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Introduction

Stochastic partial differential equations (SPDEs) constitute a powerful mathematical
framework for modeling complex systems influenced by random fluctuations. The in-
corporation of stochastic terms into partial differential equations allows for the realistic
representation of uncertainties and variability inherent in a wide range of phenomena.
In recent years, considerable attention has been directed toward the analysis of SPDESs
driven by Lévy noise. The last refers to a class of stochastic processes characterized by
jumps of arbitrary magnitude and non-zero probability, enabling the modeling of extreme
events and heavy-tailed distributions in various real-world systems.

The study of SPDEs driven by Lévy noise aims to provide a deeper understanding of
the behavior and properties of these equations, as well as to develop analytical techniques
and numerical methods to study their solutions. This class of equations presents unique
challenges due to the complex nature of Lévy noise and its impact on the dynamics of
the system. This thesis aims to provide a solid foundation for analyzing and character-
izing SPDEs driven by Lévy noise and to explore their applications in different scientific
domains.

Specifically, extensive research has been conducted on parabolic stochastic partial
differential equations (SPDEs) driven by Gaussian white noise, mentioned in ([17], [6])
and for more recent work, see [5], [21] and references therein. The exploration of parabolic
stochastic partial differential equations (SPDEs) driven by Poisson white noise is relatively
less recognized, with initial investigations reported in reference [I]. Additionally, Mueller
conducted a study on a heat equation driven by a—stable Lévy noise in this context, as
in [14]. It is worth noting that the formulation of a parabolic SPDE driven by Poisson
random measure in [19)] differs from the approach in [1].

Recently, the application of stochastic partial differential equations has expanded,
leading to the discovery of new uses and implications in [20]. Notably, [12] and [9] provide
further insights into this field.



The objective of this master thesis is to conduct a comprehensive analysis of SPDEs
driven by Lévy noise. The research will encompass the investigation of the well-posedness,
regularity, and long-time behavior of solutions to these equations. Additionally, numerical
approximation methods will be explored to effectively compute and simulate the solutions.
The analysis will be based on the integration of mathematical tools such as stochastic
calculus and the theory of Lévy processes.

This work is presented in three chapters:

In chapter 1 we introduce the necessary mathematical foundations, including Lévy
processes, and stochastic calculus. These tools will be essential for the subsequent analysis
and understanding of SPDEs driven by Lévy noise.

In chapter 2 we focus on establishing the well-posedness and regularity properties of
solutions to SPDEs driven by Lévy noise in finite-dimensional spaces and some examples
of SPDE in infinite and finite dimensions. The existence, uniqueness, and regularity
of results will be investigated under different types of SPDEs with Lévy noise in both
dimensions. First, in the finite dimension, we will study the existence and uniqueness of
SPDE driven by Lévy noise with two examples of heat and wave equations. Second, in
the infinite dimension, we will discuss SPDEs with respect to a square-integrable Lévy
martingale with a typical example, also we will work on SPDEs with respect to Lévy
space-time white noise.

In chapter 3 we explore numerical analysis of SPDEs. First, we define the stochas-
tic optimal control and explain the dynamic programming and the stochastic Hamilton-
Jacobi-Bellman equation. After that, we will move to the derivation of the partial dif-
ferential equation (PDE) corresponding to the stochastic optimal control, we study then
numerical method for approximating solutions to SPDEs driven by Lévy noise in finite-

dimensional spaces. The finite difference will be considered.
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>

Stochastic Partial Differential Equations
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Partial Differential Equations
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Hamilton Jacobi Bellman equation
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Space of nuclear symmetric positive-definite operators
Increments of the Poisson process

Increments of Brownian motion



Chapter 1

(Generalities on Lévy processes

In general, Lévy processes are defined as functions of the Wiener and the Poisson

processes.

1.1 Lévy processes

Definition 1.1.  Let X = (X(t),t > 0) be a stochastic process defined on a probability
space (2, F,IP). We say that it has independent increments if for each n € N and each
0 <t <ty <..<typ < oo the random variables (X (t;41) — X(¢;),1 < j < n) are

independent and that it has stationary increments, we have
(X (tj41) = X () = (X (1 — t;) — X(0)).

We say that X is a Lévy process if:

(L1) X(0)=0 (a.s);

(L2) X has independent and stationary increments;

(L3) X is stochastically continuous, i.e. for all a > 0 and for all s >0

lim P(|X(t) — X(s)| > a) = 0.

t—s

Note that in the presence of (L1) and (L2), the third property (L3) is equivalent to the
condition

11_r>%P(\X(t) >al) =0 for all a > 0.

Remark 1.1. A stochastic process L = (L(t),t > 0) taking values in E has independent

increments if, for each 0 < to < t; < ... < t,, the (E, &)-valued random variables
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L(ty) — L(to), L(t2) — L(t1), ..., L(t,) — L(t,—1) are independent. If the law L(L(t) — L(s))
of L(t) — L(s) depends only on the difference t — s then we say that L has stationary, or
time-homogeneous, independent increments. if in addition, E is a Banach space, L(0) =

0, and the process L is stochastically continuous then L is called a Lévy process.

Lemma 1.1. Let L be a Lévy process on a Banach space E and let u; be the law of
the random wvariable L(t). Then, denoting by p* v the convolution of the measures j and

v, we have
1. po =99 and piyys = g * ps for all t,s >0,
2. pw(x: lz|| <r) =1 ast— 0 for every r > 0,
3. ug converges weakly to og as t — 0.
Theorem 1.1. Every Lévy process has a cadlag modification.

Given a cadlag process L we define the process of jumps of L by AL(t) := L(t) —
L(t—),t > 0. The following result of De Acosta (1980) is a special case of a more general
theorem of Rosinski (1995).

Theorem 1.2. [22] (De Acosta)  Assume that (L(t),t > 0) is a cadlag Lévy process in
a Banach space B with jumps bounded by a fixzed number ¢ > 0; that is, |AL(t)|g < ¢ for
every t > 0. Then, for any f >0 and t > 0,

EePIALOBI  ~g. (1.1)

1.2 Poisson processes

The Poisson processes (IV;):>o is a point process, which is defined as:

Ny = Z L7, <s),
n=0

where (T,), is a sequence of random times such that the increments 7,11 — T, are inde-

pendent with an exponential distribution.

Proposition 1.1. [22/ Assume that Z is a positive random variable such that, for
allt,s >0, P(Z >t+s/Z >t) =P(Z > s). Then Z has an exponential distribution with

parameter a, that is, there exists a constant a > 0 such that P(Z > t) = e~ fort > 0.
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Lemma 1.2. Let a > 0, and let Z, have a geometric distribution with parameter p, =
a/n. and Let A, be the distribution of Z, /n. Then (\,) converges weakly to an exponential

distribution with parameter a.

Lemma 1.3. Assume that (X,,) is a sequence of independent random variables with
Poisson distributions P(a,). Then X = Y > X, has Poisson distribution P,,, with

a=>Y " a, Moreover, the Laplace transform of P(a) is equal to

o o k
Ze_TkP(a)(k:) = Ze_Tk%e_“ =exp{ale” - 1)}, r >0,
k=0 k=0 '

if a < 0o and 0 if a = oco.
Definition 1.2. A Poisson process with intensity a is a Lévy process I1 = (II(t),t > 0)
such that, for every t > 0,11(t) has the Poisson distribution P(at).

The Poisson process’s main characteristics and construction are given in the next
proposition.
Proposition 1.2.

(i) Let (Z,) be a sequence of independent exponentially distributed random variables

with parameter a. Then the formula

koiftelZi+ ...+ Zk, Z1+ ... + Ziaa),

defines a Poisson process with intensity a.

(ii) Conversely, given a Poisson process with intensity defined on a probability space
(Q, F,P), there exists a sequence (Zy) of independent random variables defined on
(Q, F,P) having an exponential distribution with parameter a such that formula
holds.

(113) If 11 is a Poisson process with intensity a then, for all z € C and t > 0, we have
e = exp {at(e* — 1)} .
(iv) if 11 is a Poisson process then it has only jumps of size 1, that is,
P(AII(t) :=TI(t) — II(t—) € {0,1}) =1, ¢ >0. (1.3)

Conversely, any Z, -valued Lévy process 11 satisfying 15 a Poisson process.
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1.3 Wiener processes

Definition 1.3. Let ¢ > 0. A real-valued mean-zero Gaussian process W = (W (t),t > 0)

with continuous trajectories and covariance function
EW(HW(s) = (t A s)a,

18 called a Wiener process with diffusion q. If the diffusion is equal to 1 then W is called

standard.

Definition 1.4. Assume that (2, F, (F;),P) is a filtered probability space and that W is
a Wiener process in R? adapted to (F;). Then W is a Wiener process with respect to (JF;)
or an (F;) — Wiener process if, for all t,h > 0, W (t + h) — W (t) is independent of F;.

1.4 Compound Poisson processes in a Hilbert space

Definition 1.5. Let v be a finite measure on a Hilbert space U such that v({0}) = 0. A
compound Poisson process with the Lévy measure (also called the jump intensity measure)

v is a cddldg Lévy process L satisfying

P(L(t) € T) = e )" HV*(F), vt >0,T € B(U). (1.4)

k=0
In the formula above, we use the convention that 1° is equal to the unit measure concen-

trated at 0, that is, v° = &y.

The theorem that follows demonstrates how to build a compound Poisson process with

given v.
Theorem 1.3. [22] Let v be a finite measure supported on U \ {0}, and let a = v(U).

(i) Let Zy, Zy, ... be independent random variables with identical distributions equal to
a'v. In addition, let (I1(t),t > 0) be a Poisson process with intensity a, independent
of Zy, Zy, ... Then

L(t) =Y 7 (1.5)

15 a compound Poisson process with jump intensity measure v.
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(ii) Given a compound Poisson process L with jump intensity measure v, one can find
a sequence of independent random variables Zy, Zs, ... with identical laws equal to

a'v. and a Poisson process (I1(t),t > 0) with intensity a, independent of Zy, Zy, ...,

such that holds.

(ii1) For z € C;t >0 and x € U,

Ee* @O — exp {—t / (1— e<"”’y>U)V(dy)} .
U
Proposition 1.3. [22/

(i) For each I € B(U \ {0}), the process (w([0,t],I'),t > 0) is a Poisson process with

intensity v(I').

(i1) if the sets 'y, ...,y are disjoint then the random variables w([0,t],1;),j =1,..., M,

are independent.
(111) For each I' € B(U \ {0}), the process (7(]0,t],I'),t > 0) is a martingale with respect
to the filtration (Ff_) where
Fio=o{n([0,s],I') : s <t, ' e B(U)}.

Remark 1.2. The proposition is true for the jump intensity measure of an ar-
bitrary Lévy process and sets I' that are separated from the origin, that is, satisfying

I'nd{y:lyly <r} =0 for r sufficiently small.

Proposition 1.4. Let L be the compound Poisson process with jump intensity measure

v.
(i) The process L is integrable if and only if
[ ol i) < o (1.6
Moreover, if @ holds then
EL(t) = ¢ /U yw(dy) (1.7)

and the compensated compound process L(t) = L(t) — EL(t),t > 0, is a martingale

with respect to (FL)
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(ii) For all z € C,t >0 and z € U,

Eez<x,L(t)>)U = exp {—t/(l —e*@Wu 4, <g(;,y>U)l/(dy)} .
U

(11i) The process L, and hence L is square integrable if and only if
[ wlivtay) < o0 (1.9
U

2
Moreover E |L,| =t [, \y|2U v(dy) and, for all z,& € U and t > 0,
U

B(L0).a), (E0.3), =t [ @y @y vidy)

1.5 Lévy-Khinchin decomposition

Assume that L is a cadlag Lévy process on a Hilbert space U. Given a Borel set A sepa-

rated from 0 (see Remark [1.2)), write

mat) ==Y 1a(AL(s)), t>0.

s<t

Note that the cadlag property of L implies that 74 is Z,-valued. Clearly, it is a Lévy
process with jumps of size 1. Thus, by the assertion (iv) of the proposition , T4 1S a
Poisson process. Note that Em4(t) = tEwa(1) = tv(A), where v is a measure that is finite

on sets separated from 0. Write

La(t) ==Y 14(AL(s))AL(s).

s<t
Then L, is a well-defined Lévy process. In the sequel, we need the following Lévy-

Khinchin decomposition.
Theorem 1.4. (Lévy-Khinchin decomposition)[22)]

(i) If v is a jump intensity measure corresponding to a Lévy process then

/U (9% A Dw(dy) < oo (1.9)
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(ii) Every Lévy process has the following representation:
L(t) = at + W(t) + > (La,(t —t/ yv(dy)) + Lag(t),
k=1 Ak

where Ay :={x : x|, > ro}, A = {z :ri < ||, <ri—1}, is an arbitrary sequence
decreasing to 0, W is a Wiener process, all members of the representation are inde-
pendent processes and the series converge P-a.s. uniformly on each bounded subin-

terval of [0, 00).

Remark 1.3. It follows from the proof, that the processes

Lo(t):= Ly (t) —t /A yv(dy), (1.10)

are independent compensated compound Poisson processes.

Hence we have the decomposition
L(t) = at + W(t +ZL ) + Lo(t (1.11)

of the Lévy process L, where the processes W, L,,n > 0, and Lq are independent, W
15 a Wiener process, Lo is a compound Poisson process with jump intensity measure
]l{‘y|U>m}(y)l/(dy) and each L, is a compensated compound Poisson process with

Jump intensity measure

]l{rn+1§|y\U<’”n} (y)v(dy).

Remark 1.4. A similar representation theorem holds not only for Hilbert spaces but also

for Banach spaces (see [22)])

Lemma 1.4. For any disjoint Borel sets A;..., A,, separated from zero, the processes

La,,..;La,,L—"La,...L =Ly, areindependent Lévy.

Lemma 1.5. For every Borel set A separated from 0 and for all u € U,

Eeap {i (w, La(t)), } = exp {—t /A (1— ei<“’m>U)u(da:)} |

Lemma 1.6. If assumption s satisfied then the series in converge P-a.s.

uniformly on each bounded interval [0,T].
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The following result is a direct consequence of the Lévy-Khinchin decomposition.

Definition 1.6. (Convolution semigroup of measures)
Let M1(R?) denote the set of all Borel probability measures on R:. We define the

convolution of two probability measures as follows:

i+ 2)(A) = [ e+ pmdn)adn) (112)
for each p; € My(R%),i = 1,2, and each A € B(R?).
By Fubini’s theorem, we have

(2 m)(A) = [ (A= apa(dn) = [ a(A = a)pad),
where A —x ={y —z,y € A} and we have used the fact that 1a(x +y) = La_.(y).
Theorem 1.5. (Lévy-Khinchin formula)[22] Let denote LT (U) space of nuclear symmet-

ric positive-definite operators

(i) Given a € U, Q € L (U) and a non-negative measure v concentrated on U \ {0}

satisfying , there is a convolution semigroup (1) of measures such that

/ @V, (dy) = e @), (1.13)
U
where
- 1 i{x,y) ]
W(r) = —1i <a,x>U+§ <Qx,x)U—|—/U(1—e U—i—]l{|y‘U<1}(y)z (z,y)p)v(dy). (1.14)

(ii) Conversely, for each convolution semigroup (11;) of measures, there exist a € U, Q) €

L{(t) and a non-negative measure v concentrated on U\ {0} satisfying in such
a way that holds with v defined by )

Definition 1.7. Let L be a Lévy process and let (11;) be the family of its distributions. We
call the measure v appearing in the Lévy measure or the jump intensity measure of
L or (). We call the triple (a,Q,v) the characteristics of L.

The Lévy-Khinchin formula gives the characteristic function of a Lévy process. It turns
out that it is also useful for computing characteristic functionals of stochastic integrals.

As an example of a simple application, we present the following result.

Corollary 1.1. Let L be a real-valued Lévy process with exponent 1, and let f : R — R.
Assume that the Riemann-Stieltjes integrals fot f(s)dL(s) and fot@Z)(xf(s))ds exist. Then

g [ean s tf(s)dL(S)H ~ean{- | tw(wf(s))dé’} . zeR
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1.5.1 Laplace transforms of convolution semigroups

In some situations, it is more convenient to determine convolution semigroups of measures

in terms of Laplace rather than Fourier transforms.

Theorem 1.6. Let (u;) be a convolution semigroup of measures on a Hilbert space U,

with exponent given by and )

(i) Let x € U Then the Laplace transform [, e~ @V, (dy) is finite for some t > 0
(equivalently for all t > 0) if and only if

e @y (d 00 1.15
/{|y|U21} (dy) < (1.15)

(i1) If holds then
/ e_@’y)Uut(dy) = e‘ta(x), YVt >0
U

where

9@) = (. 2)y — 5 (@ )y + dofa),
o) = [ (1= 0 = (o) gy ()

Theorem 1.7. [22] A family (\) of measures on [0, +00) is a convolution semigroup of

measures if and only if their Laplace transforms )Tt are of the form
~ ~ ~ +oo
T A R I
0

where v is a positive constant and v is a non-negative measure on (0,400) satisfying

/Olgy(dg) < 00, /1+Oo V(d) < oo.

Remark 1.5. This theorem describes the family (A;) a subordinator. It is concerned with
measures on the half line [0, 4+00); however, it is possible to find Laplace transforms of

some important families on R.

Theorem 1.8. Assume that v is a measure on (0, +00) satisfying the following conditions:

1 400
/ v(d€) < o and / Ev(d€) < oo.
0 1
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Then there ezists a convolution semigroup (p;) of measures on R such that

[ =m0, rem
R

where the Lévy exponent is given by

+00
W(r) = /0 (1 — e +iré)v(d), r e R.

Moreover, for all r > 0 and t > 0, [, e ", (d§) < oo and

/ ey (dE) = e 0,
R

where

~ +oo
B = [ =t rgua)

0
Remark 1.6. Obwviously, every Lévy process L associated with a convolution semigroup
of measures (\;) whose support lies in the interval [0, +00) exhibits upward trajectories.
The process L, which corresponds to the semigroup constructed in Theorem [1.8, solely
possesses positive jumps. However, due to a certain drift, it can attain strictly negative

values with a non-zero probability.

1.6 Square integrable Lévy processes

Consider L as a Lévy process in U, defined on a filtered probability space that meets
the standard conditions. We make the assumption that for any ¢ > s, the difference

L(t) — L(s) is independent of the Fj.

Remark 1.7. It is evident that for any t > s, the difference L(t) — L(s) is independent
of ff. If L is a right-continuous process, then the increment L(t) — L(s) is independent
of the augmented sigma-algebra fsi. Moreover, if L is both integrable and has a mean of

zero, then L qualifies as a martingale with respect to the filtration (F;).

Definition 1.8.  Let’s assume that L is a square-integrable process. Our initial finding
presents precise expressions for the mean and covariance of L. We use the notation LT (U)

to refer to the set of all symmetric non-negative-definite nuclear operators on U.
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Theorem 1.9. [23] There exist m € U and a linear operator Q € L (U) such that, for
allt,s >0 and x,y € U.
E(L(D).2)y = (m.a)t,

E(L(t) —mt, x)y (L(s) —ms,y)y, = tNs(Qr,y)y,

E|L(t) —mtl;, = tTrQ

Definition 1.9. The theorem mentioned above introduces the vector m and the operator

Q@ as the mean and covariance operator of the process L, correspondingly.

Remark 1.8. [t should be noted that the covariance operator of the process L is identical

to the covariance operator of L(1).
Theorem 1.10.

(i) A Lévy process L on a Hilbert space U is square integrable if and only if its Lévy

measure satisfies

/ [yl v(dy) < oo (1.16)
U

(i) Assume (1.16). Let L have the representation , let Qo be the covariance
operator of the Wiener part of L, and let Q1 be the covariance operator of the jump

part. Then
Q2 = [ )y Gl oldy). wzeU
U

EL(t) = (a + / yv(dy))t,

(Iyly=ro)

and the covariance QQ of L is equal to Qg + Q1.

1.7 Lévy semigroups

This section focuses on transition semigroups of Lévy processes and their generators.
A collection S = (S(t),t > 0) of bounded linear operators on a Banach space (B, |.|5) is

referred to as a Cp-semigroup if
(i) S(0) is the identity operator I,
(i) S(t)S(s) =S(t+s) for all £,s > 0,

(iii) ¢ € [0,00) — S(t)z € B is continuous for each z € B.
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Let’s suppose that S is a Cy-semigroup on B. We define an element z € B to be in the

domain of the generator of S if the limit Pn(l) t71(S(t)z — z) =: Az exists. The set of all
_>

such z is represented by D(A), and Az, for z € D(A), is a linear operator known as the

generator of S.

1.7.1 Basic properties of Lévy processes

Consider L as a Lévy process in a Hilbert space U, and let u; denote the distribution of
L(t). In this case, (u;) forms a convolution semigroup of measures, and L can be regarded
as a Markov process with a transition function P(z,[') = pu(I" — ). The associated

semigroup can be expressed as follows:

Pip(x) = /Usﬁ(:v + y) e (dy) (1.17)

The spaces Cy,(U) and UCy,(U) represent the sets of all bounded continuous functions on U
and bounded uniformly continuous functions on U, respectively. They are equipped with

the supremum norm. The result mentioned here is attributed to Tessitore and Zabczyk

in 2001 (Tessitore and Zabczyk, 2001b).

Theorem 1.11. Let (P,) be defined on Cy(U) by (1.17). Then (P;) is a Co-semigroup on
Cy(U) if and only if either (p;) is the convolution semigroup of measures of a compound

Poisson process or puy = dg,t > 0.

Definition 1.10. A semigroup P consisting of continuous linear operators on UCy(U) is
considered translation invariant or spatially homogeneous if, for any a € U and t > 0, the
following equality holds:

0 € UCY(U), P(1atp) = Ta(Pip).

The space UCy,(U) proves to be more advantageous when dealing with the transition

semigroups of Lévy processes, as indicated by the following theorem.
Theorem 1.12. [22]
(i) if (P;) is defined on UC,(U) by then (P;) is a Cy-semigroup on UC,(U).

(ii)) A Markov semigroup (P;) on UCy(U) is an invariant translation if and only if it is
given by for some convolution semigroup of measures.
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1.7.2 Generators for Lévy processes

Within this section, we establish the expression of the generator (for regular func-
tions) of an arbitrary Lévy process in a Hilbert space U. However, before delving into the

general case, we first examine certain special processes.

1. Compound Poisson Process
We demonstrate that the generator of a compound Poisson process L can be ex-

pressed as follows:

o) = / (pa+y) — p@)(dy), e UCD), (1.18)

Where v represents the Lévy measure of L. It should be noted that A is a bounded
linear operator on UCy,(U). Recall that the corresponding distributions p; are given
by . In order to demonstrate that the operator A defined in (1.18)) is indeed
the generator of the process L, we need to establish that, for every ¢ € UC,(U),
the following condition holds:

Pp 1
P22 g = s [ et 400 = oo Gt ~ wta)| = 510 0
o) U
ast — 0.
Since
1 efat o o 0 n—1
THe— V= o+ (e =1v+e Z A
k=2
we have
—a —a S tn_l *N
J(t) < 2|l (Je = 1| v(U) + ey v (0)),
n=2

which gives the desired conclusion.

2. Uniform motion
Let’s consider the deterministic process L(t) = at, where a € U is a fixed parameter.
This process is evidently a Lévy process, and its corresponding distributions are
given by p; = oy, for t > 0. The generator A, which operates on functions ¢ €

UCL(U), satisfies the following equation:

Ap(x) =lim —(p(x + ta) — p(r)) = {a, Di(a))y
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3. Arbitrary Lévy semigroup
Let UC}H(U) and UCE(U) denote the spaces of uniformly continuous bounded func-
tions along with all their derivatives up to order 1 and up to order 2, respectively.

We present the following result.

Theorem 1.13. Assume that (P;) is the transition semigroup of a Lévy process L on a

Hilbert space U with Lévy exponent . If ¢ € UCE(U), then for each x € U we have
lim +(Pap(a) — p(a)) = Ag(e)
= (@, Dol@))y + 3TrQD*0(a)
[ ol ) = @) = Xy 0) (D). ) )

where the convergence is uniform in x.

1.8 Stochastic integrals based on Lévy processes

The objective of this section is to investigate different forms of stochastic integration

where the integrator is a Lévy process.

1.8.1 Poisson stochastic integrals

Consider the set E, which is obtained by removing the element 0 from the set B. Here,
B represents the set of all elements z in R? such that the absolute value of z is less than
one. We define a stochastic process Y = (Y'(t),t > 0) as a Lévy-type stochastic integral
if it can be expressed in the following manner for every 1 <1¢ < d and ¢t > 0:

Yi(t):w‘(o)+/ Gi(s)ds+/0 Fi(s)dB(s)

0

¢
—i—/ H'(s,z)N(ds, dx)
0 Jlz|<1

t
+/ K'(s,z)N(ds, dx), (1.19)
0 Jz|>1
For each combination of 1 <7 < d, 1 < j < m, and t > 0, we have certain conditions:
|Gi|1/2,Ff € Po(T), H" € Po(T,E), and K is predictable. Here, B represents an m-
dimensional standard Brownian motion, and N is an independent Poisson random measure
on R* x (RY — {0}) with a compensator N and intensity measure v, which we assume to

be a Lévy measure.
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Definition 1.11. Consider a Lévy process L with characteristics (b, a,v), where b belongs
toR%. Let B, be a Brownian motion with covariance matriz a, and let v be an independent
Poisson random measure on RT x (R — {0}). The Lévy-Ité decomposition of L is given

by the equation:

L(t) = bt 4+ B,(t) +/ xN(t, dr) +/ N (t,dz), (1.20)
|z|>1

|z|<1
for each t > 0.
Let L € Py(t) for allt > 0 and in we choose each F; = O';-L,Hi = K'=2'L,

T

where oo = a. Then we can construct processes with the stochastic differential presenta-

tion

dY (t) = H(t)dL(t). (1.21)
We call Y a Lévy stochastic integral.

Remark 1.9. The Lebesque-Stieltjes integral of the Lévy stochastic integral Y can also be
constructed when X has finite variation. This construction is equivalent (except for a set

of measure zero) to the recommendation (1.21); see [13].

1.8.2 Square integrable integrators

To facilitate our analysis, we find it useful to introduce a particular class of martingales

that adhere to the following condition:
3Q € LHU) 10 < s <, (M MYy — (M), < (- 5)Q. (122
((M,M)),,s >0 is absolutely continuous and
Qs = %((M,M)}S; Vs > 0,P—a.s. (1.23)

The following lemma offers a justification for the assumption made in (|1.23]).

Lemma 1.7. Assume that Q) and R are non-negative operators on a Hilbert space V' and

that R < Q. If ® is a linear operator from V into a Hilbert space H then

o

<[
) Lius(V,H)

Liusy(V.H

Proposition 1.5. Assume , Then L3, ,(H) C L3, 1 and for every X € L, 7(H),

E

t t
| X <E [ IXOI 0 0 ds

In the most important case, where M is a Lévy process.
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1.8.3 Itd’s formula

Once we have a process Y with a stochastic differential, we can proceed to demon-
strate [t6’s formula for general Lévy-type stochastic integrals.

dY (t) = G@)dt + FO)dB(t) + | H(t,2)N(dt,dzr)+ |  K(t,2)N(dt,dz), (1.24)

|z|<1 |z[>1
For every combination of 1 < ¢ < d, 1 < j < m, and t > 0, considering ]Gi\l/Z,Fj €
Po(T,E) and H' € Py(T, E)., along with K as predictable and E = B — {0}, we will

maintain the notation introduced earlier,
dY.(t) = G(t)dt + F(t)dB(t),

Later on, we will require the discontinuous component of Y, denoted as Y, which can be
expressed as follows:
dYy(t) = H(t, z)N(dt,dz) + K(t,z)N(dt,dzx)
|z<1 |z[>1
such that for every ¢ > 0
Y(t) =Y(0)+ Y.(t) + Ya((2).

From this point forward, we will find it convenient to introduce the following local

boundedness restriction on the small jumps.

Assumption. For all ¢ > 0,

sup sup |H(s,z)| <oo a.s. (1.25)
0<s<t 0<|z|<1

Theorem 1.14. [2/(It6’s theorem 1) If Y is a Lévy-type stochastic integral of the form
, then, for each f € C*(R%),t > 0, with probability 1 we have

FY(#) = f(Y(0))

/ 0. (Y (s=))dY(s / 0,0, (¥ (s—))d [aYiav?] (s)
/ /|x|>1 )) + K(s,2) = f(Y(s=))] N(ds, dx)
of /| )+ H(s,z) - F(¥(s-))) N(ds, da)

/ /||<1 )+ H(s,z) — f(Y(s—)) — H'(s,2)0: f(Y (s—))] v(dx)ds.
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Proposition 1.6. [2] If H' € Py(t, E) for each 1 < i < d then
t . .
/ / |H'(s,2)H(s,x)| N(ds,dz) < o0 a.s.
0 Jz|<1

foreach 1 <i,5 <d,t>0.

Corollary 1.2. If Y is a Lévy-type stochastic integral then for 1 <i <d,t > 0,

Z AY'(5)? < 0 a.s.

0<s<t
In order to convert Itd’s formula stated in Theorem into a more comprehensive

form, we will utilize Proposition [1.6]

Theorem 1.15. [2/(It6 theorem 2) If Y is a Lévy-type stochastic integral of the form
then, for each f € C*(RY),t > 0, with probability 1

we have

FOY () — / O f (Y (5—))dY'(s / 0.0, 1(Y (s—))d[Y?, Y3)(s)

+ 37 [F(Y(5) = F(Y(s—) = AY(s)D,f (Y (s-))]

0<s<t



Chapter 2

Stochastic analysis of SPDE driven by

Lévy noise

2.1 Study of SPDE driven by Lévy process

In this section, we will examine the stochastic partial differential equation:

Lu(t,x) = vy(u(t,z))L(t, x) + b(u(t, x)), t>0,xeR (2.1)

with prescribed deterministic initial conditions, we will focus on the following equation:
L is a second-order pseudo-differential operator with constant coefficients, b and v are
real functions defined on R, and L represents the Lévy white noise.

We'll prove that the equation has a unique solution u = {u(t,x);t > 0,2 € R}

which is continuous in L*(Q).

Definition 2.1. Consider the solutionw = {w(t,x);t > 0,2 € R} of the equation Lu(t,z) =
0, with the same initial conditions as . Additionally, let G; be the fundamental solu-
tion of the same problem. We assume that Gy is a positive function in the intersection of
L'(R) and L*(R). We denote the Fourier transform of Gy as FG;.

Suppose that the applications b and v are globally Lipschitzians of constant Cy and C., i.e:

V() =) < O lz -yl forall  z,yeR,

b(z) —b(y)| < Cople—y|  foral w,yeR,

26
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So, y(@)] < [y(x) = (0)] + [V (0)] < Cy [z + [7(0)], it follows that:
|v(x)] < Dy(1+|z|) forall = €R,

where D, = max(C,, |v(0)]). In the same way, if we note Dy, = max(Cy, |d(0)]), then:
1b(x)| < Dp(1+ |z|) forall x€R

We note that there is a constant Ly = max(C,, Cy) such that:

maz {|y(z) =), [bx) = b(y)[} < Lo |z —y| forall  z,y€eR
By choosing Ly > max {D, Dy}, we have:
max {|y(x)|, |b(x)|} < Lo(1 + |z|) forall zeR
Now, we introduce the definition of the solution of .

Definition 2.2. The process u = {u(t,x);t > 0,2 € R} is solution of (2.1). if u is

predictable and for each t > 0 and x € R we have:

ult,2) = wit, z) + / / Groa(z — y)y(u(s, y)) L{ds, dy)

t
+/ / Gi_s(x — y)b(u(s,y))dyds a.s. (2.2)
0o JR
The main result of this section is the following theorem.

Theorem 2.1. [15] We assume that w(t,x) is continuous relative to (t,z) and k :=

sup  |w(t,z)]> < oo and G satisfies hypothesis (H), where
(t,z)€[0,T]xR

7

a)l’'r = fOT Jg Gi(x)dzdt < oo and vy = fOT J Gi(x)dzdt < oo,
b)t — FG(€) is continuous for all £ € R,
c)3e > 0 and a positive function ki(.), such as for allt >0 and h € [0, €]

| FGen(§) — FGi(§)| < ke(€),

and

T
K T [ k2dgdt < oo
The equation admit an unique solution u = {u(t,x);t > 0,z € R} which is con-

tinuous on L?(Q) and satisfies the next condition: for each T > 0 we have :

sup  E|u(t,z)]> < co.
(t.2)€[0,T]xR
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Proof. We will demonstrate that v is a solution. It is important to note that the mapping

(t,2) = u,(t,z) € L*(Q) is continuous. By employing

sup  |lun(t,x) —u(t,z)| 12y — O,
(t,x)€[0,T] xR n—00
we can extend Proposition 3.21 of [22] to random fields, which establishes that u undergoes

a predictable change. Subsequently, we proceed with this modified version. Now, we

establish that u satisfies (2.2)) by taking the L?*(€2) limit in relation to

Upt1(t, ) = w(t, x) / /Gt s —y)y(un(s,y))L(ds, dy)

/ /G b(un(s,y))dyds,n > 0. (2.3)
After performing the calculation in [15], we determine that u satisfies (2.2)).
By utilizing Lemma 15 from [8], we obtain the result stated in

sup  sup  Elu,(t,z)| < co.

n>1(t,xz)€[0,T]xR
To establish uniqueness, consider two solutions u and u’ of (2.1)). