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Introduction

Fractional Brownian motion was introduced by Kolmogorov in connection to his work
related to turbulence (1940). Kolmogorov gave a spectral representation of fBm using an
orthogonally scattered Gaussian measure.

In 1968 Mandelbroit and van Ness gave another representation for Kolmogorov process,
and they also renamed the process to fractional Brownian motion.

In 1969 Molchan and Golosov proved a Girsanov theorem for Kolmogorov process. They
also gave a representation theorem for Kolmogorov process in terms of standard Brownian

motion.
In the case of Brownian motion, the famous Lévy characterization theorem states that a

continuous stochastic process (By,t > 0) adapted to a right-continuous filtration (F;, ¢ >
0) is an F;-Brownian motion if and only if B is a local martingale and (B); = t. A natural
problem is the extension of Lévy characterization theorem to the fractional Brownian

motion.
The purpose of this manuscript is to introduce and study the notion of a fractional

martingale, and apply it to the above problem. The notion of fractional martingales has
been introduced in [11] where the authors proved an extension of Lévy’s characterization

theorem to the fractional Brownian motion.

Fix a € (—3,3). If {M;,¢t > 0} is a continuous local martingale, we denote

by M@ = (Mt(a), t > 0) the stochastic process defined by
¢
M = / (t — s)*dM,
0

provided this stochastic integral exists for all £ > 0. The process M(® is called the

Riemann-Liouville process of M. Notice that M(® is no longer a martingale and we will

say that it is a fractional martingale.
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We are interested here in the variation properties of fractional martingales. The process
M (@) has Holder continuous trajectories of order 4 on any finite interval, for any v < %—l—a,
provided M has Holder continuous trajectories of order % — ¢, on any finite interval, for

any € > 0. Then, it is natural to expect that M(® has a finite and nonzero variation of

order 8 = (3 +a)~! . We show that (see Theorem 2.1.1) if d(M); = &dt, then M(® has

a finite [S-variation c, f(f |&,|Pds under some integrability conditions on £, where ¢, is a

constant depending only on «v. The proof of this result is based on the variation properties
of the fractional Brownian motion.

The fractional Brownian motion By is not a martingale unless H = % But the process
t 1 1
M, = / s2 H(t —s)27HgBH
0

is a martingale with respect to the filtration generated by the fBm, verifying (M), =

dpt* for some constant dy. We show that if B = (B;,t > 0) is a continuous square
integrable centered process with By = 0, then B is a fractional Brownian motion with

Hurst parameter H if and only if the process B has the following properties:

i) The sample paths of the process B are Hélder continuous of order «y for any v € (0, H).

ii) The process M defined in above, where BY is replaced by B, is a martingale with
respect to the filtration generated by B. If H > % , we also assume that the quadratic

variation of M is absolutely continuous with respect to the Lebesgue measure.

iii) For any ¢ > 0, the process B has +-variation which equals to cyt on the interval

0, ¢].

In order to prove that the conditions (i), (ii) and (iii) imply that B is a fractional
Brownian motion, it suffices to show that the martingale M satisfies (M); = dyt*" for
some constant dy , and this will be a consequence of the condition (iii) and the general
result on the (-variation of a fractional martingale.

In a recent work [11], Mishura and Valkeila have proved another extension of the Lévy
characterization theorem, where condition (iii) is replaced by an assumption on the renor-

malized quadratic variation, and no restriction on the quadratic variation of M is required.
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This senior thesis is orgnized as follows. chapter 1 divided on two section, In the first
we give the definition of fractional Brownian motion (one parameter cases), and some
properties, In the second section we give the necessary notion of Two-parameter frac-
tional Brownian motion and its properties, Chapter 2 is devoted to study the S-variation
of fractional martingales, and contains the proof of the Lévy characterization theorem for

the fBm. Some technical lemmas are included in the Appendix.



Chapter 1

The elements of Fractional Brownian
Motion

1.1 Fractional Brownian Motion

Let (2, A,P) be a complete probability space.

Definition 1.1.1 The fractional Brownian motion (fBm) with Hurst index H € (0,1) is
a Gaussian process B = {BH t € R} on (Q, A, P), having the properties:

1. BIf =0,

2. E[BF]=0;t e R,
1
3. BB BH] = S (1t + s — |t = s); 5.t € R.

Remark 1.1.1 Since E[Bff — BH?2 = |t — s|?" and By is a Gaussian process, it has a

continuous modification, according to the Kolmogorov criterion.

Remark 1.1.2 For H = 1, we set B = B} = t£, where € is a standard normal Random

variable.

For H = %, the characteristic function has the form

ox(t) =E [e:pp(i z”: /\kBg)} = emp(—%(C’tA, A)),

k=1

where Cy = (E[BfL B])1<in<nand (.,.) is the inner product on R™.
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1.1.1 Stochastic Integral Representation

Here we discuss some of the integral representations for the fBm. In [10] it is proved that

the process

1 H—1 H-1

20 = wen L9 - ot han)

1

- w0 = s

t
+ / (t— s)H*%dB(s))
0
Where B(t) is a standard Brownian motion and I' represents the gamma function, is a
fBm with Hurst index H € (0,1). First we notice that Z(t) is a continuous centered

Gaussian process. Hence, we need only to compute the covariance functions. In the

following computations we drop the constant m for the sake of simplicity. We obtain
2

Bz = [ [e-9f -l as

_ tZH/[(l—u)f‘5 —(—u)f_;rdu
= C(H$t2H,

where we have used the change of variable s = tu. Analogously, we have that

H-—1

BlZ0) - 2607 = [ =0l = -]
_ t2H/[(t—s—u)f_; ()

= C(Hﬁt — s*H.
Now
B[Z(1) x 2(s)] = —5{E12() ~ Z()F) ~ BlZ() ~ E[2(s)"]}
= %(t%’ + 2 |t — s|2H>.

Hence we can conclude that Z(t) is a fBm of Hurst index H.

We can also represent the fBm over a finite interval, i.e.

t
Bt(H):/ Ku(t,s)dB,, t>0,
0
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where

1. For H > %,

NI

where cy = [ﬁ%} and t > s,
2. For H < 3,
t Hﬁ% g_1 1 1 g ! H-3 -1
KH(t,s):cHK;) (t—s) 2—(H—§)32 w72 (u—s)" " 2du|,
>
- _ 2H
with cy = [(1_2H)6(1_2H7H+%)] and t > s.

