a nondecreasing subset of R .

Theorem 1.1.7 (Nelsen (2006)). Let X and Y be random variables with joint distribution
function H. Then H 1s identically equal to its Fréchet-Hoeffding lower bound if and only

if the support of H is a nonincreasing subset of R

When X and Y are continuous, the support of H can have no horizontal or vertical
line segments, and in this case it is common to say that "Y is almost surely an increasing
function of X" if and only if the copula of X and Y is M; and "Y is almost surely a
decreasing function of X" if and only if the copula of X and Y is W. If U and V are
uniform (0, 1) random variables whose joint distribution function is the copula M, then
PlU = V] = 1; and if the copula is W, then P[U +V =1] = 1.

Random variables with copula M are often called comonotonic, and random variables

with copula W are often called countermonotonic.

1.1.2 Dependence

In this section, we explore ways in which copulas can be used in the study of depen-
dence or association between random variables. As Jogdeo (1982) notes,

Dependence relations between random variables is one of the most widely studied sub-
jects in probability and statistics. The nature of the dependence can take a variety of
forms and unless some specific assumptions are made about the dependence, no meaning-
ful statistical model can be contemplated.

There are a variety of ways to discuss and to measure dependence. As we shall see,
many of these properties and measures are, in the words of Hoeffding (1940, 1941), "scale-
invariant”, that is, they remain unchanged under strictly increasing transformations of

"

the random variables. As we noted in the Introduction, "...it is precisely the copula which
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captures those properties of the joint distribution which are invariant under almost surely
strictly increasing transformations" (Schweizer and Wolff 1981). The focus of this section
is an exploration of the role that copulas play in the study of dependence.

Dependence properties and measures of association are interrelated, and so there are
many places where we could begin this study. Because the most widely known scale-
invariant measures of association are the population versions of Kendall’s tau and Spear-
man’s rho, both of which "measure" a form of dependence known as concordance, we will
begin there.

A note on terminology: we shall reserve the term "correlation coefficient" for a measure
of the linear dependence between random variables (e.g., Pearson’s product-moment cor-
relation coefficient) and use the more modern term "measure of association" for measures

such as Kendall’s tau and Spearman’s rho.

1.1.2.1 Concordance

Informally, a pair of random variables are concordant if "large" values of one tend
to be associated with "large" values of the other and "small" values of one with "small"
values of the other. To be more precise, let (z;,y;) and (z;,y;) denote two observations
from a vector (X,Y") of continuous random variables. We say that (z;, ;) and (z;,y;) are
concordant if z; < x; and y; < y; , or if x; > x; and y; > y; . Similarly, we say that
(xi,v;) and (x;,y;) are discordant if x; < z; and y; > y; or if x; > z; and y; < y; . Note
the alternate formulation: (z;,v;) and (x;,y,) are concordant if (x; — z;)(y; —y;) > 0 and

discordant if (x; — z;)(y; — y;) < 0.

1.1.2.2 Kendall’s tau

The sample version of the measure of association known as Kendall’s tau is defined
in terms of concordance as follows (Kruskal 1958; Hollander and Wolfe 1973; Lehmann
1975): Let {(x1,11), (22, ¥2), .-, (Tn, yn)} denote a random sample of n observations from
a vector (X,Y) of continuous random variables. There are (n,2) distinct pairs (z;,y;) and
(x,y;) of observations in the sample, and each pair is either concordant or discordant-let
¢ denote the number of concordant pairs and d the number of discordant pairs. Then

Kendall’s tau for the sample is defined as

c—d
c+d

=(c—d)/(n,2) (1.16)

T =
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Equivalently, 7 is the probability of concordance minus the probability of discordance
for a pair of observations (x;,v;) and (z;,y;) that is chosen randomly from the sample.
The population version of Kendall’s tau for a vector (X,Y’) of continuous random vari-
ables with joint distribution function H is defined similarly. Let (Xi,Y]) and (X5, Y5)
be independent and identically distributed random vectors, each with joint distribution
function H. Then the population version of Kendall’s tau is defined as the probability of

concordance minus the probability of discordance:

In order to demonstrate the role that copulas play in concordance and measures of
association such as Kendall’s tau, we first define a "concordance function" (), which is the
difference of the probabilities of concordance and discordance between two vectors (X7, Y})
and (X3, Y5) of continuous random variables with (possibly) different joint distributions
H, and Hs , but with common margins F and G. We then show that this function
depends on the distributions of (X1, Y]) and (X3, Y5) only through their copulas.

Theorem 1.1.8. Let (X1,Y)) and (Xs,Y3) be independent vectors of continuous random
variables with joint distribution functions Hy and Hsy, respectively, with common margins
F (of X1 and X5) and G (of Y1 andY,). Let Cy and Cy denote the copulas of (X1,Y1) and
(X2, Y2), respectively, so that Hi(x,y) = C1(F(x),G(y)) and Ha(x,y) = Co(F(x), G(y)).
Let QQ denote the difference between the probabilities of concordance and discordance of
(X1, Y1) and (Xs,Ys), i.e., let

Q = Pl(X1 — X2)(Yi — Ya) > 0] — P[(X1 — Xo)(¥ — Y3) < 0], (L18)

Then
Q= Q(Ch,Cy) = 4/ Co (1, 0)dC) (u, ) — 1. (1.19)

12

Because the concordance function () in Theorem 1.1.8 plays an important role through-

out this subsection, we summarize some of its useful properties in the following corollary.
Corollary 1.1.3. [Nelsen (2006)] Let Cy,Cy, and Q be as given in Theorem 1.1.8. Then

1. Q is symmetric in its arguments: Q(Cy,Cy) = Q(Cq, C1).
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2. Q is nondecreasing in each argument: if C; < O} and Cy < Cy for all (u,v) in I?,
then Q(Ch CQ) < Q(Ciu Cé)

3. Copulas can be replaced by survival copulas in Q, i.e., Q(Cy,Cs) = Q(C’l,é'2).

Theorem 1.1.9. [Nelsen (2006)] Let X and Y be continuous random variables whose
copula is C. Then the population version of Kendall’s tau for X and Y (which we will

denote by either Txy, or 7¢ ) is given by

Txy =Tc = Q(C,C) = 4//12 C(u,v)dC(u,v) — 1. (1.20)

Thus Kendall’s tau is the first "concordance axis" in the figure below. Note that the
integral that appears in (1.20) can be interpreted as the expected value of the function

C(U, V) of uniform (0,1) random variables U and V' whose joint distribution function is
C,ie.,

o =4E(C(U,V)) - L (1.21)
(C=) Q(C.0) Q(C.ID) Q(CM) Q(C.W)

A A A A

/ M\ T +1 T +1/3 T +1 +0
ZINN

I\

10 10 T +1/3 1 -1/3

+ -1 +-1/3 10 41

Figure 1.5: The partially ordered set (C, <) and several "concordance axes".

When the copula C' is a member of a parametric family of copulas (e.g., if C'is denoted
Cy or Cy g, ), we will write 7y and 7, g, rather than 7¢, and 7¢, ,, respectively.

In general, evaluating the population version of Kendall’s tau requires the evaluation
of the double integral in (1.20). For an Archimedean copula, the situation is simpler, in
that Kendall’s tau can be evaluated directly from the generator of the copula, as shown

in the following corollary (Genest and MacKay 1986a,b). Indeed, one of the reasons
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that Archimedean copulas are easy to work with is that often expressions with a one-
place function (the generator) can be employed rather than expressions with a two-place

function (the copula).

Corollary 1.1.4. [Nelsen (2006)] Let X andY be random variables with an Archimedean
copula C generated by ¢ in ). The population version 7¢ of Kendall’s tau for X and Y

15 given by

o =1 +4/01 %dt. (1.22)

1.1.2.3 Spearman’s rho

As with Kendall’s tau, the population version of the measure of association known
as Spearman’s rho is based on concordance and discordance. To obtain the population
version of this measure (Kruskal 1958; Lehmann 1966), we now let (X3, Y)), (X2, Y2), and
(X3,Y3) be three independent random vectors with a common joint distribution function
H (whose margins are again F' and G) and copula C. The population version r XY, of
Spearman’s rho is defined to be proportional to the probability of concordance minus the
probability of discordance for the two vectors (X1, Y]) and (X5, Y3) i.e., a pair of vectors
with the same margins, but one vector has distribution function H, while the components

of the other are independent:

rxy = 3(P[(X1 — X2)(Y1 — Y;) > 0] — P[(X1 — X2)(Y1 — Y3) <0)]) (1.23)

(the pair (X3, Ys) could be used equally as well). Note that while the joint distribution
function of (Xy,Y1) is H(x,y), the joint distribution function of (Xs,Y3) is F(z)G(y)

(because X5 and Y3 are independent).

Theorem 1.1.10. Let X and Y be continuous random variables whose copula is C'. Then

the population version of Spearman’s rho for X and Y (which we will denote by either
pPxy, or pc ) is given by
pxy = pe = 3Q(C, 1), (1.24)

=12 wvdC(u,v) — 3 (1.25)
/).

= 12//}2 C(u,v)dudv — 3 (1.26)
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Thus Spearman’s rho is essentially the second "concordance axis" in the figure above.
The coefficient "3" that appears in (1.23) and (1.24) is a "normalization" constant, because
Q(C,II) € [—1/3,1/3]. As was the case with Kendall’s tau, we will write pp and p, g,

rather than p¢, and pc,

5> respectively, when the copula C'is given by Cy or C, g,

Any set of desirable properties for a "measure of concordance" would include those in
the following definition (Scarsini 1984).

