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Introduction

In the last few decades, a significant interest in fixed point theory has
been directed to transposing classical metric fixed point result from metric

spaces to certain generalized metric spaces.

Historically, the starting line in this field was well-defined by the cre-
ation of Banach’s fixed point theorem, formulated and proved in 1920, which
was published in 1922, it is one of the most important theorems in classi-
cal functional analysis. After that more results involving fixed point with
different contractive mappings in metric spaces came into view for example
Kannan [27], introduced Kannan contractive theorem to find fixed points of
mappings which are not continuous. The Banach and Kannan fixed point
theorems have been improved by various successful attempts. One such at-

tempt is due to Reich [32].

On the other hand in 1989, Backhtin [12] introduced the concept of b-
metric space. In 1993 Czerwik [29] first presented a generalization of Banach
fixed point theorem in b-metric spaces. Many researchers including Aydi
[11], Boriceanu [21], Chug [21], Bota [18] studied the extension of fixed point

theorems in b-metric space.

Later on, Fagin et al. [20] discussed some kind of relaxation in triangular
inequality and called this new distance measure as non-linear elastic mathing
(NEM). Similar type of relaxed triangle inequality was also used for trade
measure [7] and to measure ice floes [25]. All these applications intrigued and
pushed Kamran et al. in [33] to introduce the concept of extended b-metric

spaces as a generalization of b-metric spaces.
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In this thesis we will study some fixed point theorems for single-valued
mappings and operators that satisfy a cyclic-type contraction condition in

complete extended b-metric spaces.

The thesis contains three chapters organized as follows:

In the first chapter we will discuss some basic definitions and proper-
ties that we will use later, This chapter also includes many interesting results
related to the b-metric spaces, some examples which satisfy the properties of
above spaces, some fixed-point theories, and convergence, Cauchy sequence,

completeness.

In the second chapter we will throw light on our main topic, which
is the extended b-metric space. Also, we will see some examples in different
spaces, some important definitions that we need, some fixed-point theories

especially for operators that satisfy a cyclic-type contraction.

In the last chapter we will move on to the applications of some fixed-
point theorems that we saw in the second chapter on The Integral equations,

Differential equations and Fractional differential equations.



Chapter 1
Preliminaries.

In this chapter we throw light on basic definitions and many interest-
ing results related to the b-metric spaces, some examples which satisfy the
properties of above spaces, convergence, Cauchy sequence, completeness and

some fixed point theories.

1.1 Definitions

Definition 1.1.1. /29/(Metric space)
Let X be a non-empty set and let d : X x X — RT be a function satisfying

the conditions,
1. d(z,y) =0 if and only if v = y;
2. d(z,y) = d(y,x) for al z,y € X,
3. d(z,y) < [d(z,z) +d(z,y)], for all z,y,z € X.
Then d it is called metric on X and the pair (X, d) is called metric space.

Definition 1.1.2. (Lipschitzian mapping)
Let (X,d) be a metric space and T is a mapping from X to X. The mapping
T is called a Lipschitz mapping if there exists a constant k > 0 such that

d(Tz, Ty) < kd(z,y),
for all x,y € X. Where k is called the Lipschitz constant.

7



8 1.1 Definitions

Example 1.1.1. Consider X = [1,2] and d : X x X — R* defined by
d(z,y) = |z —y|. Define T : X — X by T'(z) = 2°.
Since 2* — y* = (z + y)(x — y) It follows that

d(T(x),T(y)) = |T(x) = T(y)]

= [2* — |
<lz+yllr -yl

< (lz| + lyD]z -y
< (2+42)z —y

= 4d(z,y),

for all x,y € R. This shows that T s a Lipschitz mapping, with Lipschitz

constant k = 4.

Definition 1.1.3. (Contraction mapping)
A mapping T : X — X where (X,d) is a metric space, is said to be a
contraction if there exists k € [0,1) such that for all z,y € X;

d(Tx,Ty) < kd(zx,y) (1.1)
Example 1.1.2. Let X =[0,1] and d : X x X — R defined by
d(z,y) = |z —yl.
Clearly (X,d) is metric space. The function T : X — X where

T(x) =In(1+ %)

1S a contraction.
Definition 1.1.4. (¢® spaces)
Let K the field either of real or complex numbers. We denote by KN the set

of all sequences of elements of K which is a vector space.

For 0 < p < oo, P is the subspace of KN consisting of all sequences (Z,,)nen

Z |z,|P < oo
n

satisfying
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If p > 1, then the real-valued function || - ||, on ¢ defined by

1/p
|z, = <Z|xn|p) for all z € ¢

defines a norm on /. In fact, ¥ is a complete metric space with respect to
this norm, and therefore is a Banach space.
If p = 2 then 2 is also a Hilbert space when endowed with its canonical inner

product, called the Euclidean inner product, defined for all x,y € /% by
(@, 9) = ) Tutn.

For 0 < p < 1, then ¢? does not carry a norm, but rather a metric defined by
d(a:,y) = Z’xn_yn|p' (12)

Definition 1.1.5. Let (S, %, ) be a measure space. If0 < p < 1, then LP(u)

it 1s the quotient vector space of those measurable functions f such that
No(F) = [ 1f17du < oc.
s

We may introduce the p — norm || f|l, = N,(f)"/?, but || - ||, does not
satisfy the triangle inequality in this case, and defines only a quasi-norm.

and so the function

dp(f,9) = Np(f —9) = If —gllb-

is a metric on LP(u).

Example 1.1.3. For 0 < p < 1, let L¥[0,1] be the set of all functions
f:[0,1] — R that are measurable and satisfy

1
/O f(@)Pdz < oo,

with functions equal almost everywhere identified. We define a metric on
LP[0,1] by

d,(f. 9) = / F(z) - g(x)Pd. (1.3)
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Definition 1.1.6. (Convex function)
A function f from a real interval I to R is said to be convex when for all x;
and xo of I and all t € [0, 1] we have:

o+ (1 —t)ay) <tf (z1) + (1 —1)f (22)
Example 1.1.4. The power function R} — R,z — 2P is convex if p > 1.

Proposition 1.1.1. A continuous function f on I is convex on I if (and

only if ) whatever the elements x1 and xo of I:

s (361 ﬂ;flfz) < f(9€1)42rf(332).

1.2 b-metric space

Definition 1.2.1. [25/(b-metric space)
A b-metric on a nonempty set X is a function ds : X x X — [0, 00) satisfying

the conditions

(ds1) dz,y) =0z =y;

(ds2) d(z,y) = d(y,z);

(ds3) d(z,y) < s[d(z,z) + d(z,y));

for all z,y,z € X, and for some fized number s > 1. The pair (X,ds) is

called a b-metric space.

The condition (ds3) is called the s-relaxed triangle inequality and that
give us for all g,z 2, € X Vn €N;
dy(20, ) < sd(w0, 1) + 8°ds (1, 22) + -+ + 8" (g, 20 1)

+ 5" (21, T)
Indeed. we obtain successively

ds(zo, ) < sds(xo,21) + sds(z1, 2p)
< sdy(xo, 21) + $°ds (21, 22) 4 7dy (32, 7,
S Sds(x07 xl) + -+ Sn_lds(xn—% xn—l) + Sn_lds(“%—la xn)
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Example 1.2.1. [779] Let X = (?(R) with 0 < p < 1 where
P(R) = {{z,} CR: Z |z, |P < oo}

Defined: X x X — R as:

1/p
d(z,y) = <Z |2n — yn|p> <0

n

where x = {x,} , y = {yn}. then d is a b-metric with coefficient s = 2'/7.

Indeed, (X,0) is a metric space with §(x,y) = Z |zn, — ynlP < oo from

(1.2) by the triangle inequality we have

dz,y) < 6(z,2) 4+ 6(z,y) for all z,y, 2 € X

then
8, y)'7 < (8(x, 2) +6(z, )"
< (2max{d(z, z),8(z, y) /P
< 21/1)(5(% Z)l/p + 5@7 Z)l/p)
So

d(z,y) < 2"7(d(z,2) + d(2,y))

The conditions (ds1) and (d,2) are satisfied then (X, ds) is a b-metric space
with s = 21/7,

Example 1.2.2. [75] Let L¥[0,1] be the space of all functions x : [0,1] — R
such that fol |z(t)|Pdt < oo, with 0 < p < 1, Define ds : X x X — RT as :

o) = ([ ) o) "

We can prove it by the same way using (1.3) (X, d;) is a b-metric space

with coefficient s = 21/7,
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Example 1.2.3. [/] Let (X,d) be a metric space and o4 : X x X — R be
defined by

oa(z,y) = [d(z,y)]"
for all xz,y € X where p > 1 is a fized real number. Then o4 is a b-metric

with s = 2P—1

Indeed, conditions (d1) and (d,2) in Definition 1.2.1 are satisfied and
thus we only have to show that condition (ds3) holds for o,.
If p > 1 the convexity of the function f(z) = z” (see Example 1.1.4) implies
for each x,y, 2z € X we get

oa(z,y) = [d(z,y)]” < [d(z,z) + d(z,y)]?
< 2 Md(z, 2)P + d(z,y)]
< 2 Yoy(x, 2) + oa(2,y)].

So condition (ds3) holds and o4 is a b-metric with s = 2P~1.

We present an easy example to show that in general a b-metric need not

be a metric.

Example 1.2.4. If X = R is the set of real numbers and |x —y| is the usual
euclidean metric then |v — y|* is a b-metric on R with s = 2 but it is not a
metric on R.

Indeed, conditions (d;) and (dy) in Definition 1.2.1 are satisfied and con-

dition (d3) holds by the identity of parallelogram, for all z,y,z € R

— 2: — —
lz -yl =]z —z2+z—y]
a b

la+b]* + |a — b]* = 2|al* + 2/b]* = |a + b|* = 2|a|® + 2|b]* — |a — b]?
= la+b*> < 2|a]* + 2[b|?
= o=y <2z — 2 + ]z - yf")
|z — y|? is a b-metric with s = 2.

If + =5,y = 1,2 = 4 the tringle inequality is not satisfied then |z — y|? is

not a metric.
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Remark 1.2.1. The above examples show that the class of b-metric spaces
15 larger than the class of metric spaces. When s = 1, the concept of b-metric

space coincides with the concept of metric space.

The notions of convergent sequence, Cauchy sequence and complete space

are defined as in metric spaces.

Definition 1.2.2. [2//(Cauchy sequence)
Let (X, ds) be a b-metric space. Then a sequence (x,,) in X is called Cauchy
sequence if and only if for all € > 0 there exists n(e) € N such that for each

n,m > n(e) we have d(z,, Ty) < €.

Definition 1.2.3. /2//(Convergent sequence)

Let (X, ds) be a b-metric space. Then a sequence (x,) in X is called conver-
gent sequence if and only if there exists v € X such that for all € > 0 there
exists n(e) € N such that for all n > n(e) we have d(z,,z) < €. In this case

we write lim x,, = x.
n—oo

Definition 1.2.4. [2]]/(Complete b-metric space) The b-metric space is

complete if every Cauchy sequence convergent.

Remark 1.2.2. For all m,n € N let m,n — oo the inequality
ds(Tp, Tm) < s[ds(zn, ) + ds(z, ,,)]
shows that every convergent sequance is cauchy.

Definition 1.2.5. [/7//(Fixzed point)

Let X be a nonempty set and T : X — X a selfmap. We say that v € X
is a fized point of T if T(x) = x and denote by FT or Fix(T) the set of all
fixed points of T.

Definition 1.2.6. /7//(The Picard iteration)
Let X be any set andT : X — X a selfmap. For any given x € X, we define
T™(x) inductively by T°(x) = z and T (z) = T(T"(x)); we recall T"(x)
the nth iterative of x under T'. For any xy € X, the sequence {x,}n>0 C X
given by

Ty =Txy 1 =T"(x9),n=1,2--- (1.4)

Is called the sequence of successive approximations with the initial value x.

It is also known as The Picard iteration starting at xg.
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Definition 1.2.7. [77](Continuity)

Let (X, dy) and (X', d}) be two b-metric spaces with coefficient s and s', re-
spectively. A mapping T : X — X' is called continuous if each sequence
{z,} in X, which converges to x € X with respect to dy, then Tz, converges

to T'x with respect to dj.

Definition 1.2.8. [25/(Continuity of a b-metric)

Let (X, dy) be a b-metric space with constant s > 1. A b-metric is said to be

e continuos if
ds(l'n, I) — 07 ds(ynvy) — 0= dS('rn’yn) — ds(l', y)
e separately continuous if the function ds(x,-) is continuous on X for
every x € X, i.e.,

ds(Yn,y) — 0= ds(z,y,) — ds(z,y),

for all (x,,), (yn) in X and all z,y € X.

Lemma 1.2.1. Let (X, ds) be a b-metric space, If d is continuos, then every

convergent sequence has a unique limit.

Proof. Let {z,} a convergent sequence x, — = . Assume that there exist
an other limit z* such that z,, — z*.

By continuity of d, we have
ds(Tn, ) — 0,ds(xp, ") — 0 = dy(zp, z,) = 0 —> ds(z, 27).

S0
ds(z,2") =0= 2 =2a".

Definition 1.2.9. [29/(Topological notions)
If (X,ds) is a b-metric space then a subset Y C X is called

(i) Compact if for every sequence of elements of Y there exists a subse-

quence that converges to an element of Y.

(i1) Closed if for each sequence {x,} in Y which converges to an element

x, we have x € Y.
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1.3 Fixed point theorems

Theorem 1.1. (Banach contraction principle)
Let (X,d) be a complete metric space and let T : X — X be a contraction
on X. Then T has a unique fized point v € X (such that T(x) = x).

Proof. Let us choose any xy € X, and define the sequence (z,), where
Ty = T(xy),n=1,2,--- (1.5)
Our proof strategy will be to show
1. This sequence is Cauchy.
2. This limit is a fixed point of 7.

3. The fixed point is unique.
step 1 By using (1.5) and the fact that 7" is a contraction we have

A @i, ) = d(T (@), T(Tm-1))
< Kd(xp, Tm—1)
< Kd(T(xpm-1), T(xm—2))
S sz(ZL’m_l, .Tm_2>

IN

< Kmd(.ilfl, II?()).
Hence by the triangle inequality we get (for n > m) that

d(mm7 xn) S d(x’nﬂ xm—‘rl) + d<mm+1; mm+2) +---+ d(xn—la xn)
< (K™ 4+ K™+ 4+ K" Yd (2, o)
1 _ anm
S Kmﬁd(xl,xo).
where in the last equality we have used the summation formula for
a geometric series. Since 0 < K < 1, we have 1 — K"™™ < 1, and

consequently
m

d <
(2 2n) < 1=

d(z1,20)
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step 2

step 3

Since 0 < K < 1 and d(zo, 1) are fixed, it is clear that we can make
d(xm,, z,) as small as we please by choosing m sufficiently large (and
n > m). This proves that (x,) is Cauchy. Finally, since (X,d) is

complete, there exists an x € X such that z,, — x.

To show that z is a fixed point, we consider the distance d(z,T(x)).

From the triangle inequality we get

d(x, T(x)) < d(x, xm) + d(@m, T(2))

<d(x,z
<d(z,zpm)+dT(xm_1),T(x))
<d(z,rn)+ Kd(xm_1, )

and since x,, — x it is clear that we can make this distance as small

as we please by choosing m sufficiently large. We conclude that
dz,T(z)) =0=T(z) = x.
so z € X is a fixed point of T'.

Suppose there are two fixed points x = T'(z) and z* = T'(x*). Since T

is a contraction with constant K € [0, 1) then, we obtain
d(w,2") = d(T(z), T(2")) < Kd(z, z")

which implies d(z,2*) = 0 since 0 < K < 1. Hence z = z*, and the

fixed point x of T is unique.

]

Lemma 1.3.1. [70] Let (X,ds) be a b-metric space and (x,) a sequence in
X such that

ds(xn—&—l’ xn+2) S qu(l‘n, xn—&—l)v n = 07 17 e

where 0 < g < 1. Then the sequence (x,) is Cauchy sequence in X provided
that sq < 1.
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Proof. For any n,
ds (-Tn+1> xn+2) S qu (33”, anrl)
S qzds(xn—hxn) S e S qn+1ds($0,$1)-
For n < m, by the triangle inequality,
ds<xna xm) S Sds(xna xn-{—l) + 82d3($n+1, xn—i—?) + -
+ Sm_n_l[ds (xm—% xm—l) + ds(l‘m—la mm)]
< sq"(1 +sq+5*¢* + - )ds(z, 71)
5q"
< ———ds(xg, 1) — 0 as n — oo,
(1 —sq)
and (x,) is Cauchy. O

In the following we recollect the extension of Banach contraction principle

in case of b-metric spaces.

Theorem 1.2. Let (X, d) be a complete b-metric space with constant s such

that b-metric is a continuous functional. Let T : X — X be a contraction

having contraction constant k € [0,1) such that ks < 1. Then T has a

unique fixed point.

Proof. Let xy € X and {x,},>1 be a sequence in X defined as following

Tp=Tx,_1=T"xy, n=12,---

step 1 Let’s prove that z,, is a Cauchy sequence

Since T is a contraction with constant k € [0,1) then, we obtain

ds(T*Tna Tanrl) < kds(xn, xn+1) n= 07 17 T
ds(xn—i—la xn-{—?) S kds (In7 In—&—l)

then (z,) is a Cauchy sequence by Lemma 1.3.1.

step 2 Now, we show that z* is a fixed point of 7.

Indeed, in view of completeness of X; we consider that {z,},>1 con-

vergent to z* € X.

Tx* = ILm Tx, = ILm Tpy1 = 2"
n oo n o0
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Therefore, x* is a fixed point of 7.

step 3 Finally we have to show that the fixed point is unique. Assume that z’
is an other fixed point of T'. Then, Tz’ = 2’

ds(z*,2") = dy(Ta*, Ta') < kdy(z*, ")
So the fixed point is unique. This completes the proof.
O

If the metric space (X, d) is complete then the mapping satisfying (1.1)
has a unique fixed point. Inequality (1.1) implies continuity of 7. A natural
question is that whether we can find contractive conditions which will imply
existence of fixed point in a complete metric space but will not imply con-
tinuity. Kannan in [27] established the following result in which the above
question has been answered in the affirmative. If T': X — X where (X, d)

is a complete metric space, satisfies the inequality
d(Tx, Ty) < ald(w, Tx) + d(y, Ty)] (L.6)
1 . .
where a € [0,5) and, x,y € X then T has a unique fixed point. The
mappings satisfying (1.6) are called Kannan type mappings.

Theorem 1.3. Let (X,d;) be a complete b-metric space with constant s > 1
and define the sequence {x,}>2, C X by the recursion (1.4).

1
Let T : X — X be a mapping for which there exists p € {O, 5) such that

ds(Tx, Ty) < plds(x, Tx) + ds(y, Ty)] (1.7)

for all, x,y € X and (s + 1) < 1. Then, there exists z* € X such that
T, — =¥ and x* is unique fixed point of T.