1.1.2 Correlation between two increments
1 (H) . . . . . .
For H = 2 BY) is a standard Brownian motion; hence, in this case the increments

1
of the process are independent. On the contrary, for H # 5 the increments are not

independent. More precisely, by Definition (1.1.1) we know that the covariance between

B (t+h) — BH(t) and B (s +h) — B (s) with s + h <t and t — s =nh is

1
pt(n) = 5hQH [(n T 1) 4 (n— 1)2H _op2H |,

In particular, we obtain that two increments of the form B (¢t + h) — B¥(t) and B (t +

1
2h) — BH(t + h) are positively correlated for H > 3 while they are negatively correlated

1
for H < R In the first case the process presents an aggregation behavior and this

property can be used in order to describe (cluster) phenomena (systems with memory and
persistence). In the second case it can be used to model sequences with intermittency

and antipersistence.
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1.1.3 Self-similarity

Definition 1.1.2 We say that an R%-valued random process X = (Xt)e>0 is self-similar

or satisfies the property of self-similarity if for every a > 0 there exist b > 0 such that:
law (Xge, t > 0) = law (bXy, t > 0) (1.1)

Note that (1.1) means that the two process X,; and bX; have the same finite-dimensional

distribution functions, i.e., for every choice ti,...,t, € R,
]P) (Xato S Loy «eny Xatn S .’L'n) = ]P<bXt0 S Ty eey bth S :Bn)
For every zy, ..., z, € R.

Remark 1.1.3 Ifb=a" in (1.1), then we say that X = (X;)s, is a self-similar process
with Hurst index H or that it satisfies the property of (statistical) self-similarity with Hurst
index H. The quantity D = % is called the statistical fractal dimension of X. Since the

covariance function of the fBm is homogeneous of order 2H , we obtain that BY is a self-
similar process with Hurst index H, i.e., for any constant a > 0 the processes B (at) and

a" " BH(t) have the same distribution law.

1.1.4 Holder continuity

We recall that according to the Kolmogorov criterion [16], a process X = (X;)tcr admits

a continuous modification if there exist constants « > 1, 8 > 0, and k£ > 0 such that
E[X () — X(s)|°] < k|t — |7
for all s,t € R.

Theorem 1.1.1 Let H € (0,1). The fractional Brownian motion BY admits a version

whose sample paths are almost surely Hélder continuous of order strictly less than H.

Proof. We recall that a function f : R — R is Holder continuous of order «,
0 < a <1 and write f € C*(R), if there exists M > 0 such that

[f(t) = fs)] < Mt — 5],
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for every s,t € R. For any o > 0 we have
E[|B"(t) — B"(s)|"] = E[|B"(1)|*]|t — s|*"";

hence, by the Kolmogorov criterion we get that the sample paths of B are almost every

where Holder continuous of order strictly less than H. Moreover, by [1| we have

H
lim sup 1574l

=c
t—ot+ tHy/loglogt—1 "

with probability one, where ¢y is a suitable constant. Hence B can not have sample

paths with Holder continuity’s order greater than H. 0

1.1.5 Path differentiability

By [9] we also obtain that the process B is not mean square differentiable and it does

not have differentiable sample paths.

Proposition 1.1.1 Let H € (0,1). The fractional Brownian motion sample path B (.)
is not differentiable. In fact, for every ty € [0, 00)

B - B}

lim sup —
— o

t—to

= O

With probability one.

1.1.6 The fBm is not a Semimartingale for H # %

1
The fact that the fBm is not a semimartingale for H # 3 has been proved by several

1
authors. In order to verify that B is not a semimartingale for H # 37 it is sufficient to
compute the p-variation of BY.

Definition 1.1.3 Let (X (t))icp,r be a stochastic process and consider a partition

T={0=ty<t1 <...<t,=T}. Put

Sp(w,m) = Z [ X (t:) = X(tia)lP
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The p-variation of X over the interval [0,T) is defined as

VP(X> [07 T]) = Sl;lrp SP(X7 7T)7

where 7 is a finite partition of [0,T]. The index of p-variation of a process is defined as
I(X,[0,7)) :=1inf{p > 0; V,(X, [0, T]) < oo}.
We claim that
1
I(B",[0,T]) = —.
(B, 10.7]) =
In fact, consider for p > 0,

n

Yop= nPf=t E

i=1

p

() ()

Since B has the self-similarity property, the sequence Y,,,,n € N has the same distri-

bution as

Yop=n""Y_|B"(i) - B"(i—-1)[".

i=1
and By the Ergodic theorem the sequence g,, converges almost surely and in L' to

E[|B"(1)|"] as n tends to infinity. It follows that

Vo= 3 () -2 ()

converges in probability respectively to 0 if pH > 1 and to infinity if pH < 1 as n tends to

p

infinity. Thus we can conclude that I(B¥ [0, T]) = +. Since for every semimartingale X,

the index I(X, [0, T]) must belong to [0, 1JU{2}, the fBm B¥ cannot be a semimartingale

less H = —.
unless 5

1.1.7 Invariance principle

Here we present an invariance principle for fBms due to [2].
Assume that {X,,,n = 1,2,...} is a stationary Gaussian sequence with E[X;] = 0
and E[X?] = 1. Define
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[nt]

Zn(t) =7 Y Xy, 0<t<1,

k=1

where [.] stands for the integer part. We will show that if the covariance of ZXk is
0

proportional to Cn?# for large n, Z,(t),t > 0 converges weakly to \/anH) in a suitable

metric space. Let as first introduce the real-valued function w§(.) defined by

1\”
wg(t)—tC“(l—l—log;) , t>0,

and we let

wp(fv t)
w(t)

wa
1£11e" = [[f1ery sup
0<t<1

The Besov space Lip,(c, 3) is the class of functions f in LP(I) such that HfH:g < 0.

Lip,(a, 5) endowed with the norm H.H:g is a nonseparable Banach space. Let B? de-
note the separable subspace of Lip,(«, ) formed by functions f € Lip,(c, ) satisfying
wp(f,t) = o(wg(t)) ast — 0. For a continuous function f, denote by {C,(f),n > 0} the

coefficients of the decomposition of f in the Schauder basis given by
Co(f) = £(0), Ci(f) = f(1) = £(0),

and forn=2"+k, j>0,and k=0,...,2/ —1,

can-s5{s (25) - () 1 (3]}

Lemma 1.1.1 Let o > % and 0 < B < . The space Lip,(a, 5) is compactly embedded

in BoY.
We refer the reader to [10].

Lemma 1.1.2 Let (X!, t € I),>1 be a sequence of stochastic processes satisfying



14 The elements of Fractional Brownian Motion

1. Xg =0, foralln > 1.
2. There exists a positive constant C and « €0, 1] such that for p > 1,
B[l X} — X217 < Ot — s
for all s,t € I. Then (X"(t),t € I)y>y is tight in BY?, 3> 0 for p > max(Z, %)

Proof. By the assumptions, we have Cy(X") = 0 and C;(X") = X}'. To prove the
lemma, by [10] it is enough to show that there exists a constant C, > 0 such that, for

)\>Oand%<ﬁ’<ﬁ,wehave

P(IX"T > X) < G
for all n > 1.Thus, it suffices to show that
P(M(X"™) > \) <CA P,

where M (X") is the maximum of the set

—ig-aty) | 2
|Co(X™)], [C1(X™)], sup ————75— |Coa (") 7
20 (L)% | &=
Now, by the Chebyshev inequality, we have
2*j(%*a+%) 2+t g
w2
9=ip( 3—atly 271
< YIS se.onne
>0 =27 +1

Recall that for m = 27 + k,

i 1/
Cm(Xn> = 2. 2; |:X(2k 1)/2J+1 - 5 (X(2k)/2j+l + X(Qk_g)/2j+l>:| .
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Thus,
2*]'17(%*0#%) 2
I <GPy R > (BlX ks — XKool
3>0 J k=1
+OEIXp gy — Xz Pl)
1
< AP |C T | SCATP
g ; (14 5)P8 g
which completes the proof. O

Corollaire 1.1.1 Let H € (0,1), 8> 0, and p > max(+, %)

Assume that {X,,n =1,2,...} is a stationary Gaussian sequence with spectral represen-

tation
X, = | exp(in\)|A=7B(d)\),n=1,2...,

—T

where B(d\) is a Gaussian random measure with E[|B(d\)|?] = d\. Then there exists a
positive constant C' such that (Z,(t),t € [0,1]) converges weakly to (CBJ),t € [0,1]) in
the space BI'P.

1.2 Two-parameter Fractional Brownian Motion

1.2.1 The Main Definition

For technical simplicity we consider two-parameter fbm (fbm field) {B t € Ri}, where

t = (t1,t3). We suppose that s <t if s = (s1,82),t = (t1,t2) and s; < t;,i = 1,2.

Definition 1.2.1 The two-parameter process { B}t € R%} is called a (normalized) two-

parameter fBm with Hurst index H = (Hy, Ho) € (0,1)?, if it satisfies the assumptions:

(a) B is a Gaussian field, B, =0 for t € OR%;

1
(b) BB =0, EBIBI = [T (% + s~ [ ti —s; ™)

i=1,2
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Evidently, such a process has the modification with continuous trajectoires, and we will
always consider such a modification. Moreover, consider "two-parameter" increments:
A,Blf .= BE — BH, — B

s1to t152

+ B for s < t. Then they are stationary. Note, that for

any fixed ¢; > 0 the process Bg“) will be the fbm with Hurst index Hj,¢ =1,2,7 = 3 — 1,

evidently, nonnormalized.

1.2.2 Fractional Integrals and Fractional Derivatives of Two-parameter
Functions

1

For @ = (a1, a2) denote f(a) = T(an)(o2)

Definition 1.2.2 [15] Let f € P := [a,b] := H [ai, bi],a = (a1,a2),b = (b1, by). Forward

i=1,2

and backward Reimann-Liouville fractional integrals of orders 0 < a; < 1 are defined as

) =@ [ AW —a

la,x] ()0(1‘7 u, 1 — OZ)

and

(1292 f) () := T(@) / ) g,

[x,b] 4,0(13, u, 1- Oé)

correspondingly, where [a, x| = H [a;, z;], [z,b] = H [z, b;], du = duydus,

i=1,2 i=1,2

o(u,z,0) =l ug — 1 |* ug — 22 |**,  u,z € [a,b.

Definition 1.2.3 Forward and backward fractional Liouville derivatives of orders
0 < a; <1 are defined as

(D21 f)(z) = T(T = a) /[ Mf&du,

0x101 T, U, Q)

and

(D)) =T —a 0x102 (x,u, a)

o / gof(U) du, x € [a,b]
[,0]
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Definition 1.2.4 Forward fractional Marchaud derivatives of orders 0 < «; < 1 are
defined as

Haiaz N o f(ZL') AUf($)du
(D3 )“)"F“_“WEGEIS+“”iAﬂRZZTIa
Q; “f (@) = f(ug, )
+ 4_122._ x; — a J o (z; — ui)Hai] dw)
1=1,2,7=3—1 g

and the backward derivatives can be defined in a similar way.

Let 1 < p < o0, the classes I1'**(L,(P)) := { f|f = I;2* ¢, ¢ € Ly(P) }, I2***(Ly(P)) :=
{fIf = L2¢,0 € Ly(P)}
Further we denote D1 := ]C;(alw). Of course, we can introduce the notion of fractional

integrals and fractional derivatives on Ri. For exemple, the Riemann-Liouville fractional

integrals and derivatives on R% are defined by the formulas

e =t@ [ AU

(—o0,x] ¢('ZE7 u, O{)

<HMﬁ@w:ﬂm/‘-7ﬂQ—w

[z,00) P\T;5 Us Oé)

—(a1a2) _ a1 . f(t>
(1 ﬁmwwu+fmwfra—@mﬁ@%;mgafaﬁ

and

—(a1a2) ) = 1o ) = (1 _ a 0 f(t)
(=) ) = (Do) ) =TI =a) [ s

0 < a; < 1. Evidently, all these operators can be expanded into the product of the form

I = [T ® 172, and so on. In what follows we shall consider only the case H; € (1/2,1).

Define the operator
M= T O Igey.

i=1,2
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Definition 1.2.5 A random field {X;,t € R2} is a field with independent increments if
its increments {Ag, Xy, = 1,n} for any family of disjoint rectangles {(s;,t;],i = 1,n}

are independent.

Definition 1.2.6 The random field {W;,t € R3} is called the Wiener field if W =0 on
OR?. W is the field with the independent increments and

E(AW)? = area((s,t]) = ] t: — 50)-

i=1,2

Let we have a probability space (Q, F,P) with two-parameter filtration {F;,t € R} on
it. It means that F; C F; C F for s < t. Denote F; := o{Fy,s < u}.

Definition 1.2.7 An adapted random field { Xy, F;,t € R3} is a strong martingale if X
vanishes on ORY, E|X,| < co for allt € RY and for any s < t E(A,Xy|Fr) = 0.

Evidently, any random field with constant expectation and independent increments is a

strong martingale, in particular, the Wiener field is a strong martingale.

Definition 1.2.8 Let

fe Lt .= {f ‘R — R: / (M2 £ (1)) ?dt < oo}
R2

Then we denote [ f(t)dB/™ as / (M2 £ (£)dW, for the underlying Wiener process
R? R?

W.
1.2.3 Holder Properties of Two-parameter fbm

We fix a = (a1, as),; € (0,1] and let T' = [ay, b1] X [ag, bs]. Let f the Riemann-Liouville

fractional integral of order aie

F(t,t
(1% f)(21, 2) = / / bl gnat, (o) eT
Oél 042

(x1 —t1) 1 0”(5102 —to)™

The space A, = (1% )(L,y(T)) is called the Liouville space (or Besov space) and it

becomes separable Banach space with respect to the norm

e Fllap = £l
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Proposition 1.2.1 [7] For every «,

B +8
A

at

If f € CHT) and f =0 on T = ([ar,b1] X {b1}) U ({a1} x [az, ba])then the function

"2 92 f(t1,t0) dtydty
Do _ 1.2
a+f($1, IQ) 1’*(1 _ Oél 1 — CYQ / / Ot10t5 CUl - tl)al(IZ - t2)a2 ( )

is the unique function from L (T) such that
D3+f - f

For a rectangle D = [sq1,t1] X [s2,t3] C T we define the increment on D of the function
f:T — R by
f(D) = f(ti,ta) — f(t1,52) — f(s1,t2) + f(51,52).

We denote by C% ([a;, b;]) the space of all oy —Holder functions on [a;, b;] and

/]

lai,bi],o; = sSup ;
T uFv,a; <u,v<b; (u - U)az

Also, we denote by C**2(T') the space of all (ay,as)—Ho6lder functions on 7, i.e.,
f e Ccae2(T) if f is continuous,

||f(a1> ')||[a2,b2]7042 < 00, ||f(> a2)||[a1,b1],a1 < o0

and

B | f ([ur, v1] X [ug, vo])|
“fHTal az T uzul'; ’U1 _ ,Ul‘a1|u2 _ U2’O{2

Proposition 1.2.2 [}/ Let 0 < (1 < a1,0 < Py < ag and p > 1. Then we have the

continuous inclusions A p C Agp,
Nop CCOTP a2t 0Bl c A Gif > 1,6 > >0

ici il faut tout d’abord dfinir la fonction gnralis
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Proposition 1.2.3 [}/ Assume that f, g are C*([a,b])—function with f(a) = 0. Let o, B €

(0,1] be such that o+ > 1 and let 0 := {a =ty < ... < t,, = b} be a partition of [a, ]

with the norm ||0|| = max |tj41 — t;|. Then for every 0 < ¢ < a+ f — 1 the following
j

estimates hold:

b
[ 0000 < Cls) ool allonsts - 0 13

b
/ f(t)dg(t) — Z f(ti) [g(tizr) — g(t)]| < O, B flliaplallglliap,s(0—a).  (1.4)




Chapter 2

Fractional martingales and
characterization of the fractional
Brownian motion

2.1 [-variation of a-martingales

Let (€2, F,P) be a complete probability space equipped with a right-continuous filtration
(F,t > 0) such that F, contains the P-null sets. Fix a parameter o € (—3,1). We

introduce the following notion.

Definition 2.1.1 A continuous F;-adapted process (Mt(a),t > 0) is called a fractional
martingale of order « if there is a continuous local martingale (M, t > 0) such that for
allt >0,

/O (= $)2d(M), < o0 2.1)

almost surely, and

t
M = / (t — s)*dM, (2.2)
0

Notice that by Fubini’s theorem condition (2.1) holds true for almost all ¢ > 0.
if o € (0, %), then (2.1) is always fulfilled. Moreover, an integration by parts implies that

the integral appearing in (2.2) exists as a Riemann-Stieltjes integral and

M = I(o + 1)I§, (M), where I§, is the left-sided fractional integral of order a.

21
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For any a € (—%, 0) we introduce the following hypothesis:

(H). The trajectories of M are o/-Hélder continuous on finite intervals for some o > —a

Then we have the following result.

Lemma 2.1.1 Fiza € (—%, 0) and let M be a continuous local martingale satisfying con-

dition (H). Then (2.1) holds, M exists as a Riemann-Stieltjes integral and it coincides
with M = o+ 1) Dy “(M); where Dy is the left-sided fractional derivative of order

— Q.

Proof. Set
Ms - Mu
Zy = |My| + (M) + sup g

o<s<u<t | —u|™¥
For any integer n > 1 we define
Ty =inf{t >0: 2, > N}.

Then, T is an nondecreasing sequence of stopping times such that T 1 oo. For any

s < t we can write
E(|<M>t/\TN - <M>S/\TN|p) S CPE<|MU\TN - MS/\TN|2p) S CPN2p|t - S|2p0/'

By Kolmogorovs continuity criterion the sample paths of (M) are Holder continuous of

order v for any v < 2a/ , on any finite interval. This implies (2.1), and it is easy

to check that the stochastic integral is a Riemann-Stieltjes integral and coincides with

D+ 1) Dy (M), O
1

From fractional calculus, assuming condition (H) if & < 0,we have M; = ot Lo (M),

where [7* = D® if a > 0. Using the definition of the leftsided fractional integral and

derivative, we have

1 t . 1-a (a) .
M, = { mfo(t s) dMs™, ifa <0 23)

L fg(t - 3)_°‘dMs(a), ifa>0.

Tlat DI (1—a)

In order to define the (-variation, let us first introduce some notation. Fix a time

interval [a, b], and consider the uniform partition

I"={a=1ty <t} <...<t)=0b},
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where t = a+2(b—a) fori=0,...,n. let > 1andlet X = (X,,¢ > 0) be a continuous

stochastic process.

Definition 2.1.2 We define the B-variation of X on the interval [a, b], denoted by (X) g, (a4,
as the limit in probability of

a,b n
Sili=>"|ArX |, (2.4)
=1

if the limit exists, where A} X = Xin — Xy . We say that the B-variation of X on [a,b]

exist in L' if the above limit ewists in L.

We also denote (X)g04 by (X)g:. For instance, a continuous local martingale as a finite
2-variation, denoted by (M); and the fractional Brownian motion Bf of Hurst parameter
H € (0,1) has +-variation which is equal to cyt, where cy = (E|BH|)7.