Definition 1.1.11. A numeric measure k of association between two continuous random
variables X and Y whose copula is C' is a measure of concordance if it satisfies the

following properties (again we write Kxy, or ko when convenient):

1. k is defined for every pair X,Y of continuous random variables;

2. —1 S RXY S 17/€X,X = 1, and Rx-x = —1,’

3. Kxy = Ky, X;

4. if X and Y are independent, then kxy = ki = 0;

5. K_xy = Kx—y = —KXY;

6. if C1 and Cy are copulas such that C; < Cy , then ke, < Key;

7. if {(X,,Yn)} is a sequence of continuous random variables with copulas Cn , and if

{Cn} converges pointwise to C, then lim,,_, k¢, = Ko-
As a consequence of Definition 1.1.11, we have the following theorem.

Theorem 1.1.11. [Nelsen (2006)] Let k be a measure of concordance for continuous

random variables X and Y :

1. if Y is almost surely an increasing function of X, then

kxy = kv = 1;
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2. if Y is almost surely a decreasing function of X, then
kxy = kw = —1;

3. if a and b are almost surely strictly monotone functions on RanX and RanYY, re-
spectively, then

Ra(X),8(y) = KXY

In the next theorem, we see that both Kendall’s tau and Spearman’s rho are measures

of concordance according to the above definition.

Theorem 1.1.12. If X and Y are continuous random variables whose copula is C, then
the population versions of Kendall’s tau (1.20) and Spearman’s rho (1.24, 1.25 and 1.26)
satisfy the properties in Definition 1.1.11 and Theorem 1.1.11 for a measure of concor-

dance.

The fact that measures of concordance, such as r and ¢, satisfy the sixth criterion in
Definition 1.1.11 is one reason that "<" is called the concordance ordering.

Spearman’s rho is often called the "grade" correlation coefficient. Grades are the
population analogs of ranks that is, if x and y are observations from two random variables
X and Y with distribution functions F' and G, respectively, then the grades of  and y are
given by v = F(x) and v = G(y). Note that the grades (u and v) are observations from
the uniform (0, 1) random variables U = F(X) and V = G(Y') whose joint distribution
function is C. Because U and V each have mean 1/2 and variance 1/12, the expression

for pc in (1.25) can be re-written in the following form:

pxy = pc=12[ [, uwdC(u,v) —3=12E(UV)

E(UV)-1/4 _ E{UV)—EU)E(V)
1/2 T VWVarUVVarV

As a consequence, Spearman’s rho for a pair of continuous random variables X and Y
is identical to Pearson’s product-moment correlation coefficient for the grades of X and
Y | i.e., the random variables U = F(X) and V = G(Y).
1.1.2.4 The Relationship between Kendall’s tau and Spearman’s rho

Although both Kendall’s tau and Spearman’s rho measure the probability of concor-

dance between random variables with a given copula, the values of p and 7 are often quite
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different. In this subsection, we will determine just how different p and 7 can be.
The next theorem1.1.13, due to Daniels (1950), gives universal inequalities for these

measures. For the proof see Kruskal (1958).

Theorem 1.1.13. [Nelsen (2006)] Let X andY be continuous random variables, and let T
and p denote Kendall’s tau and Spearman’s rho, defined by (1.17) and (1.23), respectively.

Then
—1<3r—2p< 1. (1.27)

The next theorem gives a second set of universal inequalities relating p and 7. Tt is
due to Durbin and Stuart (1951); and again the proof is adapted from Kruskal (1958):

Theorem 1.1.14. [Nelsen (2006)] Let X,Y, T, and p be as in Theorem 1.1.12. Then

I+p 1+7)°
> 1.28
(1) -

and

1;/)2(1;7)2 (1.29)

The inequalities in the preceding two theorems combine to yield

Corollary 1.1.5. Let X,Y, 1, and p be as in Theorem 1.1.12. Then

_ 2
3T 1< <1+27 T

,T>0, (1.30)

and

1.1.2.5 Why the copula and not the correlation coefficient?

Undoubtedly, the dependence between random variables plays a very important role
in many areas of mathematics. It is a widely studied topics in probability and statistics.
A huge variety of this concept has been studied by many authors to propose definitions
and useful properties with applications. A measure of dependence is regularly used the
linear correlation by Bravais Pearson ( 1896) ; This correlation measures the linear rela-

tionship between two random variables X and Y, and can take any value from the interval
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[—1,1]. The linear correlation coefficient is a measure of dependence easily calculated.
This indicator is efficient when the dependence is linear and the universe considered Gaus-
sian. Tt is very useful for families of elliptic distributions ( because these distributions for
non correlation implies independence). However, this dependence measure often used by

practitioners has several limitations; we cite some problems related to this concept:

e The correlation coefficient is undefined if the moments of order two random variables
are not finished. This is not an appropriate measure of dependence for heavy-tailed

distributions where the variances can be finished.

e [t is easy to construct examples where the linear correlation coefficient of Pearson is
not invariant under strictly increasing transformations; for example the correlation
between two random variables X and Y is not the same between log(X) and log(Y);

Indeed, changes affect the feedback data correlations .

e The correlation is simply a scalar measured dependence; it can not tell us everything

we want to know about the structure of dependence.

e The absolute positive dependence is not necessarily a correlation of +1; same neg-

ative dependency perfect not necessarily a correlation of —1.

In finance, the Gaussian case is rarely used; to remedy this we use other indicators
of dependence based on concordance and discordance observed in a sample. We then use
the coefficients of non-linear and non-parametric correlation, such as Kendall’s tau or
Spearman’s rho. These are good indicators of the overall dependence between random
variables. In addition, they are between —1 and +1, as the linear correlation coefficient,
a value +1 means a perfect match.

Measure the length using statistical indicators is one thing, the model by a function
of dependence is another. Copula meets this objective. Indicators of dependence (linear
correlation, Kendall’s tau and Spearman’s rho) can be defined in this framework from the
parameters of the copula (when it is parametric).

The tool is relatively copula innovative modeling the dependency structure of several
random variables. Knowledge of this statistical tool is essential to understanding many
application areas of quantitative finance: measurement multiple credit risk assessment of
structured credit products, replicating the performance of hedge funds, measure multiple
risk market, portfolio management using Monte Carlo simulations,... . Thus, whenever it

is necessary to model the dependence structure of several random variables, we can use
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the copula. The relationship between the joint distribution and the copula allows us to

study the dependence structure of (X,Y") separately from their marginal.

Instead of summarizing the structure of dependence by a single number as the linear
correlation coefficient, we can use a model that reflects a more detailed knowledge

on risk management issues that we deal with.

The copula is a multivariate distribution function that helps us to understand the
multivariate risk factor data, and then find the marginal models for the various

individual risk factors and copula models for their dependence structure.

As an appropriate model we have a wide range of families of copulas which you can
select; This allows us to choose a particular family of copulas as random variables

of multivariate data that we are trying to model.

If the marginal distributions are known, the copula can be used to suggest an ap-
propriate form for the joint distribution; this means that we can create functions
and marginal distributions we can extract the copula functions from well-known

multivariate distributions.

Sklar’s theorem is "powerful" multivariate copula analysis tool, as it allow to build
models of multivariate distributions compatible with the one-dimensional marginal
models, this compatibility is often very important in financial modeling ( for models

estimate of the value at risk VaR).

The copula solves another problem: the development of non-Gaussian models. The
family of non-Gaussian distributions is not only small but powerful; the disadvantage
is that the margins are identical. But with the copula, one can construct such a

distribution with a Gaussian marginal and marginal uniform or Gaussian inverse...

The function of multivariate distribution carries more information than the different
marginal distributions and this generally helps us to avoid the disadvantages of

correlation as a measure of dependence.

Copulas are a way to test to extract the dependence structure from the joint distri-

bution function and separate dependence and marginal behavior.

It allows us to make possible natural extensions of some results obtained in the

univariate case to the multivariate case. Multidimensional distributions are obtained
benefit in line with reality, especially in the use of financial statstiques.
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1.1.3 Exemples Copulas

There are several methods for the construction of the copula which can be found in
the literature (Joe (1997), Nelsen (2006)); in this subsection we will present some of the
most used copula. These copulas are of great interest for risk management because they

help build parametric or semi-parametric models.

1.1.3.1 Gaussian copula

Definition 1.1.12. Bivariate Gaussian copula is defined as follows:
C(u,v;p) = @p(7 ()27 (v))

Where p is the correlation coefficient and ®, is the standard normal distribution bi-
variate correlation p.

Figures 1.6 and 1.7 to visualize the density of the Gaussian copula for different values
of the linear correlation coefficient and the density of a bivariate Gaussian distribution,

which is, remember, composed of Gaussian margins and a copula Gaussian.

We have the following expression of Kendall’s tau:

T = —arcsinp
m

Comsistion 45 Cameition | Corsatiand §

T
|
|

Figure 1.6: Density bivariate of three gaussian copulas for different values of p.
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Figure 1.7: Density of three bivariate laws built from Gaussian centered reduced margins
and a Gaussian copula for different values of p with their curves corresponding levels.

1.1.3.2 Archimedean copulas

Definition 1.1.13. The Archimedean copulas are defined as follows:

_ [ e plwm) e(wa)),if elun) + @(uz) < @(0);
Cluruz) = { 0, otherwise.

With ¢ the generating function of the copula, checking

©(1)=0,¢ (1) <0 and ¢ (u) >0 for all 0<u<1

Kendall’s tau 7 is equal to the Archimedean copulas to:

b o(u)
1—|—4/0 (p’(u)du

Density of three bivariate laws built from Gaussian centered reduced margins and a Gaus-
sian copula for different values of rho with their curves corresponding levels

Some examples of bivariate Archimedean copulas are noting © = —Inu
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\ Nom | Générateur | Copule bivariée

Clayton (¢ > 0) | (L‘-fa + U-Ea — 1)1/
Gumbel (@ > 1) (—Inwu)? exp(—(af + uf)*/?)
el I O O s )
Frank (# #£ 0) —hlﬁ _Ehl (1 + p )

Table 1.1: Examples bivariate Archimedean copula.

Copule Clayion Copule Gunbel Copule Frank

Figure 1.8: Density of three Archimedean copulas with parameter 6 = 3.

Copa i Cope Comtel o

copae Copen comae tapostan

Figure 1.9: Three bivariate densities constructed from Gaussian centered reduced margins
laws and Archimedean copula with parameter § = 3, with their curves corresponding
levels.
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1.2 Description of the thesis

The objective of this thesis is devoted to the estimation of a regression model by a
function of copulae and our work is divided into three chapters and is organized as follows:

In Chapter 1, we first give a general introduction as well as definitions and tools;
We start with the basic properties of copulas and then proceeds to present the copula
construction methods and examine the role played by copulas in the modeling and the
study of addiction. The emphasis is on bivariate copulas, we indicate Sklar’s theorem that
illuminates the role of copulas in the relationship between the distribution functions of
two variables and their univariate marginal.(This chapter was taken from Nelsen (2006)
with some slight modifications.).

In chapter 2, we estimate the regression using the copula function , we present our
model, and then we study its asymptotic properties and obtain, from classical results of
convergence of kernel estimators of regression and under the usual regularity conditions

on the densities and kernels, the following results:

e Point consistency in probability,

Theorem: Let the regularity assumptions (i)-(vii) on the density and the kernel be

satisfied, if h,, tends to zero as n — oo in such a way that

Vinlnn

3
na;

nat — oo, — 0,

then,

1 1 Vinlnn
. B 2
ro(x) = r(x) 4+ Op <hn + iz i e )

Corrolary: We get the rate of convergence, by choosing the bandwidth which

balance the bias and variance trade-off: for an optimal choice of h,, ~ n~1/6

, we get
n(x) = 7(2) + Op(n~/3)

e Point almost sure consistency,

Theorem: Let the regularity assumptions (i)-(vii) on the densitie and the kernel

37



be satisfied.If the bandwidth h,, tends to zero as n — oo in such a way that

Vinnlnlnn Inlnn

nh3 s nhi s
then,
Inlnn Inlan VInnlnlnn
An - Oas h2
Pn(w) = 7(7) + Oa (”+ \/ nh? + nh + nh3 )

1/6

Corollary: For h, ~ (Inlnn/n)'/® which is the optimal trade-off between the bias

and the stochastic term, one gets the optimal rate

R Inlnn\ Y3
() = 1(x) + O4s ( ) )
n

In Chapter 3, we present a note on the asymptotic normality of the regression model
by a copula function for this; we introduce the model, and then we make some notations
and assumptions of regularity for our main result contained in the last part of this note.

Thus, one has

Corollary: Consider the model (3.6). If the regularity assumptions (i)-(vii) on the
densitie and the kernel be satisfied,then,

1.
ViR () = )~ (0. LD e )
2.
B, = E(#(z)) — r(z) = B(z)h* + o(h?),
and
Vo = Var(f(z)) = V(m)n—lh o (%)
with

38



_ 2 g (O(x) =12 (2))
Vi) = / K

and g(z) = [ VK (557)  f(2) = ; L K (%57) , (@) = E(Y?/X = z)

These results are then extended to compact R, in the following theorem:

Theorem: Let the regularity assumptions (i)-(vii) on the density and the kernel be
satisfied, if h,, ~ (Inn/n)"/% then,

sup P (z) —r(x)| = Op <(1T17n)1/3>
oo =o. (=)

Finally we conclude this thesis by giving some perspectives for future research and

and

appendix consisting of classical results and tools used in this thesis.
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Abstract
Copula models are becoming an increasingly powerful tool for modeling the dependen-

cies between random variables, they have useful applications in many fields such as bio-
statistics, actuarial science, and finance. In this paper, we investigate the estimating of a
regression model, by use of the copula representation. We study its asymptotic properties;

the convergence almost surely as the convergence rate.

Keywords: 62N02, 62H12, 62J05.

2000 MISC No: Copulas, nonparametric estimation, regression model.

2.1 Introduction

Copula theory, following the works of Sklar in 1959, allows a flexible modeling of
dependence between two or more random variables. In recent years, the growing interest
for this theory is phenomenal. In [18] Thomas Mikosch stated that in September 2005,
a Google search on the term "copula" produced 650,000 results. Then, in January 2007,
this same query generates more than 1.13 million. Given the number of publications in
scientific journals and the number of papers available on Internet, it is undeniable that
passion to the copula theory is still booming.

The progress of applications of this theory is wide in the field of finance, risk manage-
ment, performance evaluation of assets, the valuation of derivatives, the extreme value
theory, contagion require flexible and practical models of addiction.

The construction and properties of copulas have been studied rather extensively during
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the last 15 years or so. Hutchinson and Lai (1990) [15] were among the early authors who
popularized the study of copulas. Nelsen (1999) [20] presented a comprehensive treatment
of bivariate copulas, while Joe (1997) [16] devoted a chapter of his book to multivariate
copulas. Further authoritative updates on copulas are given in Nelsen (2006) [19]. Copula
methods have many important applications in insurance and finance Cherubini et al.
(2004) [3] and Embrechts et al. (2003) [6].

Briefly speaking, copulas are functions that join multivariate distributions to their
one-dimensional marginal distribution functions. Equivalently, copulas are multivariate
distributions whose marginals are uniform on the interval (0, 1). In this paper, we restrict
our attention to bivariate copulas. Fisher (1997) [13| gave two major reasons as to why
copulas are of interest to statisticians: firstly, as a way of studying scale-free measures of
dependence; and secondly, as a starting point for constructing families of bivariate distri-
butions." Specifically, copulas are an important part of the study of dependence between
two variables since they allow us to separate the effect of dependence from the effects of
the marginal distributions. This feature is analogous to the bivariate normal distribu-
tion where the mean vectors are unlinked to the covariance matrix and jointly determine
the distribution. Many authors have studied constructions of bivariate distributions with
given marginals: This may be viewed as constructing a copula.

Nonparametric estimators of copula densities have been suggested by Gijbels and
Mielnicsuk [14] and Fermanian and Scaillet [10], who used kernel methods, Sancetta [24]
and Sancetta and Satchell [25], who used techniques based on Bernstein polynomials. Biau
and Wegkamp|1| proposed estimating the copula density through a minimum distance
criterion. Faugeras |7]| in his thesis studied the quantile copula approach to conditional
density estimation.

The aim of this paper is devoted to the estimation of a regression model via a copulae
function, the rest of the paper is organized as follows; at first in section 2 we state Sklar’s
theorem which elucidates the role that copulas play in the relationship between bivariate
distribution functions and their univariate marginals and at the end of the section we
introduce our model, then in section 3 we make some regularity assumptions on the
kernels and the densities which, although far from being minimal, are somehow customary
in kernel density estimation, the main result and its proof is given in the fourth part of

this paper. Then we finish this work by a small conclusion.
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2.2 The model

Let (X;;Y;);i =1,2,...,n be an independent identically distributed sample from real-
valued random variables (X,Y’) sitting on a given probability space. For predicting the
response Y of the input variable X at a given location z, it is of great interest to estimate
not only the conditional mean or regression function E(Y/X = x), but the full conditional
density f(y/x). Indeed, estimating the conditional density is much more informative, since
it allows not only to recalculate from the density the conditional expected value E(Y/X),
but also many other characteristics of the distribution such as the conditional variance. In
particular, having knowledge of the general shape of the conditional density, is especially
important for multi-modal or skewed densities, which often arise from nonlinear or non-
Gaussian phenomena, where the expected value might be nowhere near a mode, i.e. the
most likely value to appear.

A natural approach to estimate the conditional density f(y/x) of Y given X = =z
would be to exploit the identity

fXY(SU Y) v

where fxy and fy denote the joint density of (X,Y) and X, respectively.

By introducing Parzen-Rosenblatt [21, 22| kernel estimators of these densities, namely,

Faxy (@, y) ZK,L, 2)Kn(Y; — ),

an ZK}L’ - 7

where K,(.) = +K(./h) and K},(.) = 5 K'(./I') are (rescaled) kernels with their associ-
ated sequence of bandwidth h = h,, and h' = h!, going to zero as n — 1, one can construct

the quotient

. Frxy (2, 7)
Faly/z) = —fn,x( ]

and obtain an estimator of the conditional density.

Y
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Formally, Sklar’s theorem below elucidates the role that copulas play in the relationship

between bivariate distribution functions and their univariate marginals see Sklar|28].

Theorem 2.2.1. (Sklar 1959) For any bivariate cumulative distribution function Fx y
on R2, with marginal cumulative distribution functions F of X and G of Y, there exists

some function C : [0,1]*> — [0,1], called the dependence or copula function, such as
Fxy(z,y) = C(F(x),G(y)), —oo <z,y < +o0. (2.2)

If F and G are continuous, this representation is unique with respect to (F,G). The copula

Junction C is itself a cumulative distribution function on [0,1]? with uniform marginals.

This theorem gives a representation of the bivariate c.d.f. as a function of each univari-
ate c.d.f. In other words, the copula function captures the dependence structure among
the components X and Y of the vector (X,Y), irrespectively of the marginal distribution
F and G. Simply put, it allows to deal with the randomness of the dependence structure
and the randomness of the marginals separately.

Copulas appear to be naturally linked with the quantile transform: in the case F' and
G are continuous, formula (3.2) is simply obtained by defining the copula function as
Clu,v) = Fxy(FY(u),G'(v)), 0 <u <1, 0<wv <1 For more details regarding
copulas and their properties, one can consult for example the book of Joe [17]. Copulas
have witnessed a renewed interest in statistics, especially in finance, since the pioneering
work of Rauschendorf [23] and Deheuvels [4], who introduced the empirical copula process.
Weak convergence of the empirical copula process was investigated by Deheuvels [5], Van
der Vaart and Wellner [29], Fermanian, Radulovic and Wegkamp [9]. For the estimation
of the copula density, refer to Gijbels and Mielniczuk [14], Fermanian [8] and Fermanian
and Scaillet [11].

From now on, we assume that the copula function C(u,v) has a density c(u,v)
with respect to the Lebesgue measure on [0,1]* and that F and G are strictly increas-
ing and differentiable with densities f and ¢g. C(u,v) and ¢(u,v) are then the cumula-
tive distribution function (c.d.f.) and density respectively of the transformed variables

(U, V) = (F(x),G(y)). By differentiating formula (3.2), we get for the joint density,

a2}7)(3/(237 y)

00y f(@)g(y)e(F(z),G(y)),

fXY(x7y) =
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2
where c(u,v) := dacu(gf)

the following explicit formula of the conditional density

is the above mentioned copula density. Eventually, we can obtain

Fy/x) = W = o(y)e(F(2).CW)), f(z) #0. (2.3

So, let

be an estimator which builds on the idea of using synthetic data. where g,(y), ¢,, F,.(x),
G, (y) are estimators of the density g of Y, the copula density ¢, the c.d.f. F' of X and G
of Y respectively. Its study then reveals to be particularly simple: it reduces to the ones
already done on nonparametric density estimation.

From now on, we assume that the copula function C(u,v) has a density c(u,v)
with respect to the Lebesgue measure on [0,1]> and that F and G are strictly increas-
ing and differentiable with densities f and g. C(u,v) and c(u,v) are then the cumula-
tive distribution function (c.d.f.) and density respectively of the transformed variables
(U,V) = (F(X),G(Y)).

Now, To build an estimator of the conditional density we have to use a Parzen-

Rosenblatt kernel type non parametric estimator of the marginal density g of Y.

~ 1 O y-Y
n = K )
Gn(y) nhn; 0( " )
the empirical distribution functions F,,(x) and G,(y) for F(z) and G(y) respectively,

Fn<l') = Z 1Xj§$ and Gn(y) = Z 1Yj§y-
j=1

j=1

Concerning the copula density c(u,v), we noted that c(u,v) is the joint density of the
transformed variables (U, V') := (F(z),G(y)). Therefore, ¢(u,v) can be estimated by the

bivariate Parzen-Rosenblatt kernel type non parametric density (pseudo) estimator,

1 < u—U; v=V,
cn(u,v) = b ZK( P > , (2.4)
i=1
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where K is a bivariate kernel and h,,b, its associated bandwidth. For simplicity, we
restrict ourselves to product kernels, i.e. K(u,v) = K;(u)Ks(v) with the same bandwidths
hy, = b,.

Nonetheless, since F' and G are unknown, the random variables (U;, V;) are not ob-
servable, i.e. ¢, is not a true statistic. Therefore, we approximate the pseudo-sample
(Ui, Vi), i = 1,2,...,n by its empirical counterpart (F,,(X;),Gn(Y;)), i =1,2,...,n. We

therefore obtain a genuine estimator of c(u,v).

o, v) = mll% iKl (#) K» (%:(Y)) | (2.5)

i=1

Now, let us present Our estimated model, the regression function r(zx), is given as

follows:
T‘(SL’) = YCTL(F(x)7G(y))7 ‘Y‘ S M7 Km S R

This regression function r(z) is estimated by a function 7 = Y¢,(F(x), G(y)).
To state our main result, we will have to make some regularity assumptions on the
kernels and the densities which, although far from being minimal, are somehow customary

in kernel density estimation.

2.3 Notations and Assumptions

Set x and y two fixed points in the interior of supp(f) and supp(g) respectively.
The support of the densities function f and g are noted by

supp(f) ={z € R; f(x) >0} and supp(g) = {y € R;g(y) > 0},

where A stands for the closure of a set A.

N.B. op(.) and O,(.) (respectively o, s(.) and O,(.))will stands for convergence and

boundedness in probability (respectively almost surely).
Assumptions

o (i) the c.d.f F of X and G of Y are strictly increasing and differentiable.
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(ii) the densities g and ¢ are twice continuously differentiable with bounded second

derivatives on their support.

(iii) the densities g and c¢ are uniformly continuous and non-vanishing almost every-
where on a compact set J := [a,b] and D C (0,1) x (0,1) included in the interior
of supp(g) and supp(c), respectively.

e (iv) K and K, are of bounded support and of bounded variation.

e (V) 0 <K <Cand0< K, <C for some constant C.

e (vi) K and K| are second order kernels.

(vii) K it is twice differentiable with bounded second partial derivatives.

Recall that ¢,(u,v) is the kernel copula (pseudo) density estimator from the unob-
servable, but fixed with respect to n, pseudo data (F'(X;), G(Y;)), and that ¢, (u,v) is its
analogue made from the approximate data (F,(X;), G,(Y;). The heuristic of the reason

why our estimator works is that the n~='/2

norm of F, and G, to F and G is faster than the 1/,/nh2 rate of the non parametric

in probability rate of convergence in uniform

kernel estimator ¢, of the copula density c. Therefore, the approximation step of the un-
known transformations F' and G by their empirical counterparts F;, and G,, does not have
any impact asymptotically on the estimation step of ¢ by ¢,. Put in another way, one
can approximate ¢, (F,(x), G,(y)) by ¢, (F(z),G(y)) at a faster rate than the convergence
rate of ¢, (F(x),G(y)) to c¢(F(z),G(y)).

2.4 Main Result

This part of the paper is devoted to the asymptotic study the convergence in proba-

bility and almost surely (with rate) of our estimators introduced above.
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Theorem 2.4.1. Let the regularity assumptions (i)-(vii) on the densitie and the kernel

be satisfied, if h, tends to zero as n — 0o in such a way that

vVinlnn

4
nh, — oo
" " nhd

— 0,

then,

\/nh? + nht + nh3

Proof theorem 3.4.1: Let r(x) = Ye¢,(F(z),G(z)), to demonstrate that 7(x) con-
verge to r(x) it is sufficient to prove that ¢, (U, V) — ¢, (U, V), with U = F(z), V = G(z).

Fo(2) = r(2) + Op (hi+ 1 1 \/lnlnn>

For (X;,i =1,2,...,n) aniid. sample of a real random variable X with common c.d.f.
F, the Kolmogorov-Smirnov statistic is defined as D,, := ||F,, — F||. Glivenko-Cantelli,
Kolmogorov and Smirnov, Chung, Donsker among others have studied its convergence
properties in increasing generality (See e.g. [27] and [28] for recent accounts). For our

purpose, we only need to formulate these results in the following rough form:

Lemma 2.4.1. For an i.i.d. sample from a continuous c.d.f. F,

1
1E, — Flle = Op (%) i=1,2,....n, (2.6)

Inl
1Ey — Flloc = Ops ( “;”) i=1,2,...,n (2.7)

Since F' is unknown, the random variables U; = F(X;) are not observed. As a con-

sequence of the preceding lemma, one can naturally approximate these variables by the
statistics F),(X;). Indeed,

I1F(Xi) — Fu(X3)]| < sup [1F(x) = Fu(2)]| = [[Fn = Fllsca.s.

Let

() (),

n
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BT = ok ZK (Vo) g, (V).

So, we must show that F,(X;) converge to F'(X;) and G,,(Y;) converge to G(Y;).

) - 0 = o (S (LD g, (V00

—ZK (U‘f(X”) X, (v—hfoc-))) |

n

with
M. - K, <U — fZZ(Xz)) K, (v —}%(K)) e (U —}Z(Xz)) K, (V _h(j(m)
Let

|Fn(Xi) — F(X))| < ||Fn — Fllo and ||G,(Y;) — G(Y;)|| < ||Gn — G|| a.s. for every i =

1,2,..., n. Preceding Lemma thus entails that the norm of Z;,, is independent of i and
such that
1
||sz|| :Op (%) 5 i:1,27...,n, (28)
Inlnn\ .
HZ’L,TLH = Oa.s = 1,2,...,”. (29)
n

Now, for every fixed (u,v) € [0,1]?, since the kernel K is twice differentiable, there

exists, by Taylor expansion, random variables Um and f/m such that, almost surely,

e s () ()

1 i T 2 U - 0i,n V - ‘z,n
+27’Lh4 ZZz,nv (Kl ( h > K2 < h )) Zi,n = H1 +H2’
nog=1 " "

II =

o4



where Z;Fn denotes the transpose of the vector Z;,, and VK and V2K the gradient and

the Hessian respectively of the multivariate kernel function K.

By centering at expectations, decompose further the first term II; as,

= Z 7,9 <K1 (%m) X (V —hi*(m))

e o (L)  (15229)

J U— F(X;) V —G(Y;)
+nh2 ; Zi,nEv (Kl <h—n> K, (h—n =111y + 1y

We again decompose one step further I1;;, Set

o () (520)) - o () (20

Then

1Zinll 5 1Zinll 5
M| < =552 > (1Al = EBIA) + =257 Y B[ Ail] =i + Mo,
noog=1 n

=1

We now proceed to the study of the order of each terms in the previous decompositions.
e Negligibility of Il.

By the boundedness assumption on the second-order derivatives of the kernel, and
equations (3.7) and (3.8),

1 Inlnn
H2 = OP (W) > and H2 = Oa.s (W)

e Negligibility of Il;,.

Bias results on the bivariate gradient kernel estimator (See Scott [26] chapter 6) entail

ha
. Ev ( K, (%@(0 K (V_h—G(Y)» = B Ve(u, v) + O(h®)
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Cauchy-Schwarz inequality yields that

InZin|| U—F(X)) V-G
|H12‘ S n—hi EV Kl h—n K2 h—n

In turn, with equations (3.7) and (3.8),

1 Inlnn
I, = Op (ﬁ) , and Iy = Og 4 ( o )

e Negligibility of I,

e Negligibility of II;;.
Boundedness assumption on the derivative of the kernel imply that || A;|| < 2C a.s. We
apply Hoeffding inequality for independent, centered, bounded by M, but non identically
distributed random variables (n;) (e.g. see [2]),

n —t2
P (an > t) < exp (Qan)

j=1

Here, for every € > 0, with M = 2C, n; = ||4;|| — E||4;||, t = €1/ 2 InInn, therefore,

n

> (A4l = E[A]) = Op(VnInlnn)

=1

which is the definition of almost complete convergence (a.co.), see e.g. [12] definition A.3.

p. 230. In turn, it means that
> (14l = EJ[Ai])) = O (VT n)
i=1

and by the Borell-Cantelli lemma,

> (14l - EJAi)) = Oas(vVnlnn)

i=1
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Therefore, using equations equations (3.7) and (3.8), we have that

Hlll - OP ( lnlnn> = Oa.s (\/m zlhl;ln>

3
nh3

e Negligibility of II;,

The r.h.s. of the previous inequality is, after an integration by parts, of order a3 n by
the results on the kernel estimator of the gradient of the density (See Scott [26] chapter
6). Therefore,

> E||A]| = O(nh2)
=1

nZ;nll — 1 vinlnn
M, = InZial > E||A;] = Op (—) = Oy < )

nh3 vn n

n i=1

by equations (3.7) and (3.8).

Recollecting all elements, we eventually obtain that

1 Inlnn 1
IT =11y31 + yp0 + 1o + 1, = Op (%) +Op (W) + Op (—)

_o,. ( lnlnn) L0, (\/lnn\/lnlnn> L0, (lnlnn) .

3
nh?

By this last step we conclude the proof of our theorem.
After giving the proof of the convergence in probability, let us present the rate of conver-

gence in the following corollary.

Corollary 2.4.1. We get the rate of convergence, by choosing the bandwidth which balance

the bias and variance trade-off: for an optimal choice of h, ~ n~'/%, we get
() = r(z) + Op(n=13)

Therefore, our estimator is rate optimal in the sense that it reaches the minimax rate
n~/3 of convergence.

Now, Almost sure results can be proved in the same way: we have the following strong

consistency result,
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Theorem 2.4.2. Let the regularity assumptions (i)-(vii) on the densitie and the kernel
be satisfied.If the bandwidth h,, tends to zero as n — oo in such a way that

vVinnlnlnn Inlnn

0
nh3 o nh

Inlnn Inlan +VInnlnlnn
~ B 2
"n(7) =7(@) + O (h” + \/ nh2 * nht * nh3 )

For the proof of this theorem, It is sufficient to follow the same lines as the preceding

— 0,

then,

theorem , but uses the a.s. results of the consistency of the kernel density estimators of
lemmas 3.13 and 3.15 and of the approximation propositions 3.16 and 3.17. It is therefore

similar and omitted [7].

Corollary 2.4.2. For h, ~ (Inlnn/n)Y% which is the optimal trade-off between the bias

and the stochastic term, one gets the optimal rate

Inlnn 1/3
- )

Fule) = () + O (

For the he proof, we follow the same way given in [7]

2.5 Conclusion

In this paper we established the convergence Almost surely and in Probability (with rate)
of regression model via copula function approach, it will be interesting in further work to

study the asymptotic normality of such a model.
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Chapter 3

Asymptotic normality

This chapter is the subject of a paper submitted to Forum Proba Stat.
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Abstract
Quer the last decade, there has been significant and rapid development of the the-

ory of copulas. Much of the work has been motivated by their applications to stochastic
processes, economics, risk management, finance, insurance, the environment (hydrology,
climate, etc.), survival analysis, and medical sciences. In many statistical models. The
copula approach is a way to solve the difficult problem of finding the whole bivariate or
multivariate distribution. The goal of this note is give the asymptotic normality of the

copulae function in a regression model.

Keywords: 62N02, 62H12, 62J05.

2000 MSC No: Copulas, nonparametric estimation, regression model.

3.1 Introduction

Copula models are becoming an increasingly tool for modelling the dependencies
between random variables, especially in such fields as biostatistics, actuarial science, and
finance. The construction and properties of copulas have been studied rather extensively
during the last 15 years. Hutchinson and Lai (1990) [16] were among the early authors who
popularized the study of copulas. Nelsen (1999) [21] presented a comprehensive treatment
of bivariate copulas, while Joe (1997) [17] devoted a chapter of his book to multivariate
copulas. Further authoritative updates on copulas are given in Nelsen (2006) [20]. Copula
methods have many important applications in insurance and finance [Cherubini and al.
(2004) [4] and Embrechts and al. (2003) [7]].
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Briefly speaking, copulas are functions that join or "couple" multivariate distributions
to their one-dimensional marginal distribution functions. Equivalently, copulas are mul-
tivariate distributions whose marginals are uniform on the interval (0, 1). In this chapter,
we restrict our attention to bivariate copulas. Fisher (1997) [14] gave two major reasons
as to why copulas are of interest to statisticians: "Firstly, as a way of studying scale-free
measures of dependence; and secondly, as a starting point for constructing families of
bivariate distributions." Specifically, copulas are an important part of the study of de-
pendence between two variables since they allow us to separate the effect of dependence
from the effects of the marginal distributions. This feature is analogous to the bivariate

normal distribution where the mean vectors are unlinked to the covariance matrix and
jointly determine the distribution. Many authors have studied constructions of bivariate

distributions with given marginals: This may be viewed as constructing a copula. There
is a fast-growing industry for copulas. They have useful applications in econometrics,
risk management, finance, insurance, etc. The commercial statistics software SPLUS pro-
vides a module in FinMetrics that include copula fitting written by Carmona (2004) [3].
One can also get copula modules in other major software packages such as R, Mathe-
matica, Matlab, etc. The International Actuarial Association (2004) [30] in a paper on
Solvency II,1 recommends using copulas for modeling dependence in insurance portfolios.
Moodyis uses a Gaussian copula for modeling credit risk and provides software for it that
is used by many financial institutions. Basle I12 copulas are now standard tools in credit
risk management. There are many other applications of copulas, especially the Gaussian
copula, the extreme-value copulas, and the Archimedean copula. We now classify these
applications into several categories Nonparametric estimators of copula densities have
been suggested by Gijbels and Mielnicsuk [15] and Fermanian and Scaillet [11], who used
kernel methods, Sancetta [25] and Sancetta and Satchell [26], who used techniques based
on Bernstein polynomials. Biau and Wegkamp|1] proposed estimating the copula density
through a minimum distance criterion. Faugeras [8| in his thesis studied the quantile
copula approach to conditional density estimation.

the main goal of this note is devoted to the asymptotic normality of a regression model
via a copulae function, for that; At first we introduce the model, then we make some

notations and regularity assumptions for our main result given in the last part of this

note.
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3.2 The model

Let ((X;;Y;);i=1,...,n) be an independent identically distributed sample from real-
valued random variables (X,Y’) sitting on a given probability space. For predicting the
response Y of the input variable X at a given location z, it is of great interest to estimate
not only the conditional mean or regression function E(Y/X = z), but the full conditional
density f(y/x). Indeed, estimating the conditional density is much more informative, since
it allows not only to recalculate from the density the conditional expected value E(Y/X),
but also many other characteristics of the distribution such as the conditional variance. In
particular, having knowledge of the general shape of the conditional density, is especially
important for multi-modal or skewed densities, which often arise from nonlinear or non-
Gaussian phenomena, where the expected value might be nowhere near a mode, i.e. the
most likely value to appear.

A natural approach to estimate the conditional density f(y/x) of Y given X = =z
would be to exploit the identity

fXY(SU Y) v

where fxy and fy denote the joint density of (X,Y) and X, respectively.

By introducing Parzen-Rosenblatt [22, 23| kernel estimators of these densities, namely,

faxy (@, y) ZK,L, 2)Kn(Y; — ),

an ZKh/

where Kj(.) = 1/hK(./h) and K},(.) = 1/WK'(./h’) are (rescaled) kernels with their
associated sequence of bandwidth h = h,, and A’ = h! going to zero as n — 1, one can

construct the quotient

Fuxv(z,y)
Fuly/z) = —an( ]

and obtain an estimator of the conditional density.

Y
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Formally, Sklar’s theorem below elucidates the role that copulas play in the relationship

between bivariate distribution functions and their univariate marginals see Sklar|29].

Theorem 3.2.1 (Sklar 1959). For any bivariate cumulative distribution function Fxy
on R?, with marginal cumulative distribution functions F of X and G of Y, there exists

some function C : [0,1]> — [0, 1], called the dependence or copula function, such as

If F and G are continuous, this representation is unique with respect to (F,G). The copula

Junction C is itself a cumulative distribution function on [0,1]? with uniform marginals.

This theorem gives a representation of the bivariate c.d.f. as a function of each univari-
ate c.d.f. In other words, the copula function captures the dependence structure among
the components X and Y of the vector (X,Y), irrespectively of the marginal distribution
F and G. Simply put, it allows to deal with the randomness of the dependence structure
and the randomness of the marginals separately.

Copulas appear to be naturally linked with the quantile transform: in the case F' and
G are continuous, formula (3.2) is simply obtained by defining the copula function as
Clu,v) = Fxy(F(u),G'(v)), 0 <u <1, 0<wv <1 Formore details regarding
copulas and their properties, one can consult for example the book of Joe [18]. Copulas
have witnessed a renewed interest in statistics, especially in finance, since the pioneering
work of Réuschendorf [24] and Deheuvels [5|, who introduced the empirical copula pro-
cess. Weak convergence of the empirical copula process was investigated by Deheuvels
[6], Van der Vaart and Wellner [31]|, Fermanian, Radulovic and Wegkamp [10]. For the
estimation of the copula density, refer to Gijbels and Mielniczuk [15|, Fermanian |9] and
Fermanian and Scaillet |12].

From now on, we assume that the copula function C(u,v) has a density c(u,v)
with respect to the Lebesgue measure on [0,1]> and that F and G are strictly increas-
ing and differentiable with densities f and g. C'(u,v) and c¢(u,v) are then the cumula-
tive distribution function (c.d.f.) and density respectively of the transformed variables

(U, V)= (F(x),G(y)). By differentiating formula (3.2), we get for the joint density,

0’Fxy(x,y) _ 0*C(F(x),G(y)) OF () 0G(y)
)

fXY(‘T7y): = or ay

520y PRI = [(@)g()e(F(x), G(y)
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52
where c(u,v) := dgt(gf)

the following explicit formula of the conditional density

is the above mentioned copula density. Eventually, we can obtain

fxv(z,y
fuln) =5 — (el ), 6, flo) £ 0. 53)
Concerning the copula density c(u,v), we noted that ¢(u,v) is the joint density of the
transformed variables (U, V) := (F(z),G(y)). Therefore, c(u,v) can be estimated by the

bivariate Parzen-Rosenblatt kernel type non parametric density (pseudo) estimator,

1 ~ u—U, v—1V;
cn(u,v) = — ZK ( P ) , (3.4)

where K is a bivariate kernel and h,,, b, its associated bandwidth. For simplicity, we
restrict ourselves to product kernels, i.e. K (u,v) = K;(u)K,(v) with the same bandwidths
hy = by.

Nonetheless, since F' and G are unknown, the random variables (U;, V;) are not observ-
able, i.e. ¢, is not a true statistic. Therefore, we approximate the pseudo-sample (U;, V;),
i =1,...,n by its empirical counterpart (F,(X;), G,(Y:)), i = 1, ...,n. We therefore obtain

a genuine estimator of ¢(u, v).

én(u, v) = n; iKl (%) K (%:(Y)) . (3.5)

the empirical distribution functions F,,(x) and G, (y) for F(z) and G(y) respectively,

Fn(l') = Z 1Xj§a: and Gn(y) = Z ]-ngy-
j=1

J=1

Our estimated model is given as follows: the regression function r(z) is estimated by

a function 7,(x)

r(z) =EY/X =1) = /yf(y/ﬂf)dy = /yg(y)C(F(x), G(y))dy = E(Yc(F(z),G(y))).
(3.6)
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This regression function r(z) is estimated by a function 7, (z) = fyfn(y/x)dy, thus, we

obtain
. Iy .
Fr(z) = n Z Yien(Fu(@), Ga(y)) = Yéu(Fu(x), Gu(y))
i=1
For more detail see [8|

To state our result, we will have to make some regularity assumptions on the kernels
and the densities which, although far from being minimal, are somehow customary in

kernel density estimation.

3.3 Notations and Assumptions

We note the ith moment of a generic kernel (possibly multivariate) K as

mi(K) = /uiK(u)du

and the L, norm of a function h by |[s||, := [ s”. We use the sign ~ to denote the order

of the bandwidths. Set (u,v) fixed point in the interior of supp(c). The support of the

densitie function c is noted by supp(c) = {(u,v) € R2;c(u,v) > 0} where A stands for the
closure of a set A.Finally, Op(.) and O,(.) (respectively o,5(.) and O,(.))will stands for

convergence and boundedness in probability (respectively almost surely).

Assumptions

o (i) the c.d.f F' of z and G of Y are strictly increasing and differentiable.

(ii) the densitie ¢ is twice continuously differentiable with bounded second deriva-

tives on its support.

(iii) the densitie ¢ is uniformly continuous and non-vanishing almost everywhere on

a compact set D C (0,1) x (0,1) included in the interior of supp(c) .

e (iv) K is of bounded support and of bounded variation.
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e (v) 0 < K <aand0< Ky <« for some constant a.
e (vi) K is second order kernels. mo(K) = 1,m;(K) = 0 et my(K) < 00

e (vii) K it is twice differentiable with bounded second partial derivatives.

Recall that ¢, (u, v) is the kernel copula (pseudo) density estimator from the unobservable,
but fixed with respect to n, pseudo data (F'(X;),G(Y;)), and that ¢,(u,v) is its analogue
made from the approximate data (F,(X;), G,(Y;). The heuristic of the reason why our
estimator works is that the n~'/2 in probability rate of convergence in uniform norm of
F, and G, to F and G is faster than the 1/y/na2 rate of the non parametric kernel
estimator ¢, of the copula density c. Therefore, the approximation step of the unknown
transformations F' and G by their empirical counterparts F,, and G, does not have any
impact asymptotically on the estimation step of ¢ by ¢,. Put in another way, one can
approximate ¢,(F,(z),G,(y)) by c,(F(x),G(y)) at a faster rate than the convergence
rate of ¢, (F(x),G(y)) to c¢(F(z),G(y)).

3.4 Main Result

This part of the paper is devoted to the asymptotic study the convergence in prob-
ability and almost surely of our estimators introduced above. But at first let us present

the rate convergence of the estimator.

Theorem 3.4.1. Let the regularity assumptions (i)-(vii) on the densitie and the kernel

be satisfied, if h, tends to zero as n — 0o in such a way that

Vinlnn

K — =0
nh, — oo, pyE ,
then,
1 1 Vinlnn
. . 2
() =r(x) 4+ Op (hn + i + i i >
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The main ingredient of the proof follows from the fact that

(1) — () = Y (n(Fu(2), Gu(y)) — ca(F(x), G(y)))

On the one hand, convergence results for the kernel density estimators of what will follow
entail that,

ca(F(2),G(y)) = e(F (), G(y)) = Op(h; + 1/y/nh2).

Thus, by lemmas 3.13 and 3.4.1 respectively [§].

Corollary 3.4.1. we get the rate of convergence, by choosing the bandwidth which balance

1/6

the bias and variance trade-off: for an optimal choice of h, ~n="°, we get

Fo(z) = () + Op(n~13)

Therefore, our estimator is rate optimal in the sense that it reaches the minimax rate

n~/3 of convergence.

Almost sure results can be proved in the same way: we have the following strong

consistency result,

Theorem 3.4.2. Let the regularity assumptions (i)-(vii) on the densitie and the kernel
be satisfied.If the bandwidth h,, tends to zero as n — oo in such a way that

Vinnlnlnn Inlnn

N e
nh3 " nhi

Inlnn Inlnn +Innlnlnn
. B 2
() = r(x) + Ous (hn + \/ 2 + i + i )

For the proof of this theorem, It is sufficient to follow the same lines as the preceding

— 0,

then,

theorem , but uses the a.s. results of the consistency of the kernel density estimators
of lemmas 3.13 and 3.4.1 and of the approximation propositions 3.4.1 and 3.4.2[8]. Tt is

therefore similar and omitted.

Corollary 3.4.2. For h, ~ (Inlnn/n)Y% which is the optimal trade-off between the bias
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and the stochastic term, one gets the optimal rate

Inlnn 1/3
- .

Pn(@) = r(2) + Ous (

Let 7, (z) = Yé,(Fn(x),Gn(z)), to demonstrate that 7,(x) converge to r(x) it is suffi-

cient to prove that ¢, (u,v) — ¢, (u,v).
Recall a preliminary result that will be needed for the main result.

For (X;,i =1,...,n) an i.i.d. sample of a real random variable X with common c.d.f.
F, the Kolmogorov-Smirnov statistic is defined as D,, := ||F}, — F||o. Glivenko-Cantelli,
Kolmogorov and Smirnov, Chung, Donsker among others have studied its convergence
properties in increasing generality (See e.g. [?] and [?] for recent accounts). For our
purpose, we only need to formulate these results given in the Lemma 3.13 [8]:
Via Lemma 3.13 [8], we get naturally
|F(Xi) = Fo(Xi)| <sup |F(x) — Fu(2)] = [|[Fn = Fllo  a.s.

TER

Apply this result to the estimator ¢,,. And for this let us introduce the following result
Lemma 3.15 page 82 given in [8].

Lemma 3.4.1. [8] With the previous assumptions, for (u,v) € (0,1)2, we have,

o for a bandwidth chosen such as h, ~ n~'/5,

[en(u,v) = cu,v)| = Op(n~"?),

e for a point (u,v) where c(u,v) >0, and h, = o(n=/9),

cn(u,v) — e(u, v)
\/nh? ~ N(0,1
ety TN
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e for a bandwidth chosen of h, ~ (Inlnn/n)"/,

e (u,v) — c(u,v)| = Ogs <(1n1;n)1/3>

Now, we need two proposed approximation ¢, par le ¢,

Proposition 3.4.1. Let (u,v) € (0,1)2. If the kernel K(u,v) = K;(u)Ky(v) is twice

differentiable with bounded second derivative, then

5 1 vinlnn 1
|én(u,v) — cp(u,v)| = Op (% + i i nhi)

Inl InnvInl Inl
|G, v) — en(u,v)] = Ous (\/ nmn + VInnvInlnn n n nn>

n nh? nht
Proposition 3.4.2. with the same assumptions as in the previous proposal was

o Ifh, — 0,nh3 — oo

eaFe). Gul) — e F(0), G| = O =+ )

o I[fh, —0,nh3/Inlnn — oo
) Inlnn  Inlnn
n(Ful), Guly) = ealF@). Gu))| = Ous ([t + 220

Corollary 3.4.3. [13] Consider the model (5.6). If the regularity assumptions (i)-(vii)

on the densitie and the kernel be satisfied,then,

1.




and

with
 [ER@dH @) = r@)f?)
2f(x) ’

B(z)

_ 2 g, (O() =12 (2))
V(:::)—/K artE

and g(w) = 3 3L ViK (557) , f(2) = 3 L K (557)  é(@) = B(V?/X = x)

Theorem 3.4.3. Let the reqularity assumptions (i)-(vii) on the densitie and the kernel
be satisfied, if h, ~ (Inn/n)'/% then,

sup P (z) — 7(x)| = Op <(1HT”> Ug)
sup 70 (2) = ()] = Ous ((h%”) 1/3)

Proof theorem 3.4.3 The proof is identical to the ones of theorems (3.4.1) and
(3.4.2), but uses propositions (3.4.4) and (3.4.3) below instead of propositions (3.4.1) and
(3.4.2).

and

Proposition 3.4.3. Let the regularity assumptions (i)-(vii) on the density and the kernel

be satisfied,then, for a compact set D C (0,1)2 h,, — 0 and nh3/Inn — oo entails

| A
(:;;ED|CN(Fn(x)’Gn(y)) —cn(F(2),G(y))| = Op (nhﬁ + \/ﬁ)

sup [ (Fn(2), Gu(y)) — cn(F(2), G(y))] = Ous (

(z,y)€D

InnyInlnn n Inlnn
vn nhi
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Proposition 3.4.4. Let the reqularity assumptions (i)-(vii) on the densitie and the kernel
be satisfied,then, for a compact set D C (0,1)? and h, ~ (Inn/n)"/® | one has

lnn 1/3 Inn\Y?
sup |é,(u,v) — ¢, (u,v)| = Op <—> =0, (_>
(u,v)eD n n

74



Bibliography

[1] Biau,G., AND Wegkamp,M.H.," A note on minimum distance estimation of copulas
densities"., Statist. Probab. Lett., No.73, (2006), pp. 105-114.

[2] Bosq, D., Nonparametric statistics for stochastic processes, second ed., Vol. 110 of
Lecture Notes in Statistics. Springer-Verlag, New York, (1998). Estimation and pre-

diction.

[3] Carmona, R.A., Statistical Analysis of Financial Data in S-PLUS, Springer-Verlag,
New York (2004).

[4] Cherubini, U., Luciano, E., AND Vecchiato, W., Copula Methods in Finance. John
Wiley and Sons, Chichester (2004).

[5] Deheuvels, P., "La fonction de dépendance empirique et ses propriétés. Un test non
paramétrique d’indépendance". Acad. Roy. Belg. Bull. Cl. Sci., Vol.65,No.5 And 6,
(1979),pp. 274-292.

[6] Deheuvels, P., "A Kolmogorov-Smirnov type test for independence and multivariate
samples", Rev. Roumaine Math. Pures Appl.Vol 26, No.2, (1981), pp. 213-226.

|7] Embrechts, P., Lindskog, F., McNeil, A., Modelling dependence with copulas and ap-
plications to risk management., Handbook of Heavey Tailed Distributions in Finance,
S.T. Rachev (ed.). Elsevier, Amsterdam (2003).

[8] Faugeras, Olivier Paul., Contributions a la prévision statistique, Théses de doctorat

de l'université Pierre er Marie Curie, 28 Novembre 2008.

[9] Fermanian, J.D., "Goodness-of-fit tests for copulas.", J. Multivariate Anal. Vol.95,
No.1, (2005), pp. 119-152.

I6)



[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

18]

[19]

20]

[21]

[22]

Fermanian, J.D., Radulovic, D., AND Wegkamp, M., "Weak convergence of empirical
copula processes". Bernoulli Vol.10,No.5, (2004), pp. 847-860.

Fermanian, J.D., AND Scaillet, O., Some statistical pitfalls in copula modelling for
financical applications, E. Klein (Ed.), Capital formation, Gouvernance and Banking.
Nova Science Publishing, New York, (2005).

Fermanian, J.D.,AND Scaillet, O., "Nonparametric estimation of copulas for time
series", Journal of Risk, Vol.5,No. 4, (2003), pp. 25-54.

Ferraty, F., AND Vieu, P., Nonparametric functional data analysis. Springer Series

in Statistics. Springer, New York, (2006). Theory and practice.

Fisher, N.I., Copulas, Encyclopedia of Statistical Sciences, Updated Volume 1, S.
Kotz, C. B. Read, D. L. Banks (eds.), pp. 159-164. John Wiley and Sons, New York
(1997).

Gijbels, I., AND Mielniczuk, J., "Estimating the density of a copula function",
Comm. Statist. Theory Methods ,Vol.19,No.2 (1990), pp.445-464.

Hutchinson, T.P., Lai, C.D., Continuous Bivariate Distributions: Emphasising Ap-
plications,Rumsby Scientific Publishing, Adelaide (1990).

Joe, H., Multivariate Models and Dependence Concepts, Chapman and Hall, London
(1997).

Joe, H., Multivariate models and dependence concepts, vol. 73 of Monographs on
Statistics and Applied Probability. Chapman & Hall, London, (1997).

Mikosch, T., "Copulas: Taies and facts", Extrémes,Vol. 9,No.18,(2006), pp.3-22 .

Nelsen, R.B., An Introduction to Copulas, 2nd edition. Springer-Verlag, New York
(2006).

Nelsen, R.B., An Introduction to Copulas, Springer-Verlag, New York (1999).
Parzen, E., "On estimation of a probability density function and mode", Ann. Math.

Statist.33, (1962) , pp.1065-1076.

76



23]

[24]

25]

[26]

27]

28]

[29]

[30]

31]

Pickands, III, J., "Statistical inference using extreme order statistics", Ann.
Statist.3,(1975), pp.119-131.

Riischendorf, L.," Asymptotic distributions of multivariate rank order statistics",
Ann. Statist. 4, 5 (1976), pp.912-923.

Sancetta,A., "Nonparametric estimation of multivariate distributions with given

marginals: Lo theory",Cambridge Working papers in Economics No.0320, (2003).

Sancetta, A., Satchell,S., "The Barnestien coplua and its application to modelling

and approximation of multivariate distributions", Econometric theory, 20, (2004),
pp-935-562.

Scott, D. W., Multivariate density estimation. Wiley Series in Probability and Math-
ematical Statistics: Applied Probability and Statistics, John Wiley & Sons Inc., New
York, (1992). Theory, practice, and visualization, A Wiley-Interscience Publication.

Shorack, G. R., AND Wellner, J. A., Empirical processes with applications tostatis-
tics. Wiley Series in Probability and Mathematical Statistics: Probability and Math-
ematical Statistics. John Wiley & Sons Inc., New York, (1986).

Sklar, M., "Fonctions de répartition & n dimensions et leurs marges", Publ. Inst.
Statist. Univ. Paris 8, (1959), pp.229-231.

The International Actuarial Association, A global framework for insurer solvency

assessment, Research Report. www.actuaries.org (2004)

Van Der Vaart, A. W., AND Wellner, J. A., Weak convergence and empirical pro-
cesses, Springer Series in Statistics. Springer-Verlag, New York, (1996). With appli-

cations to statistics.

7



Conclusion and Prospects

In this thesis we have introduced and studied a new approach to nonparametric esti-
mation of regression. We modeled the regression by the transformed copula and estimated
this model by the kernel method. This model is based on an efficient data transformation
by transform quantile and the use of the copula representation it was found to have a

remarkable product form.

The concept of copula was discussed, as their essential properties. Our study allowed
us to establish convergence Probability and almost sure (with rates) of regression model

through the copula function approach and asymptotic normality of the model.

Thus, it was found that K}, depends on the number of observations n. In some spe-
cific situations, the sample size is fluctuating, so the regression is estimated by our model,
an increase of this size, even a few observations, leads to completely recalculate the esti-
mator and this may be an additional computational load and lost considerable time even

for powerful computers.

Therefore, this theory is not used to its full potential, it offers plenty of opportunities
for research that should be explored, especially in the areas of: Modeling in dimension
n(n > 2), the survival function, hazard function and then it would be very interesting
to extend our work to the recursive methods since they offer a kind of balance between

accuracy and speed of calculation.
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Appendix

Proof Propsition 3.4.1
Let

= 5 (A (2200

So, we must show that F,(X;) converge to F(X;) and G,(Y;) converge to G(Y5).

e (11, 0) — calu, v) = n;ﬂ i {Kl (%:(X)) K, (%@) r (u —}i(XZ-))

with

M = 6 (MO0 ) g () g (M g ()

= (G000 )

|Fo(Xi) — F(Xy)| < ||Fn — Flleo and |Gn(Y;) — G(Y;)| < ||Gn — G| a.s. for every

t =1,...,n. Preceding Lemma thus entails that the norm of Z;, 1is independent of v and
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such that

1 .
||Zz,n|| = Op (%) , 1= 1, ., N, (37)

sz-,nuzoa.s< l”jj‘”) i=1,..m. (3.8)

Now, for every fized (u,v) € [0,1]?, since the kernel K is twice differentiable, there erists,

by Taylor expansion, random variables Um and f/m such that, almost surely,

H = nh3 zz IZT VK<u FX)"U G£Y> Zz IZT v2K< 1n71’ Vln) Ziv"

2h4

= H1 +H2

where Zgn denotes the transpose of the vector Z;,, and VK and V*K the gradient and

the Hessian respectively of the multivariate kernel function K.