Proof. Let o € X and {x,}32, be a sequence in X defined as

Tp=Tx, 1 =T "2rg,n=12---.



1.3 Fixed point theorems 19

By using (1.7) and (1.4) we obtain that

ds (.In, xn—&—l) = ds(Txn—la Txn)
S ,U[ds (xnfla :L‘n) + ds (xna :CnJrl)]

and we obtain
ds<xn; anrl) S %d5<xnflu xn)

Similarly, we have

dy(2n, Tps1) < <ﬁ)nd5(:ﬁo,xl) (1.8)

€ [0,1). Thus, T is a contraction mapping.

1
Note that pu € [0, 5) then ] a

We deduce, in similar manner to that in the proof of Theorem 1.2 that
{z,}52, is a Cauchy sequence and hence, a convergent sequence, too. We

consider that {x,}5°, convergent to * € X then we have

ds(z*, Tz") < s[ds(z*, xp,) + ds(xp, Tx™)]
< sdg(x*,x,) + splds(zn_1, Tn) + ds(x4, Tx™)]

and we arrive at

ds(z*, Tx") < ds(z*, x,) + 1 ida ds(Tp_1, %)

“1—su —Su
Also, thanks to (1.8), we obtain that

ds(z*, Tz") <

ds(x*wxn)—i_ i ( M/JJ) ds<$0,$1)

1 —su 1—spu \1-
Letting n — oo lim dg(a*, Tz*) = 0 Therefore, 2* = T'x* and implies that
n—-o0
x* is a fixed point of T'. It is easy to see the fixed point is unique. [

The following theorem is given by Reich [32]:

Theorem 1.4. Let X be a complete metric space with metric d and let T :

X — X be a function with the following property
d(T'(x), T(y)) < ad(z, T(x)) + bd(y, T(y)) + cd(z,y)

for all x,y € X where a,b, c are non-negative and satisfy a+b+c < 1. Then
T has a unique fized point.
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Theorem 1.5. Let M be a complete b-metric space with metric d, and let

T: M — M be a function
ds(T'(x), T(y)) <

with the following
ads(z, T (z)) + bds(y, T(y)) + cds(x, y)

for all x,y € M where a,b,c are non-negative real numbers and satisfy
a+s(b+c) <1 fors>1 then T has a unique fized point.

Proof. Let xqg € M and {z,

} be a sequence in M, such that

Ty =Tx,_1 =T"x

step 1 First, we prove that x,, is a Cauchy sequence

ds(xn+1a xn) = ds (Tl’n, Txn—l)

S ads<xm Txn) + bds(xn—lu Txn—l)
+ Cds(xna SL’n,1)
S ads(xna xn-{—l) + bds(xn—la xn) + Cds(mna xn—l)

= (1 - a)ds<xn+17 In) S (b + C>ds(xnu xn—l)

ds(anrlaxn) S 1

b+ c
— ads(xna xn71> = pds(xn7 xnfl)

continuing this process we can easily say that

ds(Tpi1, ) < pds(xo, x1)

Using Lemma 1.3.1 we get {x,} is a Cauchy sequence in M since M is

complete .we consider

step 2 Now we show that x*

we have

ds(z*, Tz")

= (1 —as)ds(z*, Tx™)
ds(x*, Tx")

that {x,} converge to z*.

is a fixed point of T

< slds(z*, xy) + dg(xy,, Tx"))

ds(z*, x,) + ds(Txp—q, Tx™)]

ds(xp, 2*) + ads(x*, Tx™) + bds(Txp_1, Tn1)
+ cdg(xy_1,2")]

< slds(x*, ) + bdg(x_1, ) + cds(Ty_1, 27)]

S
1 — as [ds(x*7xn) + bds(l‘n—la xn)

+ cdg(xp_1, "))
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Taking lim n — oo , we get

lim dy(z*,Ta*)=0= 2" =Tz"

n—ao0

x* is the fixed point of T

step 3 Now, for the uniqueness of fixed point. Let x and y be two fixed points
of T

ds(x,y) = ds(Tx, Ty)
< ady(x,T(x))+ bds(y, T(y)) + cds(z, y)
= ds(z,y) < cdy(x,y)

which is a contradiction. The proof is complete.



22

1.3 Fixed point theorems




Chapter 2
Extended b-metric space.

In this chapter, we will discuss the definition of the extended b-metric
space, some examples, the difference between it and the b-metric space, and

finally some fixed point theorems.

2.1 Definitions

Definition 2.1.1. /79/(Extended b-metric space)
Let X be a non empty set and 6 : X x X — [1,00). A function
dg: X x X — [0,00) is called an extended b-metric if for all x,y,z € X it

satisfies:

(dol) do(x,y) = 0 iff 2 = y;

(do2) do(z,y) = do(y,x);

(do3) do(z,2) < O(x, 2)[dp(x,y) + do(y, 2)]-

The pair (X, dy) is called an extended b-metric space.

Remark 2.1.1. [75] If O(x,y) = s for s > 1 then we obtain the definition of

a b-metric space.

Example 2.1.1. [79] Let X = {1,2,3}. Define § : X x X — Rtand
dg: X x X — RT as:
O(r,y) =1+ z+y

23
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do(1,1) = dg(2,2) = dy(3,3) = 0
dp(1,2) = dp(2,1) = 80,dp(1,3) = dp(3,1) = 1000, dp(2,3) = dy(3,2) = 600
Indeed, (dpl) and (dy2) trivially hold. For (dy3) we have:

dy(1,2) = 80,0(1,2)[do (1, 3) + do(3,2)] = 4(1000 + 600) = 6400

do(1,3) = 1000, (1, 3)[ds(1,2) + dg(2, 3)] = 5(80 + 600) = 3400
Similar calculations hold for dy(2,3). Hence for all z,y,z € X

do(x, 2) < 0(x, 2)[do(,y) + do(y, 2)]

Hence (X, dy) is an extended b-metric space.

Example 2.1.2. Let X = [0,+00). Define two mappings
0: X xX —[l,400) and dy : X x X — [0, +00) as follows:

O(z,y) =14+2x+y,

for all x,y € X, and

Tty TFY,
do(z,y) :{ 0 xjy (2.1)

Then, (X, dy) is an extended b-metric space.

Indeed, (dpl) and (dy2) in Definition 2.1.1 are clear. Let x,y,z € X. We
prove that (dy3) in Definition 2.1.1 is satisfied.

(i) If z =y, then (dy3) is clear.
(ii) If x #y, z = z, then

0(x, y)ldo(x,2) + do(2,y)] = (1 + 2+ y)[0+ (2 +y)]
=(1+x+y)(r+vy)
> x4y =dsz,y).
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(iii) If z # vy, y = z, then

O(z,y)[do(z,2) +do(z,y)] = (1 +x+y)|[(x+2) + 0]
=(1+z+y)(z+y)
>rt+y= de(xvy)'

(iv) If x £y, y # 2, x # z, then

0(z,y)ldo(z,2) + do(z,9)] = (1 + 2+ y)[(z + 2) + (2 + y)]
>x+2z24y
Z iy +y = de(ﬂT,y)-

Consider the above cases, it follows that (dy3) holds. Hence, the claim holds.

Example 2.1.3. [75] Let X = C([a,b],R) be the space of all continuous real
valued functions define on [a,b]. Note that X is complete extended b-metric

space by considering

do(z,y) = sup |z(t) — y(t)],

telab]
with
0(z,y) = [()] + ()] + 2,
where 0 : X x X — [1,00).

(dgl) and (dp2) in Definition 2.1.1 are clear. Let f,h,g € X. We prove
that (dyp3) in Definition 2.1.1 is satisfied.

(i) If f = h, then (dy3) is clear.
(i) If f # h, f =g, then

0(f. )do(f.9) + do(g, h)] = (2 + | f()] + [A())[ sup [£(t) — g(t)[*

te[a,b]
+t21[113)] lg(t) — h(t)[’]
=2+ |f@)]+|n@)]) til[l%] |f(t) = h(t)]?

> sup [f(t) = h(t) = do(f. h).
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(iii) If f # h, h = g, then

O(f. 1)ldo(f. ) + do(g, )] = (2 + [ f()] + [A(®)) [ sup |£(t) — g(t)]*

t€[a,b]

+ sup |g(t) — h(t)]’]

t€la,b]
= 2+ )] + ()] supren | f () — h(t)|?
> sup |f(t) = h(t)|* = do(f. D).

t€la,b]
(iv) If f # h, h# g, f # g, then for all t € [a, b] we have

[f(t) = h(O)] < |f() = g(®)] + |g(t) — h(D)|

Using Proposition 1.1.1

[f(t) = () < 2(1£(t) — g()]* + lg(t) — h())
sup [f(t) — h(t)* < 2(sup [f(t) — g(t)]* + sup |g(t) — h(t)[*)

t€[a,b] te[a,b] t€la,b]

Therefore

SUPreiag |F(1) — AP
it 70 = (0 T iy 9 —AOP < 2= 01
Then
do(f,1) < O(F, W) [do(f. 9) + dag, )
So (dy3) holds for all f,g,h € X.

The concepts of convergence, Cauchy sequence and completeness can eas-

ily be extended to the case of an extended b-metric space.

Definition 2.1.2. [77/(Convergent sequence)
Let (X,dy) be an extended b-metric space a sequence {x,} in X is called
convergent sequence to x € X, if for every € > 0 there exists N = N(¢) € N

such that dg(x,,z) < &, for alln > N. In this case, we write lim xz, = x.
n—-:oo

Definition 2.1.3. [77/(Cauchy sequence)
Let (X, dy) be an extended b-metric space a sequence {x,} in X is said to be
Cauchy, if for every € > 0 there exists N = N(g) € N such that

do(Tpm, xn) < €, for all m,n > N.
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Definition 2.1.4. [77/(Complete extended b-metric space)
An extended b-metric space (X, dy) is complete if every Cauchy sequence in

X 18 convergent.

Remark 2.1.2. [79] Note that, in general a b-metric is not a continuous

functional and thus so is an extended b-metric.

Example 2.1.4. [22] Let X = NU oo and let ds : X x X — R be defined
by:

0 ifm=n
— -2 i
— ——| if m,n are even or mn = oo
ds(m,n) =< 'm n ’ (2.2)
5 if myn are odd and m # n
2 otherwise

Then (X, ds) is a b-metric with s = 3 but it is not continuous.

It is easy to see that for all m,n,p € X, we have
ds(m, p) < 3[ds(m,n) + ds(n, p)].

1

Let x,, = 2n for each n € N then d,(2n, 00) = o — 0 as n — o0o. and
n

let y, = 1 then dys(y,,1) =0 —0 as n — 0.

But ds(zp,yn) = 2 » ds(00,1) asn — co.

Lemma 2.1.1. [79] Let (X, dy) be an extended b-metric space. If dg is con-

tinuous, then every convergent sequence has a unique limit.

Definition 2.1.5. [7/9/(continuity)
Let (X, dp) and (X', d})) be two extended b-metric spaces. A mapping
T : X — X' is called continuous if, for each sequence {x,} in X, which

converges to x € X with respect to dy, {Tx,} converges to Tz with respect
to dj.

Definition 2.1.6. [/7/(The Orbit of a mapping)
Suppose that the pair (X, dy) is an extended b-metric space For a self-mapping
T:X — X, for each £ € X and n € N, we define

O(gvn) = {&Tga 7Tn€} and O(§7OO) = {§>T€7 aTnfv}

We say that the set O(§; 00) is the orbit of T'.
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Definition 2.1.7. [3] Suppose that the pair (X,dy) is an extended b-metric
space. A self-mapping T : X — X s called orbitally continuous if
ignoo T"i (&) = & for some & € X implies that ignoo T(T™ (&) =TE¢.
Moreover, if every Cauchy sequence of the form {T™ (£)}2,,& € X converges
in (X,dy), then we say that an extended b-metric space (X,dy) is called T-

orbitally complete.

Remark 2.1.3. [7/ It is evident that the orbital continuity of T yields orbital
continuity of any iterative power of T, that is, orbital continuity of T™ for

any m € N.

Definition 2.1.8. [/7/(a-admissible)
Let a: X x X — [0,+00). A self-map T : X — X is said to be

a-admissible if
a(z,y) > 1 implies a(Tx, Ty) > 1, for every z,y € X.

Definition 2.1.9. [3/(a-orbital admissible)
Suppose that T is a self-mapping on a non-empty set X. Let

a: X xX —[0,00)
Then T is called an a-orbital admissible if, for all £ € X, we have
a(§,TE) 2 1= o(TE,T%¢) > 1 (2.3)

Lemma 2.1.2. Let T : X — X be an «-orbital admissible mapping and
Ty = Tx,_1, n € N. If there exists xg € X such that o(xg, Txg) > 1, then
we have

a(xp_1,2,) > 1 for all n € N.

Proof. By assumption, there exists a point xy € X such that a(zg, Txg) > 1.
On account of the definition of {z,} C X and owing to the fact that T is

a-orbital admissible, we derive
oz, 1) = oz, T20) > 1 = a(Txo, T?10) = a1, 29) > 1.
Recursively, we have

a(xy_1,2,) > 1 for all n € N. (2.4)
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Definition 2.1.10. //7]/(Cyclic operator)
Let (X, ds) be a b-metric space. Let p be a positive integer; p > 2, Ay, --- A,
be nonempty and closed subsets of X, Y =J_; A; and T : Y — Y. Then,

T is called a cyclic operator if
1. A;i €{1,2,...p} are nonempty subsets;
2. T(A) CAy,--- ,T(A,1) €A, T(A,) CA;.

A function ¢ : R, — R, which is increasing and satisfies the prop-

erty lini ©"(t) = 0 for all £ > 0 is said to be a comparison function (see
n—r--+0o0o

Matkowski [13]).

Example 2.1.5. The mapping p(t) = at, t € Ry, where 0 < o < 1, is a

comparison function.

The notion of b-comparison function was first given by Berinde in [35].

Regarding this he stated the following remark.

Remark 2.1.4. [17] Let (X,d;) be a b-metric with s > 1. A function
v : Ry — Ry s called a b-comparison function if it is increasing and
satisfies the property that > 2% s"p"(t) converges for allt € Ry and n € N.

Definition 2.1.11. [/7/(Extended comparison function)
Let (X, dy) be an extended b-metric space. We say that a function
v : Ry — Ry is an extended comparison function if for allt € Ry;

(1) @ is monotone increasing;

(ii) There exists a cyclic operator T : Y C X — X, where Y = |JI_, 4,
such that for some xo € X, O(zo) CY, the sum

S0 [ 0 )

1=

converges for every m € N. We notice that x,, = T"xo withn =1,2,---
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Lemma 2.1.3. [17] Let (X, dy) be an extended b-metric space, Y = |J_, A; C
X,
T:Y Cc X — X a cyclic operator, xg € X and

1
li O(x,, xm) < —
n,mglJroo (ZIZ' g ) )\

where A € (0,1) and z, = T"xy forn = 1,2,---. Assume that ¥ is a
comparison function. Then p(t) = AV is an extended b-comparison function
for T at x.

Next we will give the definition of orbital lower semicontinuity with re-

spect to a cyclic operator T.

Definition 2.1.12. [17] Let X a nonempty set and T : Y — Y be a cyclic
operator where Y = |Ji_; A; C X, and for some xy € X such that the orbit of
xo, O(xg) C Y. A function S : X — R is T -orbitally lower semicontinuous
att € X if {x,} C O(zo) and x, —> t implies S(t) < liminf, . S(z,).

2.2 Fixed point theorems

Lemma 2.2.1. Let (X, dy) be an extended b-metric space. If there exists
q € [0,1) such that the sequence {x,}, for an arbitrary xo € X, satisfies

. 1
n,77111£ooe<xn’xm) < 7 (2.5)
and
0< dG(-Tna :CnJrl) S qd9<xn717 :Un) (26)

for any n € N, then the sequence {z,} is Cauchy in X.

Proof. Let {z,}nen be a given sequence. By employing Inequality (2.6) ,

recursively, we derive that
0 < dp(zp,ns1) < ¢"dg(xo,21). (2.7)
Since ¢ € [0,1), we find that

lim dp(zp, zne1) = 0. (2.8)

n——oQ
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On the other hand, by (dg3), together with triangular inequality, for p > 1,

we derive that

dG(xm l’m—p) L, xn+p> [d(?(xm xn+1) + dé)(xn+la xm—p)]

IN

o(

e(x anrp)dH(xn? xn+1) + 9<xn7 anrp)d&(anrla anrp)
0(:6 xn-i—p)qnd@(x()v xl) + e(xna xn-i—p)g(xn—&-la xn—f—p)
do(

Trg1, Tnta) + do(Tnio, Tnip)]

I/\ﬁl/\

e(xm «Tner) g d@(x(): $1) + e(xna xn+p)9($n+la anrp)
" dy(zo, 1) + - + Oy, Tpip) -

“O(Tpgp—1, Trp) - qn+p_1d9(l‘o7 1)

n+p—1 i—n

- do9 warl E H9 In—l—j?xn—s—p

i=n

Notice that the inequality above is dominated by

n+p—1 i—n n+p—1 7
i
E H 9 Ln+tj, xn—&-p E q H 9(1’]', xn—i—p)
i=n =1 7j=1

On the other hand, by employing the ratio test, we conclude that the series
Yo g H;Zl 0(xj, Tnip) converges some S € (0,00).

Q;
Indeed, lim — = lim q0(x;, xi+p) < 1, which is why we obtain the de-

i—00 QA 1—00
sired result. Thus, we have

S = Z q H 0(x;, xpyp) With the partial sum S, = Z q H (5, Tnyp)-

i=1  j=1 i=1 =1

Consequently, we observe for n < 1,p < 1 that

de(xn, SUner) < qnde(l'o; xl)[Snerfl - Snfl]- (2-9)

Letting n — oo in Equation (2.9), we conclude that the constructive se-

quence {z,} is Cauchy in the extended b-metric space (X, dp). O

Remark 2.2.1. Note that if lim 6(x,,,y,) does not exists then Lemma

n,Mm—>00
2.2.1 is valid if, instead of condition (2.5), we use the condition

1
lim sup 0(z,,, yn) < —.
q

n,m—>00
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Note that in [6], the authors, instead of using condition (2.5) , used a

weaker condition

lim sup 0(x,,, xy,) < 00
,1Mm—>00

to prove the following theorem:

Theorem 2.1. Let (X,dp) be a complete extended b-metric space such that

dg is a continuous functional and the condition

lim  O(zp, z,) < 00 (2.10)
n,1Mm—>00
15 fulfilled. Let T : X — X be a mapping satisfying:
do(Tz,Ty) < ady(x,y) + pdo(z, Tx) + vdo(y, Ty), forall z,y € X, (2.11)

where a, 3,7, non-negative real numbers with o+  + v < 1. Then T has a
unique fized point u* € X.
Moreover, there exists a sequence (up)nen in X converges to u* such that

Upi1 = Tu, for everyn € N.
Proof. Let ug € X and {x,} be a sequence satisfying (2.10) such that
Ty, =Tx,—1 =T xg.
step 1 Prove that {z,} is a Cauchy sequence, From condition (2.11), we have

do(Tpi1, ) < adg(xp, Tpo1) + Bdo(Tn, Tni1) + Ydo(Tp-1, T,).