A direct consequence of the above definition is that if (X)g 44 exists, then for any a <

b < ¢, both (X)g a4 and (X)g . exist and

(X) g = (XD, ap) + (X)sb.d- (2.5)

It is also easy to see that the following triangular inequality holds:

SEP(X + V)5 < s (X)7 + sgf;f](y)%. (2.6)

This inequality implies that if X and Y are two continuous stochastic processes such that
(X) 3,0y exists and (Y)g ) =0

(X +Y)gap = (X ah- (2.7)

Let W = (W;,t > 0) be an F;-Brownian motion. We want to compute the S-variation
of M@ where M is a martingale of the form M, = fg EdW.

We will denote by C' a generic constant that may depend on «. Consider first the case

where the martingale is just a standard Wiener process. We recall that
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Lemma 2.1.2 Let W = (Wy,t > 0) be a Wiener process, and set

t
X, =W = / (t — 5)@dW,
0

1

Then the B-variation of X ewists in L* and (X)g a5 = ca(b — a), where ¢ = cyky™,
H=1+a,cy=(EBI)7, and

QHT(2—H) \*
H)> . (2.8)

ki = <F(H +hre-2

Proof. Because of (2.5), it is sufficient to show that (X)sz; = c,t .We can extend
the underlying probability space in such a way that (W_;, ¢ > 0) is a Brownian motion
independent of W. Then, the process B defined by

0

Bf = k:H</0t(t— s)o‘dW8+/ (t = 5)" = (=s)7)aWVs);

—00

is a fractional Brownian motion with Hurst parameter H (see Mandelbrot and Van Ness
[8]). Hence,

X, =ky,'Bl" - 7,

where Z; = ffoo((t — 5)* — (—s)*)dW,. From the 4-variation property of fractional

Brownian motion we know (B¥)g, = cyt, in L', because f = +. Then, by (2.7) it

suffices to show that lim E(\Sg)rf](Z)]) =0 for all ¢ > 0. We have

n—oo
n 0 B
2

iE(|Zt? - Zt?_1|5) = CZ (/ ((tF —s)* = (t 4 — s)a)2d3>

i=1 -

= O ([T () - )
< C(fooo <<%+s>a—sa>2ds>g —i—n%i (/Ooo(t?_l+s)2°‘2ds>

= L+

iy

N1y
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It is easy to see by the dominated convergence theorem that Iy — 0 as n — co. On
the other hand,

n
(2a—1)

I, < Ctn™! Z(Z 1)(2a 3 < Ctn(2a+1) =0
i=2
since a < % This proves the lemma. 0

We will make use of the following lemma.
Lemma 2.1.3 Fiza > 0. Fort>a let X, = [(t — s)*dW, where W = (W, > 0) is a

Wiener process. Then, for allt > a

lim E(|S5:0(X))) =0 (2.9)

n—oo

Proof. Take g = First we have

1+2 )

< CZ { [z =sr = e, s)%s}g,

where t > a and {tI'} is a uniform partition on [a,t]. Then we apply a similar argument

ZE‘/ (7 — 5)* — (17, — 5)°]dW,

as in the proof of Lemma 2.1.2 O

The following theorem is the main result of this section.

Theorem 2.1.1 Set § =

a +2a Consider a continuous local martingale of the form

t
M, = / EsdWs , where & = (&, > 0) is a progressively measurable process such that, for
0

allt >0,

/t(E(! &s !ﬁ))gds < oo,  for some B'>pf, if a<Q0,
Ot
/ (E(£2))2ds < oo, if >0

0

(2.10)

Then, the B-variation of M) on any interval [0,t] exists in L'

t
and (M@, = ca/ (| & |)Pds , where ¢ = cukf \H = 2+ «, and ky is defined in
0

(2.8)
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t
Proof. We can represent the martingale M as a stochastic integral M; = / EsdW s,
0

where W = (W,,t > 0) is a Brownian motion defined on an extension (€, F, P) of our
original probability space (€2, F, P). The space ((NZ, ]?, 15) is the product of (2, F, P), and

another space (Q, F , ﬁ) supporting a Brownian motion independent of M. Clearly, if the
conclusion of the theorem holds in the extended space, it also holds in the original space.

Notice that if o < 0, by Holder’s inequality condition (2.10) implies that
t
/ (t — ) 2*E(£2)ds < o0,
0

and (2.1) holds.
Suppose first that the process { has the form & = Y, 4,)(t), where 0 < ¢; <ty and YV

is a bounded F;,-measurable random variable. In this case the process M(® | denoted by

X, is given by

tAt2
Xt = Y]I[tl,oo) / (t — S)adWS.

t1

For t € [0, 1], we clearly have (X)z; = 0. For t € [t1, ],

t t1
thy/ (t—s)adWS—Y/ (t— )V,
0 0

and by Lemmas (2.1.2)and (2.1.3), for any interval [a,b] € [t1, 3], the S-variation of X

exists in L', and

(X)gjap =ca | Y |” (b—a).

Finally, by Lemma (2.1.3), for any interval [a,b] C [ts,00), (X)g a4 = 0, in L'.

Hence, we have proved that

t
(X)gr=ca | Y|P (t Nty —t1)4 :ca/ | & 17 ds.
0

Let us denote by & the space of step functions of the form
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St = Z }/Z']I(ti,hti}(t)7
i=1

where Y; is F;, ,— measurable and bounded, and 0 = ¢, < ... < t,. For £ € S, we have

n t
X, =Y X|, where Xj = / Ei(t — 5)*dW, and & = Yy, | +1(t). From (2.1.3) we have
i=1 0

(X)pe = Z<X>6,[ti_1,ti}ﬂ[0,t}-
i=1

From the first part of the proof we see that

) clYilP(tint —ti1)y, if j=1,
O SOTNARWA LR :{ 0 il U if jAi

and applying the triangular inequality (2.6), we see then that

<X>57[ti71»ti]m[07t] = <Xi>/87[ti71»ti]m[07t] :

Hence,

n t
()pipn=ca D VP (At =t =co [ 16 ds, 2.11)
i=1 0

and this proves the result for step functions.
To complete the proof, we use a density argument. Fix a time interval [0, 7. We can find

a sequence of step functions (£%,k > 1) in S such that if o > 0, then

T B
tim [ (E( 6~ ¢t Pias o,

and if o < 0, then

T 5
lim | (E(| & —&17))7ds = 0.

k—00 0
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¢
Define X! = / (t — 5)*¢"dB, for t € [0,T]. From the triangular inequality (2.6) and the
0

Burkholder-Davis-Gundy inequality (see, for instance,|[6]), we have, for ¢ € [0, 7],

E(S5(x)7 — SPAX9)5) < EB(SEIX - x*)7)
< c (1@ (Z\ / (1 = 5 (1 — $)T)(E — EDaW, 5))
) :

< (Z / (7 = 8)* = (87 — 8))*(& — €5)%ds

(2.12)

)

Now we will consider two cases depending on the sign of «.

1. If @ > 0, namely, 5 < 2, then by the concavity of 2% and Lemma in [6]), we have

E(IS5 (X)? = SE(X*h)3]) < c(Z\ / (87— )" = (8 — 9)3)PE(E — E5P)ds
=1

o [ mie - emian)”

1
ﬂ)a
2

(VAN
=

(2.13)
Then

’ (’SEﬂ(X)é ) (Ca / fer ds)é ) < E(SHI0% - sEl x5
0
+ (‘5[0 4 x (Ca /t o p ds)ﬂ D
0
+ B (‘ (/tlff |ﬁds)ﬁ— (/tlfs |ﬁds)6)>.
0 0

From (2.13) and (2.11) we obtain
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0, t 1 ‘
limsupE ‘Sgn] X)? — (ca/
n— 00 0

< c ( / e ‘2))%);
oan(|([1era) - ([leras)))

and letting k£ tend to zero, we prove the desired result.

é
§s|ﬁds>

2. If @ < 0, namely, 8 > 2, then applying the Minkovski inequality in (2.12) and using

Lemma 3.1.3, we have

1

E(| S9A(x)7— | SPA(x*)7 )

@

——
=

IN

C<; | /f((f? =) = (6 — 9B & - & )R

< o [mie-¢ rﬁ»%');'-

Now in the same way as for the case a > 0, we can show

M;E(\S[ﬂ“f 0= (o flerm) )ZO'

This proves the theorem. O

Remark 2.1.1 If o > 0 and fo (£2)ds < oo, then fo (€2)) 3ds < oo, and the B -
variation of the fractional martingale M'®) ezists in L', and (M(®)z, = c, fo || ds.
Using a localization argument, we can prove that this result remains true with the conver-

gence in probability, for any continuous local martingale such that (M), = f; &2ds for all

t>0.
On the other hand, if « < 0 and ( fo (|&]%Yds < oo for all t > 0, and for

some 8 > [, then the [-variation of the fractional martingale M'® ezists in L' and
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(M), = cq fot |&|Pds. As a consequence, again by a localization argument, the result
remains true with the convergence in probability, for any continuous local martingale such
that (M), = fg &2ds, assuming that fot &,|7ds < oo almost surely, for all t > 0,and for
some 3’ > 3.

Corollaire 2.1.1 Consider a continuous local martingale M = (M, t > 0) with My = 0
and (M), = fg E2ds , where & = (&,t > 0) is a progressively measurable process. Suppose

)
that M satisfies (2.1) for some a € (—3,3). Then there exists C > 0, such that

b
hmlnfE(S[ab (M(a))) / E(]fs\ﬁ)ds

n—oo

Proof.For each integer N > 1let yN(z) = z if [2] < N and ¢N(z) = X if [z| > N
.Denote M,* (@):.N fo (t — s)*N(&s)dMs. An application of Burkholders inequality yields

1)

— (= 9)})I&L

B(SEI0r) = B Z\ / i((t?—s)“—(t?_l—sm

B
2

Vv
Q
ﬁ
E
\
“E
|
Cm

)

> OE(Z | / (17— 97— (2~ )P A N s
> CE(SED(M@WN)),

B

)

By Theorem (2.1.1) S[a b](M(a) ) converges to fab(|§3| AN)Pds in L' as n tends to infinity.
So,

b
lim E(S2 (M) = / (I&] A N)Pds
n—oo a

and, consequently,
b
lim me(S[a b](M(a))) > C/ E(|&]%)ds
n—oo a

O
So far we have considered continuous local martingales such that (M;) is absolutely con-

tinuous with respect to the Lebesgue measure. The next result says that in the case ao < 0
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if the quadratic variation of the martingale is not absolutely continuous with respect to

the Lebesgue measure with positive probability, then the g-variation is infinite.

Proposition 2.1.1 Fix —% < a < 0. Suppose that M = (M, t > 0) is a continuous

local martingale, satisfying (2.1). Consider the Lebesque decomposition of its quadratic
variation given by (M), = u + vy where py and v, are continuous nondecreasing adapted

processes such that duy is absolutely continuous with respect to the Lebesgue measure, and

dv; is singular. If P(vy # 0) > 0, then we have lim E(S[af}(M(a))) =00, for allt >0
n—00 ’

Proof By Burkholders inequality, we have

B
2

Mﬁ]M?—mﬁ@ chﬁ(f%w—w>@%—ggwM@
> oY r( [ o - )

O E( [ - - - o)

(NI

N1

Then the result follows from the above inequality and Lemma 3.1.3. 0
On the other hand, the next result says that in the case o € (0, %), the S-variation is zero

if the quadratic variation of the martingale is singular.

Proposition 2.1.2 Suppose that M = (M, t > 0) is a continuous local martingale, such

that almost surely the measure d{M), is singular with respect to the Lebesgue measure.

Then, if a € (0, i), we have

lim E(S§P(M@)) =0,

n—oo

for allt > 0.

Proof. The result is an immediate consequence of Lemma 3.1.3. 0
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2.2 Characterization of fractional Brownian motion

Suppose that B is a fractional Brownian motion with Hurst parameter H € (0,1). The

process BY admits the following representation (see [6]):

t
B = / Zy(t, s)dW, (2.14)
0

where

Zu(t,5) = b (é) " (t— s)Hb — (H - %) Gh-H /St u - )" hd]  (215)

with ky defined in (2.8).
The next theorem is the main result of this chapter and provides an extension of Lévy

characterization to the fractional Brownian motion.

Theorem 2.2.1 Fiz H € (0,1),H # % Suppose that B = (By,t > 0) is a zero mean

continuous stochastic process. The following two conditions are equivalent:
1. B is a fractional Brownian motion with Hurst parameter H.
2. The process B satisfies the following conditions:

i) The trajectories of B are Hélder continuous of order H—e¢ for any H—e € (0, H).
ii) Let
t
M, = / s H(t — 52 4B, (2.16)
0

Then M 1is a local martingale. Furthermore, if H > %, the quadratic varia-
tion of the martingale M 1s absolutely continuous with respect to the Lebesgue

measure almost surely.

iii) For any t > 0, the %-vam’ation of B in the interval [0,t] exists in L', and

(B)

14 = cut, where ey = E(|¢]7) and € is a standard normal random variable.

Remark 2.2.1 Notice that condition (i) is always true if H < 5 , and the Riemann-
Stieltjes integral in (2.16) exists
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Proof of theorem2.2.1 From the properties of the fractional Brownian motion we know
that (1) implies (2). Suppose that (2) holds. Fix H — € € (0,H), and T > 0. We are
going to show that B is a fractional Brownian motion with Hurst parameter H in the
time interval [0,7] . Denote by ||B||g—. the Holder norm of order H — ¢ on [0,7]. The
proof is divided into several steps.

Step 1. From (2.16), we can solve the integral equation to express B as a functional of

M. This can be done as in the proof of Theorem 5.2 of [12]. In this way we obtain
H-1 1
BtIdHt QRt— H_§ Y;‘,a
where dy = B(2 — H,H + )71,

t
R, :/ (t — s)"~z2dM,,
0

t /ot
Y, = / </ uH_%(u - S)H_édu) d M,
0 s

Comparing with the representation formula (2.14) for the fractional Brownian motion, it

and

suffices to prove that

d(M), = (kydy's>7)2ds, (2.17)

because this implies that M is a Gaussian martingale, and B has the covariance of the

fractional Brownian motion with Hurst parameter H. In order to show (2.17), we are

going to compute the %—Variation of R, from the decomposition

1
Ry =d't2 "B, + (H - 5) tz=Hy,, (2.18)

1
Step 2. Fix 0 < e < HA 1A (1 — H) and suppose that E(|B||fi_,) < co . We will

first show that the %—Variation of the process Z; = t2~1 B, exists in L! in any interval

[0,¢] € [0,7] , and
(Z)1, = 2Heyt®m . (2.19)

T
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An application of the triangular inequality yields

i—1
1=1

n H
0.4 < ‘ "\@HT B,y — By |#
591(z) < (Zm By — By I

(2.20)
n H 1
+<Z|<t?>%H—<t’: )2 3| By |é) "
=1
and
n H
sp2) > !(wa%lwﬁ—&%lé) 2
=1
n H 1
—(Zut”)% <t?_1>%H\érBtylré> "
=1
We have

::\H

1 1 e n X =1 _
M ()2 (B |7 < CIB|_ ()™ 7 S, — 1)Em
=1

£
H

< C|B||f_tmFntH,

(2.22)
which converges in L' to 0 as n tends to infinity. From (2.20) to (2.22) we obtain

im SY(z)= 1 t2)27 Y By — By |¥ 2.2

i, Spal?) = B, > () By = By | (2.23)

in L', provided that the limit on the right-hand side of (2.23) exists. Denote I} =
[t? 1 j]for] 1a27"'7

"=
n. We divide every subinterval I into m parts, and we get a
finer partition 0 = ¢ <

tz% =1. Then, we have
nm n 1
-1 1 o
Z(t?m) (2H) |Bt;nm — Bt:ﬁqﬁi | H — Z cy (tn ZH) (t? _ t?_l)
=1 =1
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- L n n
+(E# (Y By — Bl b = ety — 17, )|
i=(j—1)m+1
" 1 1 ]m 1
< Yol =) Y By — By
j=1 i=(j—1)m+1
Yo —1 jn L Yo —1
+(7) ‘ S By — Bun |7 — cu(t)n )|,
i=(j—1)m+1

Letting m tend to infinity and using assumption (ii), we obtain

n

. S 1 _1
lim Y (t")®@0 By — By |7 = 2Hcyt®m
? 7 1—1 )
n—>+4o00 4 T

1=

in L', which shows (2.19).

Step 3. We claim that the %—Variation of the process V; = t%*HYt in L' is zero. The

increment |Y; — Y;| can be estimated by Lemma 3.1.3 in the Appendix with o = % —H, f
being a trajectory of the process B and 8 = H — €. Notice that a + § = % — ¢, and

2a+  =1— H — e. Hence, for any s,t € [0,7] , we have
Y, = Y| < OlIBllu-—c(t6 — s7).
Therefore, as in (2.20), we have
o
E(STI(V) < O () RV — Vi [VH)

Rk
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For the term A,, we have

n

Ay < CIBIG- Y™ H(#) " — ()" )%
1=1

1
(2H)

1 N H I ;
- i (5) " -y

=1

By Lemma 3.2.3, lim E(A,) = 0.

n—oo

For the term B,,, using that

E(|Ye,|1) < CE(IBIIfi_ )t 7

, we obtain

»
-

E(B,) < OEHMWEﬁJEZQ?J_ % (£>H

T e\~
< CE(|BIF.) (%) —0.
Hence, (Y)1, =0,in L', for t € [0, T].

Step 4. From (2.18), (2.19), Step 3 and (2.7), we get that the % -variation of the process
R in any interval [0,¢] C [0,T] exists in L', and

(R)1 , = cyd, 7 2HIOW. (2.24)

1

On the other hand, since R; is an H — % martingale, Theorem (2.1.1) and Proposition
(2.1.1) imply that if H < % , the quadratic variation d{M)s must be absolutely continuous
with respect to the Lebesgue measure, almost surely. In the case H > % this is true by the
assumption (ii). This implies that (M), = fg &2ds. where & = (&,t > 0) is a progressively
measurable process.

By Corollary (2.1.1), there is a positive constant C' such that, for any ¢, € [0,T],



2.2 Characterization of fractional Brownian motion 37

Cfttf 5@ s > f (€7 )ds Then E(|&,|7) < Cs@m em ', Thus, we can apply Theorem

(2.1.1) to obtain (R)1 , = cyky i fo &, |7 ds.

Vi
Comparing this with (2.24), we obtain
&l = kudg's>™, 0<s<t,
and (2.17) holds. This proves that B is a fractional Brownian motion with Hurst parameter
1
H under the condition E(||B||fj_. < 00).