By centering at expectations, decompose further the first term Il as,

M = ok X0, 20, (VK (52, ) — BV (509, ))

Xi v—G Y;
+ nh3 Zz 1ZT EVK( i )7 h”rE )>

= 1l + 1o

We again decompose one step further 111, Set

b — VK (U—F(Xi) U—G(Yz‘)) _EVK (u—F(Xi) U—G(Y;))

h, ' h, hy, 7 hy

Then

Zin - in
) < el 57 g — g + 120y o S Bl = T+
nooi=1
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We now proceed to the study of the order of each terms in the previous decompositions.
e Negligibility of Ils.

By the boundedness assumption on the second-order derivatives of the kernel, and
equations (3.7) and (3.8),

1 Inlnn
]._.[2 = Op (n_hfé) s and ]._.[2 = Oa.s (W)

n

e Negligibility of II;.

Bias results on the bivariate gradient kernel estimator (See Scott [?] chapter 6) entail

ha
that . (Kl (%H(X)) K (v—h_(i(Y)D = h3Ve(u,v) + O(h)

Cauchy-Schwarz inequality yields that

n||Zinll u—F(Xi) v—G(Y))
15| < n—hf; HEV (Kl (h—n K, h—n

In turn, with equations (3.7) and (3.8),

1 Inlnn
I, = Op (ﬁ) , and Iy = Og ( " )

e Negligibility of I,

° Negligibility of Hlll'
Boundedness assumption on the derivative of the kernel imply that || A;|| < 2« a.s. We

apply Hoeffding inequality for independent, centered, bounded by M, but non identically
distributed random wvariables (n;) (e.g. see [?]),

n 2

j=1

Here, for every e > 0, with M = 2a, n; = ||As]| — E||Asl], t = €4/ 2 Inlnn, Therefore,
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n

> (1Al = EllAill) = Op(VnInlnn)

=1

which is the definition of almost complete convergence (a.co.), see e.g. [?] definition

A.3. p. 230. In turn, it means that

n

> (14i]l = EJAi])) = Ogo (VTun)

=1

and by the Borell-Cantelli lemma,
Y (AN = EJAill) = Os(VnInn)

=1

Therefore, using equations (3.7) and (3.8), we have that

Vinlnn Vinnlnlnn
I1;1;, = Op =045 | ———

3 3
nh; nh?

e Negligibility of II;;,

The r.h.s. of the previous inequality is, after an integration by parts, of order a3 by
the results on the kernel estimator of the gradient of the density (See Scott [?] chapter 6).
Therefore,

> EllAill = O(nh})
i=1

and

| Zin || & 1 Inlnn
Iiio="—%"> E|A]=0p|—) =045
SRV Z I4ill = Or NG - n
i=1
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by equations (3.7) and (3.8) Recollecting all elements, we eventually obtain that

II = 1Ly + g + 1o + 11

— 000+ Op(BEE) + 0p(
or = Oa.s ( lnzclbgllnn) + Oa.s < ln?n) + Oa.s (lzﬁn)

By this last step we conclude the proof of our theorem.

Proof Proposition 3.4.2

We proceed as in the previous proposal. and we get
' (z,y) = OP(\/LE + o)

or = Oy n 4 n)

By this last step we conclude the proof of our theorems.

Proof Propostion 3.4.3
Set

— (u —F(X) v— G(Y,»))

I, ’ ho,

By Taylor expansions, we still have the decomposition

M(z,y) = ZEDS W, (F(2),G(y)

T n " i - i
+ G Zilefn(w,y)V2K< LR igm)

A 2

with the remainder term Rz = Ou4(1) uniformly. By bounding the V*K, and us-

ing the properties of the Kolmogorov-Smirnov statistic, the last two terms are of order
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Op <#>,0r Oa.s (1“1n">, uniformly in x,y. For the first term, by Cauchy-Schwarz in-

nh?
equality,
ZT<1],y) n 1 n
sup |22 M/i,n F(x),Gy))| < ||Z,]| sup ||—= Wi,n F(z), Gy
s [P S W (@), G0 < 120 s | S W P, 60)

The convergence results of the kernel estimator n=*h, 2> W, ,(u,v) of the gradi-
ent of the density c(u,v) can easily be derived from those of the kernel estimator (see
Scott [?] ). From the convergence results uniformly on a compact set of the latter ob-
tained by e.g. Deheuvels [{1] for the almost sure rates and Bickel and Rosenblatt [16]
for the in probability rates, with the assumption that the gradient is uniformly bounded
on D and that nh3/Inn — oo, one gets that the uniform norm of the estimator of the

gradient is an Op(Inn) or an Oy s(Inn). In turn, sup, ,cp [(2,y)| = Op(In n/n~?) or

Ous(Inn(lnlnn/n)'?). Thus the claimed result.
[ |

Proof Propostion 3.4.4

For convenience, set ||(x1, ..., 24)|| = maxi<j<q |7;]. Set D = [ug, too] X [0, Vao] C (0,1)?
a compact subset where 0 < ug < U < 1 and 0 < vg < V5 < 1. We mimic the proof of
proposition 3.4.1. We still have the additive decomposition,

M(u,v) = Ii(u,v)+ a(u,v)

= Iy (w,v) + His(u, v) + o (u, v)

with
1 n
I (u, v) = nhd ; Zin(Win(u,v) = EWin(u,v))
o (u,v) 1 Zn:Z EW; n(u,v)
U,v) = —F= in in U,V
12 ) nh;’; o s R
and

— (u — F(Xi) v— G(Yi))

I, ’ I,
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e Negligibility of Il.

The proof remains the same:

1 Inl
sup [Iz(u,v)| = Op (—) , and IIy = O, (w)

(z,y)eD nhi nh%

e Negligibility of II;,.

Recall that in the Taylor’s expansion of the bias of the kernel estimator, the O(.) is

uniform in (u,v), therefore one gets that

sSup HEWl,ﬂ(ua U) - hivc(uv U)” = O(hi)

(u0)€D
Thus,
(s%pD 15w, v)| = Op(1/+/n), or Ous((Inlnn/n)'?).
u)e
e Negligibility of II;;.
Define a covering of D by M? compact hypercubes Dy centered in (uy,vy),
Dy ={(u,v) € D ||(u,v) = (wr, vi) || < 1/Mpn}, 1 < k < M,
One can write
SUP(z yyep M1 (u,v)| < maxicpeansz SUP ;. yep [T (u, v) — Ty (u, vg)|
4+ maxy<p<arz [ (ug, vg)|
= (I)+ (1)
e Negligibility of (/)

For (I), by boundedness and Lipshitz assumption on the product kernel K, there ezists

a constant ¢ such that,

IVE (u,0) = VE (ug, o) | < ¢l (w, v) = (g, i) |
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Therefore for (u,v) € Dy,

HVK (U —}J;(Xz‘) v —}i(Yz‘)) VK <Uk _h]:(Xi)’ Uk —hf(yi)) H < thn

since K s product-shaped. In turn, the same bound is valid by Jensen’s inequality for

the expectations of the difference, so that
2¢(|Zn||
<=2
<5
Setting M,, = n*/?h3 ~n/\/Inn for h, ~ (Inn/n)*/S, one has that (I) = O,., ( };‘T’;>

or Op((nh2)=1/2).
e Negligibility of (/1)

For the second term, set as before, A;(u,v) = W, (u,v) — EW,,,(u,v), and majorize,
for each k,

1Ty (ug, vp)| < lﬁ@” Doy 1A (ug, v ||

< 2l S (A, vl = B iy, ve) + B AiCug, ve))

nh3

< S mi(un, o) + Wl ST B Ay, )|

‘nh3

where we have set n;(ug, vi) = || A;(ug, vi) || — E|A;i(ugk, vi). For the expectation term,
as the product kernel is of finite variation, and with the assumption that the gradient of

the copula density remains bounded on D, one has that maxi<p<az » iy El|A;i(ug, v)|| =

O(h3). This yields that

2 ”ZEHA = 0s), or 0, [ (2}
1<nl}3M2 nh3 Ukavk =0Up , or a.s n
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It remains to deal with the deviation term

12n]l
i3 Zm(uk,vk)
noi=1

We have
M? n
4 9 < P ) )
(12235\22 Z” Uk Uk) >€> _; (277(% Uk) >€>

and apply Hoeffding’s inequality to the summand, to get that, for every e > 0,

(3

For h, ~ (Inn/n)"% and M, = n'/?h% ~n/v/Inn,

> i, ve)

=1

— 1 foT T €2lIn;
> 6 nlnn> < M2 _E nn S e 21nMn_€ CI)VL

51n M, _621nn _521nn 1
e oo R ¢ = —=7
ne /¢

which is absolutely summable for an € large enough. Therefore,

= Oy.co(Vnlnn)

max
1<k<M?2

> milu, vy)
=1

and eventually,

120l

nh3 1<I<:<M2

E T]Z U, Uk

3
nh?

_0,. (\/lnnlnlnn>

for the choice h,, =~ (Inn/n)"/6.

Recollecting all elements gives the claimed result with the given choice of h,,.
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