Therefore,
o+
dé’(mn—l-l; In) S 1 ’yd9<xn—17 xn)
—p
o+
Set A\ = 1% Then, we have that A € [0,1). Hence, by Lemma 2.2.1,

we obtain that {x,} is a Cauchy sequence in X. By completeness of
(X, dy), there exists z € X such that

lim z, =z
n—oo
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step 2 Now, we claim that z is the unique fixed point of T". For that,

dg(Tz,xp11) = do(Tz, Txy,)
< ady(z, ) + Bdy(2,T2) + vdo(Tp, Tpi1)
< ady(z, ) + Pde(2,T2) + v0(xp, Tri1)
Ndo(xn, 2) + do(2, Tpy1)]-

Letting n — oo in the above inequality, we deduce
dg(Tz,2) < pdy(Tz, 2)

which implies that dy(7'z, z) = 0 and so z = Tz. Moreover the unique-

ness can easily be obtained by using inequality (2.11).

]

If we take f =y = 01in (2.11), from Theorem 2.1, we obtain the following
result, wich is an analogue of Banach contraction principle in the setting of
extended b-metric space.

Corollary 2.2.1. Let (X,dy) be a complete extended b-metric space such
that dg is a continuous functional and the condition (2.10) is fulfilled. Let
T: X — X be a mapping satisfying:

do(Tw, Ty) < ady(z,y), for all z,y € X,

where a € [0,1). Then T has a unique fized point.
Moreover, there exists a sequence (x,)nen n X converges to x* such that

Tpi1 = Tz, for every n € N.

If we take a = 0 in (2.11), by Theorem 2.1, we obtain the following

variant of Kannan theorem in extended b-metric spaces.

Corollary 2.2.2. Let (X,dy) be a complete extended b-metric space such
that dg is a continuous functional and the condition (2.10) is fulfilled. Let
T: X — X be a mapping satisfying:

dG(TxaTZD < ﬂdG(xaTx> + ’Yde(yaTy)a fO?" all T,y € Xa
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where 3,7 non-negative real numbers with B+ v < 1. Then T has a unique
fixed point x* € X.
Moreover, there exists a sequence (rp)nen in X converges to x* such that

Tni1 = Tx, for everyn € N.

Theorem 2.2. Suppose that T is an orbitally continuous self-mapping on
the T-orbitally complete extended b-metric space (X,dy). Assume that there
exists k € [0,1) and a > 1 such that

Of(fL’,y)lC([E,y) —CLN(.Z'7y) < k‘d@(fﬁ,y) (212>
With

K(z,y) = min{dy(Tz,Ty),dy(x,Tz),dy(y, Ty)};
N(z,y) = min{dy(z, Ty),dg(Tx,y)};

for all x,y € X. Furthermore, we presume that

(i) T is a-orbital admissible;

(ii) there exists xy € X such that a(xg, Txo) > 1;
(111) nmlllgooé’(xn,xm) <z

Then, for each xoy € X, the sequence {T"xq}nen converges to a fized point of
T.

Proof. By assumption (ii), there exists a point 2o € X such that
a(xg, Txg) > 1.
We construct the sequence {x,} in X such that
Tpi1 = Tx, VYn € N.

If z,, = xpy41 = T'zy, for some ny € N, then z* = z,,, forms a fixed point
for T' that the proof finishes. Hence, from now on, we assume that

Tp # Tpy for all n € N,
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On account of the assumptions (i) and (ii), together with Lemma 2.1.2, In-
equality (2.4) is yielded,that is,

a(Tp_1,2,) > 1for all n € N.

By replacing x = z,, 1 and y = z,, in Inequality (2.12) and taking Equation
(2.4) into account, we find that

’C(In—la xn) —a N(mn—la xn) S O[(l’n_l, In)lc(mn—la xn) —a N(l’n_l, an)
S kd@(xn—lv In)

or,
min{dy(x,, 1), dg(Tn_1,2,)} < kdo(Ty_1,x,).
Since k € [0,1), the case dg(xp—1,2,) < kdy(x,—1,2,) is impossible. Thus,
we conclude that
do(xp, Tpa1) < kdo(Tp_1,xy).

On account of Lemma 2.2.1, we find that the sequence {z,} is a Cauchy
sequence. By completeness of (X, dy), the sequence x, converges to some
point u € X as n — oo. Owing to the construction x, = T"xy and the
fact that (X, dy) is T-orbitally complete, there is u € X such that z,, — w.
Since T is orbitally continuous, we deduce that x,, — T'u. Accordingly, we
conclude that u = Tu. ]

Example 2.2.1. Let X = {1,2,3,4} be endowed with extended b-metric
dg: X x X — [0,00), defined by

do(,y) = (z — y)*,
where 6 : X x X — [1,00),
O(z,y) =x+y+ 1

Letk=-,a=4and T : X — X such that

| =

T1=T3=1,T2=4,T4=3.
Define also av: X x X — [0,00) by

o(a.y) = { 0 if. (x,y) € {(3.4),(4.:3)}) (2.13)

1 otherwise.
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Let us first notice that for any v € {1,2,3,4}, the sequence {T"x} tends

to 1 when n — oo. For this reason, we can conclude that the mapping T

is orbitally continuous and lim O(T"x,T™x) = 3 < 4 = 7 50 (111) is
n,m—>00
satisfied. It can also be easily verified that T is orbital admissible.

Ifx =1 ory=1, then d(1,T1) = 0 so Inequality (2.12) holds. We have to
consider the following cases.

case 1 For x =2 and y = 3, we have
dg(2,3) =1, dg(T2,T3) =9,dp(2,T2) =4, dp(3,T3) =4,
dg(2,T3) =1, dy(3,72) =1
and Inequality (2.12) yields

1
0 =min{9,4,4} —4min{l,1} < - = ng(?, 3).

1
4
case 2 For x =2 and y = 4, we have
dg(2,4) = 4,dg(T2,T4) = 1,dp(2,T2) = 4,dy(4,T4) =1,
dg(2,T4) = 1,dy(4,7T2) =0
and
| = min{1,4,1} — 4min{1,0} < 1 = }ld(,(2,4).

case 8 For x =3 and y = 4, because «(3,4) = 0, Inequality (2.12) holds.

Therefore, all the conditions of Theorem 2.2 are satisfied and T has a fixed
point, x = 1.

Theorem 2.3. Let (X,dy) be a complete extended b-metric space with dy a
continuous functional. Let Y = J;_, A; C X, where p is a positive integer,
be the set of all nonempty closed subsets of X and suppose T : Y — Y be a
cyclic operator such that

(i) T(A;) C Ai, for all v € {1,2, ...p};

(11) do(Tx, Ty) < o(dg(x,y)) where ¢ is a b-extended comparison function
forall z,y € X.

Then T"zy — z* € (V_, A;, as n — oo. Moreover, x* is a unique fized
point of T'if and only if S = dg(x, Tx) is T-orbitally lower semicontinuous
at x*.
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Proof. Let xy € Y. Then there exists i € {1,2,--- p} such that z, € A;.
From hypothesis (i) we have 1 = Txg € A;11. Thus, we define a sequence
{z,} by zp11 = Tz, for all n > 0.

step 1 First we shall show that {z,} is a Cauchy sequence.
If x, = x,,1 then x, is a fixed point of T'. We suppose that x, # x,.1

for all n > 0. From hypothesis (i7) it follows
do(p, Tpi1) = do(Txp_1,Tx,) < @do(Tp_1,Tp).
Applying (ii) successively we get
dg(xp, Tny1) < ©"do(z0, 21). (2.14)

Furthermore we assume that xz is a non periodic point of T'. If 2y = z,,

we have for any n > 2
dy(xg,x1) = do(xo, T'x0) = dy(xp, T'Ty).

Then dg(z0, 1) = do(pn, Tpy1). Thus, dg(xg, z1) < @"dg(z0, x1).

Since ¢(t) < t we get a contradiction.

Therefore dy(zg,x1) = 0 i.e., zg = z1. Then xy is a fixed point of T
Thus, we assume that z,, # x,, for all n,m € N with m # n.

For any m,n with m > n using the triangular inequality, we get

dg(xp, Tp) < m) " de(Tg, x1) + - - -

0
+ e(xna $m)6(xn+17 xm) o e(xmfla xm)wmildO(xﬂy xl)
<0 )0(

=
3
S

(1, Tm)0(22, Tr) + - O(Tp1, T)0(T0, T ) @™ (dg (0, 1))
( )0( )" (dg (0, 1))
(1, Tm)0 (22, Tp) -+ - O(Tp—1, T )0 ( X, ) O (Tg1, Tom)

B er. ) (o, )]

O(za, ) -+ O(xp, ) 0(Trs1, T

The series .7 " [["_, 0(2,, z,) converges for each m € N by ratio
test. Let

g= ZSO Hethm ZS@ Her,xm
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Thus for m > n, we have
d6’<xn7 xm) S [gmfl - gn]

Letting n — oo we conclude that {z,} is a Cauchy sequence in the
subspace Y.

step 2 Since X is complete, Y is complete too. Therefore there exists 2* € Y
such that dy(z,,z*) — 0 as n — oo. Then z, = T"zy — z*.
The sequence {z,} has an infinite number of terms in each A; for all
i€ {1,2,---p}. Therefore 2* € N}_, A;.

step 3 Now, we prove that z* is a fixed point of 7'
since S = dy(z, Tx) is T-orbitally lower semicontinuous at z* € (,_, A4;
we obtain

do(x*, Tz*) < liminf dy(x,,, Tpi1)
n—-+o00
< limi ” = 0.
< lim inf " (dy (0, 1)) = 0
Then dy(z*, Tx*) = 0; results z* = Tx*.
Inversely, let z* = Tx* and z,, € O CY with z, — z*. Then we have
S(x*) = dp(x*, Tz*) = 0 < liminf dg(T™ 2o, T" ).
n—-—ao0
step 4 For the uniqueness of fixed point we suppose that there exists another

fixed point z = T'(z) € (N, 4.
By (ii) we get

do(x*,2) = dp(Tz*, Tz) < p(dg(z", 2)) < dy(z*, 2).

Therefore dp(z*, z) = 0 which implies that z* = z.

Next let us give another general fixed point result.



2.2 Fixed point theorems 39

Theorem 2.4. Let (X,dy) be a complete extended b-metric space with dy a
continuous functional. Let Y = Ji_; A; C X, where p is a positive integer,
be the set of all nonempty closed subsets of X and suppose T : Y — Y be a

cyclic operator such that
(Z) T(‘Al) C Ai+1? fO?” all i € {17 2, 'p};

(11) do(Tx, Ty) < o(dg(x,y)) where  is a b-extended comparison function
for all x,y € X with p(0) = 0.

Then T has a unique fixed point.

Proof. As in the proof of Theorem 2.3 we prove the existence of a Cauchy
sequence {z,}. Since Y is a complete subspace there exists * € Y such that
do(zp,x*) — 0 as n — +o0.
Since, the sequence {z,} has an infinite number of terms in each A; for all
i€ {1,2,---p} we have 2* € (}_; A;. We must show that z* is a fixed point
for T'. For any n € N we have

do(Tx",2") < 0(Tx", 27)[do(Tx", wn) + dy(n, "))
< O(Tx*, 2")de(Tx"*, Txp_1) + dg(xp, )]
< O(Tx",x")|[p(do(z", xp—1)) + do(xn, x¥)].

Since ¢(0) = 0 for n — 400 we get that do(Tx*,z*) = 0. This implies
Tx* =x* ie., x*is a fixed point of T'.

For uniqueness we follow the same steps as in Theorem 2.3.

We suppose that there exists another fixed point z = T'(z) € (_, 4.

By (ii) we get

do(z*,2) = dg(Tx",Tz) < p(dg(x, 2)) < dp(z”, 2).

Therefore dg(z*, z) = 0 which implies that z* = z. O
Example 2.2.2. Let X = R endowed with dy : X x X — RT defined by
dg = |z —yP’,

and letd : X x X — [1,00) defined by

Oz, y) =x+y+1
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It is easy to check that (X, dy) is a complete extended b-metric space.

1 1 1
Let A; = 0, 5],/12 = [0, g],Ag = [0, 5] be three subsets of X = R™.

o DefineT:\J_, A — U, A by Ta = g
Obviously, T(A1) C Ay, T(Ay) C A3, T(A3) C Ay, Thus, U, A; is a

cyclic representation with respect to T.

1
e Define ¥ : RT — R a comparison function by V(t) = 515.

o We verify the contraction condition.

r  yl3 1 3
4(Te,Ty) = |5 = 5| = |5 —)

1 1
< <l —ylP=-V(d :

x
Taking into account for each x € U?:1 A, The = on WE obtain

lim 6(z,,z,) = lim 0(2, i)
n,m—>00 n,m—00 on’ 9m
X xr
n,mlﬂoo(Qn + om + )

1
Then do(Tx, Ty) < ZL\If(dg(x,y)) < p(dg(x,y)), wherep : Rt — RT,
1
defined by ¢ = Z\I/, 1s a b-extended comparison function.

Therefore, all conditions of Theorem 2.3 (respectively Theorem 2.4) are sat-
isfied. Then 0 € ﬂle A; is the unique fived point of T.

Theorem 2.5. Let (X, dp) be a complete extended b-metric space such that
dg be a continuous function and ¢ : Rt — R™ be an extended b-comparison
function. Let T : Y — Y be a cyclic operator where Y = J_, A; C X, with
p integer i = {1,2,--- ,p}, be the set of nonempty closed subsets of X, such

that
(i) a(z,y)do(Tz,Ty) < (dy(x,y)), for every z,y € Y;
(i) T is a-admissible;

(11i) There exists xo € X such that a(xg, Txo) > 1.
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Then there exists a fixed point x* of T.

Moreover, the fixed point x* is unique, provides that

(H) Vx,y€ X,3z € X such that a(x,z) > 1 and a(y, z) > 1.

Proof. Our proof strategy will be to show:

1.

2.

step 1

step 2

The existence of a fixed point.

The uniqueness of the fixed point.

First we prove the existence of a fixed point. By conditions (ii) and
(iii) we obtain
(T o, T ay) > 1.

For n € N using (i) we get

dg(T"xy, T"+1x0) < (T x, T”+1x0)d9(T"x0, T"+1x0)
< o(dg(T™ g, T 10)).

Since ¢ is an increasing function, we have
do(T™x, T" M 20) < @™ (do(0, T0))

This inequality is equivalent with (2.14) in Theorem 2.3. Thus all the
hypotheses of Theorem 2.3 are satisfied. Thus there exists a fixed point.

The uniqueness of the fixed point.

In order to prove the uniqueness of the fixed point let us suppose that
x* and y* are two fixed points of T

From the hypothesis (H), there exists z € X such that

a(z*,z) > 1 and a(y*, z) > 1.

Since T' is a-admissible, we obtain

a(z®,T"z) > 1 and a(y*,T"z) > 1. (2.15)
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Using (2.15) and the hypothesis (i), we have

d(x*,T"z) = do(Tz*, T(T" '2))
< afx*, T" 1 2)dg(Tx*, T(T" '2))
< p(dp(z*, T"12)).

This implies that
d(z*,T"z) < ¢"(dg(z", 2)), for all n € N.
Then, letting n — +o00, we have
T"z — z”. (2.16)
Similarly, using (2.15) and hypothesis (i), we obtain
Tz — y* as n — +00. (2.17)

Using (2.16) and (2.17), the uniqueness of the limit gives us z* = y*.
The conclusion follows.

]

Theorem 2.6. Let (X, dy) be a complete extended b-metric space with dg, a
continuous functional. Let {A;}r_,, where p is a positive integer, be nonempty
closed subsets of X, and suppose T : | J;_, A; — UL, Ai, is a cyclic operator

that satisfies the following conditions:
(Z) T<Az> g Ai-‘rlz fOT all i € {17 2) e 7p}a
(i) d(Tx,Ty) < Ad(x,y) for all v € A;, y € Ajr1 where A € [0,1) such
that for each x € X,

: 1 n _
W}}Eooﬁ(xn, Tp) < X where r, =T"(x),n =1,2,---

Thus, T has a fized point x*. Moreover, for each y € X, T"y — x*.

Proof. Let zg € |J_; A; if i € {1,2,--- ,p} exists such that zy € A;.
From hypothesis, (i) we have x1 = T(zg) € Ai11.

Thus, we define a sequence {z,} by z,+1 = Tz, for all n > 0.
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step 1 First we will show that {z,} is a Cauchy sequence.
If x,, = 41, then z, is a fixed point of T'. We suppose that x,, # x,.1
for all n > 0. From (ii), it follows that

d(xp, 1) = d(Txy 1, Tr,) < Ad(xh_1, T40).
If we repeat the process we obtain
d(xp, Tpi1) < A'd(z0,21). (2.18)

Additionally, we assume that z( is a nonperiodic point of T". If ¢ = z,,

using (2.18), for any n > 2, we obtain
d(xg, T(z0)) = d(xy, Tzy).

Thus, d(xg, 1) = d(zp, Tne1) and d(zg, x1) < N'd(z9, 1), a contradic-
tion. Therefore, d(xg, 1) = 0, i.e., xg = x1, and 1z is a fixed point of
T. Thus, we assume that x,, # x,, for all n,m € N with m # n.

For any m,n with m > n we obtain

A2, T) < O(20, T ) AN dg (20, 1) + 0(20, )0 (T g1, T )N g (20, 1)
+ 0(xp, 20)0(Tns1, Ton) -+ - O(Tne1, T )N g (0, 71)
< dg(xo, x1)[0(x1, Xm)0(2, ) -+ - O(Tp_1, T)O(Tp, Ty ) A"+
+ 0(x1, 2)0(22, ) -+ - 0(Tyy T )0 (L1, T ) AT -+
+ 0(x1, 2m)0(x2, ) - O(Tp_1, ) 0(Tn, T )O(Tri1, Tn)

O, ) AT

Since lim  6(z,41, )\ < 1, The series
n,m—>00

io: A" ﬁ 0(x,, )
n=1 r=1

converges by ratio test for each m € N. Let

S = i A"ﬁ@(wr,azm), S, = i)\j ﬁG(azr,xm).
n=1 r=1 j=1 =1
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Thus, for m > n we have
d@(xnazm) S dg(l'o, xl)[Sm—l - Sn]
Letting n — oo, we conclude that {z,} is a Cauchy sequence in
Ui_, A;, a subspace of the complete extended b-metric space X.
Therefore, there exists z* € (J_; A; such that dy(z,,z*) — 0, as
n — oo. Then, lim =z, = x*.
n—-—ao0
The sequence {z,} has an infinite number of terms in each A; for all
i€{1,2,---,p}. Therefore, z* € (_, A;.
step 2 We shall now show that x* is a fixed point of T
For any n € N we have
do(Tx*,2*) < O(Tx*, x")|[do(Tx™, ) + do(y,2")]
< O(Tx*, x*)[Ndo(2*, xp1) + do(y, 7))
We note that dp(Tx*,2*) < 0 as n — oo. Hence, do(Tz*,2*) = 0,
which is equivalent to x* = Tz*. Thus, we proved that z* is the fixed
point of 7.
step 3 Finally the uniqueness, let 2’ be another fixed point of 7.

By hypothesis (ii), we obtain
do(z*,2") = do(Ta*, Tx") < Mdp(x*,2") < dy(z*, 1),

which is a contradiction.

Then, dp(z*,2') = 0 and * = 2’. The fixed point is unique.

In order to support our results, let us present the following example:

Example 2.2.3. Let X = Rt endowed with dg : X x X — R defined by

d9 = |[L’ - y|37

and let 0 : X x X — [1,00) defined by

Oz, y) =x+y+2.
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It is easy to check that (X, dy) is a complete extended b-metric space.
1 1
Let Ay = [0,1], Ay = [O, 5] ,Az = {O, 5] be three subsets of X = R™.

Define T+ \J>_, Ay — >, A; by T = g

Obviously, T(A;) C Ay, T(Ay) C A3, T(A3) C Ay. Thus, U?:l A; is a cyclic
representation with respect to T

The contraction condition is also verified.

r oy

1 1
ey =[5 -3 =] < Lo~ of" = Lol ).

1272

x
Taking into account for each x € U§:1 Ay, The = on We obtain

r T

O, o) = lim 005 o)
s s
= i — + —4+2)=2<8.
n,mlﬂoo(Qn + om t )

Therefore, all conditions of Theorem 2.6 are satisfied, meaning that
0 € U?:l A; is the unique fized point of T.

Theorem 2.7. Let T : |JI_, A, — UL, A;, be a cyclic operator defined as in
Theorem 2.6. Then, T has the limit shadowing property, i.e., if a convergent
sequence {y,} € U, A with d(yns1,Tyn) —> 0, as n — oo exists, then
there exist x € | J_, Ai such that d(y,, T"x) — 0, as n — .

Proof. As in the proof of Theorem 2.6, for any initial value z € [ J}_, A,,

z* € | J_, A; is the unique fixed point of T. Thus, d(y,,z*) and d(yn41, ")
are well defined.

Let y € X exist as the limit of the convergent sequence {y,} € [J}_; A;.

We consider the following estimation:

(yn—l—ly ZE*) [d@ (yn—i—h Tyn) + dG(Ty’m TI*>]

do(Yn+1, ") < O(Ynt1, 2°)[do(Yns1, Tyn) + do(Typ, )]
=0
‘9(yn+17 x*) [d9(yn+17 Tyn) + )‘(dH (ynv x*)]

Letting n — oo, from the hypothesis, we have dg(y,+1,Ty,) — 0. Thus,
d9(y> :C*) < nh_r>noo e(yn+17 x*))‘d9(y> CC*)
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Since lim 6O(y,41,2*)\ < 1, this inequality is true only for the case of
n——aoo

dy(y,z*) = 0. Thus, y = 2* and we have dy(y,,T"z) — d(y,2*) = 0 as
n — oo.

]



Chapter 3

Applications

In this chapter, we will discuss the application of some fixed point the-

orems to integral equations and fractional differential equations.

3.1 Applications to integral equations

in [17], the authors, establish the existence of a solution to the following

integral equation

x(t) = p(t) —I—/O P(t,u)g(u, x(u))du, t € [0,1], (3.1)

where g : [0,1] x R — R and p : [0,1] — R are two bounded continuous
functions. P : [0,1] x [0,1] — [0,+0o0) is a function such that P(¢,-) €
L*(]0,1]) for all ¢ € [0, 1].

Consider the operator T': Y — Y, where Y = [ J}_; A; C X, given by

T(@)(#) = p(t) + /0 P(t, w)g(u, 2(w))du. (3.2)

Observe that each fixed point of T is a solution of integral Eq (3.1). Also,
T is well defined since g and p are two bounded continuous functions.
Then let us give the following theorem on the existence of a fixed point for
(3.2), which in turn reduces to the result for the existence of a solution to
(3.1).

47
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Theorem 3.1. Let x = C([0,1],R) the space of all continuous real valued
functions defined on [0,1]. and Y = U?:1 A; € X, where Ay, Ay, A3 are non
empty subsets of X. Let T :' Y — Y, be a cyclic integral operator given by
(3.2). Suppose that the following conditions hold:

(i) for x,y €Y and for every u € [0,1] we have
1
0 <g(u,z(u)) — glu,y(u)) < 5\/elfﬂ(U)—y(u)P

(it) for every u € [0, 1] we have

’ /O Pt w)du

Proof. We have X = C([0,1],R). Then (X, dy) is a complete extended b-
metric space with respect to

<1
—+00

Then T has a fixed point.

do(x,y) = ||z = Y||400 = Sl[lpb] z(t) — y(t))?,
t€la,

where 6 : X x X — [1,400) is defined by
O(z,y) = lz@)| + ly(®)] + L.

stepl T is a cyclic operator on U?:l A;.
Let Ay = Ay = A3 = X = C([0,1],R) are non empty subsets of
X. It is obvious A; = Ay = Az are closed subsets of (X, dy). Clearly
T(A;) C Ay, T(Ay) C Az and T'(A3) C A;. Then T is a cyclic operator
onY =J2, A,

step2 Let us prove the contraction condition
By condition (i), we get for z € Y = [J>_, A;
2

|ﬂ®@—TWWW=uéwaMwﬂw%wWwwmw

t
s/WPqummww»—gmwwm%u
0
t
< 1/ Pt ) 2el=0-s0F gy
4 /o

1
< ZellE@=y(u)ll+oo
> 46
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Then we get
T2 — Tyl < leenx(u)y(wnm
Hence
do(Tz, Ty) < Mp(dg(,y))
where

L. : :
o(t) = 7€ Is a comparison function.

For z € Y, lim 6(z,,2,) =1 < 2. Then, by Lemma 2.1.3, we get

n,Mm—>00
1

that Ay is an extended b-comparison function, with A = —.

Thus all the conditions of Theorem 2.3 are satisfied. Then the cyclic integral
operator T has a fixed point. [

As a result of the previous theorem, we have

Corollary 3.1.1. Let T : Y — Y, where Y = | J/_| A; C X, be a cyclic

integral operator given by

10 =)+ (t—w

I'(a)
where I 1s the Euler gamma function given by

400
INa) = / t*te~tdt.
0

Suppose that for x € U?Zl A; we have

0 < glu,2(u)) — glu.yw) < IV for cvery u e [0.1]

g(u,x(u))du, with t € [0,1] and a € (0, 1)

Then T has a fixed point.

1
In Theorem 3.1 there is an error because the function Zet 1S not a com-

1
parison function, so we will take the function —In(1 + ¢) which fulfills the

conditions of a comparison function and Theorem 3.1 becomes as follows:

Theorem 3.2. Let x = C([0,1],R) the space of all continuous real valued
functions defined on [0,1]. and Y = U?Zl A; € X, where Ay, Ay, A3 are non
empty subsets of X. Letl’ :' Y — Y, be a cyclic integral operator given by
(3.2). Suppose that the following conditions hold:



50 3.1 Applications to integral equations

(i) for z,y € Y and for every u € [0,1] we have

0 < g(u, z(u)) = g(u, y(u)) < i\/ln(l + |z (u) = y(u)?)

(it) for every u € [0, 1] we have

‘ /0 1 P(t,u)du

<1
+o0o

Then T has a fized point.

Proof. We have X = C([0,1],R). Then (X,dy) is a complete extended b-

metric space with respect to

do(z,y) = ||z = yll oo = sup |2(t) —y(t)[?,
te(a,b]

where 6 : X x X — [1,400) is defined by
0(z,y) = [x(t)| + ly(®)] + 1.

stepl T is a cyclic operator on U?:l A;.
Let A; = Ay = A3 = X = (C([0,1],R) are non empty subsets of
X. It is obvious A; = Ay = Aj are closed subsets of (X, dy). Clearly
T(A;) C Ay, T(Ay) C Az and T(A3) C Ay. Then T is a cyclic operator
onY =J>, A,

step2 Let us prove the contraction condition
By condition (i), we get for x € Y = (J7_, A;

2

T (x)(t) = T(y)(t)]* = /0 Pt u)g(u, x(u)) = g(u, y(u))ldu

< / IP(t, 0) 219, 2()) — (o, () P
<15 [ PRI+ () — y()d

< S ) — ()l o).
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Then we get

1
172 = Tyll+oo < 76 (1 + |2 () = y(u)ll4oo)-

Hence

d@(TZL‘, Ty) < )‘Sp(dﬂ(xw y))

where

ﬂw:%mu+w

is a comparison function and.
Forx € Y, lim 60(x,,z,) =1 < 2. Then, by Lemma 2.1.3, we get
n,m—>00

1
that Ay is an extended b-comparison function, with A = 3

Thus all the conditions of Theorem 2.3 are satisfied. Then the cyclic integral
operator T has a fixed point. [

Also, the Theorem 3.1.1 changes its form as follows:

Corollary 3.1.2. Let T : Y — Y, where Y = | J/_| A; C X, be a cyclic
integral operator given by

T =i+ [ E

s sw)du, witht e [0,1] and a € (0,1)

where I' 1s the Euler gamma function given by
+00
[(a) = / t*tetdt.
0

Suppose that for x € U?:1 A; we have

['(a+1)

3 VIn(1 + |z(u) — y(u)2) for every u € [0,1].

0 < g(u, z(u))—g(u,y(u)) <

Then T has a fized point.
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3.2 Applications to Nonlinear Ordinary Differ-

ential Equations

This section is devoted to the existence of a solution of a boundary value
problem given by Nieto and Lopez in [14].

{ W' (t) = f(t,u(t)) (3.3)

where @ > 0 and f : [0,a] x R — R is a continuous function. A solution
to (3.3) is the function v € C'([0, a], R) satisfying (3.3), where C'([0, a], R)
is the set of all continuous differentiable functions on [0, a]. We suggest that

(3.3) has a lower solution if function u € C*(]0, a], R) exists, satisfying

u'(t) < f(t u(t))
{ - o). (3.4)

It is well known [3] that the existence of a lower solution A and an upper
solution B with A < B implies the existence of a solution of the boundary
value problem between A and B.

In [14], we find the following results:

Theorem 3.3. Let a > 0. Let f:[0,a] x R — R be a continuous mapping.
Assume that o > 0,8 > 0 with B < « exist such that for any x,y € R such
that x > v,

0 < f(t,x) +ar— (f(t,y) +ay) < Bz —y).

Thus, the existence of a lower solution of (3.3) provides the existence of a

unique solution of (3.3).

Furthermore, let us provide a generalisation of Theorem 3.3 using cyclic

operators for the case of extended b-metric spaces.

Theorem 3.4. Let a > 0. Let f:[0,a] x R — R be a continuous mapping.
Assume that o > 0,6 > 0 with 5 < « exist such that for any x,y € R,

0< f(t,z) +ar— (f(t,y) +ay) < Bz —y).

Thus, problem (3.3) has a unique solution.
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Proof. We can rewrite problem (3.3) as follows:

W (t) + au(t) = f(t,u(t)) + au(t) (3.5)
u(0) = u(a). '
This problem is equivalent to the following integral equation:
ult) = [ Q) Fls.uls) + aus))ds.
0
where
6a(a+37t)
aa—l’ 0<s<t<a
Q<t7 8) = ga(sf_t) (36)
, 0<t<s<a.
eve — 1

and u € C'([0, 1], R).
Let X = C([0,a],R). Then, X is a complete extended b-metric space con-

sidering

dg(x,y) = sup |z(t) —y(t)]?,
tela,b]

with
0(x,y) = 2lz(t)] + ly(®)] + 1,
where 6 : X x X — [1,00).
Let Ay = Ay = A3 = X = C([0,a],R) three closed subsets of the space
(X, dy).
Let us define the operator T : | J7_, A, — |?_, A; as follows:

Tu(t) = /O " Ot $)(f (5, u(s)) + auls))ds

for u € C(]0,a],R) and t € [0, a).
For z,y € C([0,a],R) and t € [0, a] we have

[F(t,2(8)) + az(t) — f(t,y(t) — ay(t)] < V/Bla(t) —y(D)]:

Clearly, T'(A;) C A, T(As) C A3, T(As) C Ay. Thus, T is a cyclic operator
on U?:l A,L
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For any x,y € |J?_, A; we have the following estimation:
Ta(t) = Ty(t)? < / " Q(t, )1 f (5, 2(s)) + aw(s) — F(t,y(s)) — ay(s)ds
< / " Q(t, 9)Bla(s) — yls) Pds
< Bdy(z, ) sup/ ot s)d

0<t<a
= §d9 (.CE, y) .

Thus, for z,y € C([0,a],R), we have
do(T2, Tg) < 2. ).

Since lim  (z,(t),z,(t) =1 < g, we fulfilled all of the conditions of
n,m—00

Theorem 2.6. Hence, we obtained the existence and uniqueness of fixed
points of T. O

3.3 Applications to Nonlinear Fractional Dif-

ferential Equations

In the last part of this chapter, M.Bota and L.Guran in [20]| present an
application of Theorem 2.6 for nonlinear fractional differential equations.
The definition of the Caputo derivative of functional g : [0,00) — R of

order 5 > 0 is given, where g is a continuous function as follows:

Do(g(t)) = 16>/0t<t—s>"ﬁ1 (s)ds (n— 1< B<n n—[F+1),

I'(n—

where [] represents the integer part of the positive real number 3, and T'
is a gamma function. Let us recall the Caputo type nonlinear fractional
differential equation

D(x(t)) = f(t,x(t)) (3.7)

with the integral boundary conditions
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where 1 < <2, 0<n<l,z € C[0,1] and f : [0,1]] xR — R is a
continuous given function (see [5]). Since f is continuous, Equation (3.7) is

inverted as the following integral equation:

() = ﬁ/{) (t = )7L f(s,2(s))ds
2t ! .
A , O s

2t

i J, U o) as

In addition, we provide an existence theorem.

Theorem 3.5. Tuking into account the nonlinear fractional differential Equa-

tion (3.7), for every x,y € C[0,1] and f : [0,1] xR — R a given continuous

mapping, we obtain

r(8+1)
V50

Thus, the Caputo type nonlinear fractional differential Equation (3.7) has a

£ (s,2(s)) = f(s,y(s))] < z(s) —y(s)l,  forall's €[0,1].

unique solution.

Moreover, for each xq € C[0,1], the sequence of the successive approximation
{z,} defined by

a(t) = ﬁ /O (£ = )P Lf (5,20 1(5))ds

2t

— 1 —g)f1 S, Tp_1(8))ds
aeng AR (IO

(2-17%)

R 7722;@(6)) /0" (/OS(S -0, fcn—l(p))dp) ds.

for all n € N, converges to a unique solution of the nonlinear fractional

differential equation of Caputo type (3.7).

Proof. Let X = C0,1]. Thus, (X,dy) is a complete extended b-metric space

with respect to

do(x,y) = |l = ylloo = sup [x(t) —y(t)|*,
te[a,b]
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where 6 : X x X — [1,00) is defined by

0(z,y) = lz@)| + ly(®)] + L.

And let A = Ay = A3 = X = C|0, 1] three nonempty subsets of X. T :
U?_, Ai — U2, A, is an operator defined as follows:

Ta(t) = ﬁ/o (t — s)PLf(s, 2(s))ds
2t 1 X
- Gy, 0 e

Obviously, Ay, Ag, A3 are closed subsets of (X, dy). Clearly, we have T'(A4;) C
Ay, T(As) C Az and T'(A3) C Ay. Thus, T is a cyclic operator on U?Zl A;.
Assuming z,y € |J}_, A; and t € [0, 1], we obtain

do(Tx, Ty) = |Tx(t) — Ty(t)|*

- |ﬁ / (= )P f(s.2(s))ds
2t ! .
RSN / (1= ) S (5, (s))ds

e | (=0 atonap) o

—L t — 8) 7 f(s,y(s))ds
w5 | =0 e

2t 1 — )P (s, y(s))ds
Ty J, 0

2t

“ =, U] e p s af:
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Using the properties of the module, we obtain

do(Tx, Ty) < Iﬁ/0 (t =) 7 f (s, 2(s)) = f(s,9(5))lds

2t 1 SV (s 2(s s uls <
(2_,72)(F(6)>/0 (1 ) [f( ) ( ))_f( JJ( ))]d

2t n s B—1 x s s s 9
(2 5)) / (/ (8 - p) [f(p, (p)) — f( ,y( ))]dp) d |

f(s.als) = s, y(s))Pds

<2—n><r2<ﬂ>>/o<1 SRV f(s,2(s)) — f(s.(s)ds

A ! Ss— 2(6-1) T — f(s,y(s))? S
+ e . (6= 9P w) - s v(sPdp ) d

Taking the supremum over s € [0, 1], we obtain

do(T, Ty) < /|t— ot LD G o) — ys) s

s€[0,1]

4t 2(5 1)F <5+1) )
- (2—772)2(F2(5))/o (1) 50 ¢

e n;ﬁrw)) A (/ o %df’) *

r? 1
gﬂd ) X sup /]t HECP
50 s€[0,1]

4t?

_ 126Dy
e n)(rw)/“ yrd

4t2
( 2123 // s—p ’”dpds}

%d (95 y)

Since lim 6(z,,z,) = 1 < 2, we fulfilled all of the conditions of The-

n,m—>00
orem 2.6. Thus, a unique solution of the Caputo-type nonlinear fractional

differential Equation (3.1) exists. O
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Conclusion

It is well known that for proving the existence and uniqueness of the
solution of different type of equations one can use the fixed point theory
technique.

In this thesis we used the concept of extended b-metric spaces to formulate
and prove some fixed point theories. An example and application of some
Theorems is included to show their usability.

As a future work, here are some fixed-point theories of single valued maps
that we propose the reader to formulate and prove in extended b-metric

space:
1. The fixed-point theorem of Hardy-Rogers, see [10];
2. The theorem of Cirié, see [10];
3. The results of the common fixed points, see for example [1] and [9];
4. The Meir-Keeler result of fixed points, see [2];
5. The Sehgal theorem, see [30].

At the end of our thesis, and after collecting a huge amount of informa-
tion from trusted sources and references, we can say that it was necessary to
shed light on extended b-metric space to get these important results. And it
is also necessary to do more research on the same topic in order to uncover

more helpful information for science students and for all humanity.

29
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