1
Step 5. HE(||B||/i_.) is not necessarily finite, we can use a localization argument. Denote

Ty =inf{t>0: ||Bllug_. > K} AT

. = 1 - 1 t.1 .
and BX = Bj,r,. Since Z |Bf§ - Bg_1|H < Z |Bf§ - Bg;_l|H + (KE)H , by the domi-
i=1 =
nated convergence theorem, we can also get
. - K K L —
limE ( > 1B = B |7 —cu(t AT) ) = 0.
i=1
By modifying the proof in Steps 1-4 slightly, we get
& = kpdy'sz ™, 0<s<tATk.
Clearly, lim Tx =T , and then
K—oo
& = kpdy'sr™™, 0<s<T.
OJ

Remark 2.2.2 Notice that in the case H > % we have imposed the additional assump-

tion that the martingale (2.16) has an absolutely continuous quadratic variation. This is
true, for instance, if the filtration generated by the process B is included in the filtration

generated by a Brownian motion.
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The next proposition shows that this condition is necessary at least in the case H € (%, %)

Proposition 2.2.1 Suppose that H € (%, %) There exists a process B, satisfying condi-

tions (i) and (iit) of Theorem 2.2.1, such that the process M defined in (2.16) is a local

martingale, and B is not a fractional Brownian motion.

Proof. Let BY be a fractional Brownian motion with Hurst parameter H € (3, 2).

Define

t
Mt:/ s H(t — g)2HqBH.
0

Let Ny = W), where W is a Brownian motion independent of Bf and ¢ is a strictly
increasing, Holder continuous function of exponent ~ for any v < 1, null at zero, such that
the measure d¢(t) is singular with respect to the Lebesgue measure (for the existence of

such function, see Lemma 3.3.1 in the Appendix). Set

M, =M, +N, and B =Bl +Y,

where

1 t 1 1 t t 3 1
Y, =dy (tH_z/ (t—s)172dN, — (H — 5) / (/ w72 (u — s)H_zdu> dNS> .
0 0 s

The process BH clearly satisfies (i) and it is not a fractional Brownian motion. Finally,
(EH)%.t = cyt in L', because the L-variation of [}(t — s)H=2dN, is zero by Proposition
2.1.2, and, by the same arguments as in the proof of Theorem 2.2.1, we can show that

the %—Variation of Y vanishes. O



Chapter 3

Appendice

3.1 Some technical lemmas.

Lemma 3.1.1 Let o € (0, %) Fiz an interval [0,t]. For any natural number m, we

define 1" = ni'lt,O < i < m. Let g be a measurable function on [0,00) such that, for all
t>0, fg lg(s)|ds < co. Then there exists a function C(t) > 0 satisfying

m

limsup > ( / (e — s (e s)i)2lg(s)|ds)§ < C(1) / o) s,

m—oo
=1

Lemma 3.1.2 Let o € (—3,0). Fiz an interval [0,t]. For any natural number m, we

define 1" = %t,O < i < m. Let g be a measurable function on [0,00) such that, for all

t >0, fot |g(s)]%d5 < 0o. for some 3" > (. Then there exists a constant C' depending on
t such that

é ol
2

S ([ = s = -9 riols)” < ¢ Ig )

Lemma 3.1.3 Suppose that v is a measure on an interval [0,t], which is singular with

respect to the Lebesque measure. We have the following conditions:

(i) If a € (—3,0), then

N

752_@02 (/ (L —s)* = (t1 4 — s)i)2dvs> = 0.
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(it) If o € (0, %), then

@

n t
M A R B )

3.2 Transformations of Holder continuous functions.

Let 3 € (0,1]. We denote by C? € ([0,T]) the set of Hélder continuous functions on
[0, 7). For any function f in C¥ € ([0,T]) and any 0 < a < b < T , we will write

”f”ﬁ;aab: sup ‘f(t)_f(sﬂ

a<ls<t<b |t - 5|’8

(3.1)

We also set || flls = || fllg.07-

Lemma 3.2.1 Suppose that f € C® € ([0,T)), and assume that 0 < a <b<v <T. Let,
v>0and a+ 3 #0. Then

‘ /ab s7 (v — S)O‘df(s)’ < HfHB(Z + ’aiwbm«v Z ) 4 (0 — a)™t).

Lemma 3.2.2 Suppose that f € CP € ([0,T]), and suppose o < 0,a + 3 > 0. Let
g(t) = fot s*df(s). Then, g € C**# € (0,T)), and

9l < 221l

Proposition 3.2.1 Fiz o € (—=1,1) and € (0,1] such that 0 < a + 8 < 1. Suppose
that f € CP € ([0,T)), and let g(t) = fot s*(t — s)*df(s). Then:

1. Ifa>0,geCF e ([0,T]) and for any 0 <a <b<T , we have
l9(b) — g(a)| < O fllgb®(b — a)**". (3.2)
2. Ifa<0and 0 < 2a+ B <1, then g € C***P € ([0,T]) and

l9(0) — ga)l < CIIflls(0 — a)***". (3.3)
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Lemma 3.2.3 fiz o € (—3,3) and B € (0,1] such that 0 < a+ B < 1. Suppose that
feC?e(0,T]), and let g(t) = f(f s*(t — s)*dfs. Set:

h(t) = /Ot u_a_l(/ou(u - 3)_adgs)du.

Then for any 0 < a < b < T, we have

[A(b) = h(a)| < CIflls (" — ).

3.3 Existence of singular Holder continuous distribu-
tion functions.

Let 0 < H < 1 and p > 1. Suppose that X = (X, > 0) is a zero mean Gaussian process

with stationary increments and a variance o?(t) = E(X?) given by

o (t) = /000(1 — cos(xt))g(x)dx, (3.4)

where g(z) = z 2 o) (x) + (|logz|Pz) I o)(z). If we replace g(z) by gH(z) =
r72H=1 in equation (3.4) then the process X is a fractional Brownian motion with Hurst
parameter H. Taking into account that g(z) > CgH(x) for some constant C' > 0, it
follows that the process X satisfies the local nondeterminism property in some interval
(0,d) (see Theorem 4.1 in [3]). The following lemma implies the existence of finite mea-
sures on the real line which are singular with respect to the Lebesgue measure, and whose

distribution function is Holder continuous of order 7 , for any v < 1 on any finite interval.

Lemma 3.3.1 Let X be the Gaussian process introduced above. Then, there exists a

version of its local time L(t, x), jointly continuous in t and x, with the following properties:

(i) For each z € R and v < 1, L(t, z) is Holder continuous of order v with respect to ¢

, On any finite interval.
(ii) L(t,x) is a nondecreasing function of ¢ .

(iii) For each x € R the support of the measure L(dt, x) is the set S, Xg = x, which has

a Lebesgue measure 0.



Conclusion

This manuscript has investigated the fractional martingales and characterization of the
fractional Brownian motion. Our future goal is to study an possible extension of 1évy
characterization to the Two parameter fractional Brownian motion defined in the first
chapter. We think that it’s possible to employ the obtained result in the study of some

class of stochastic differential equations
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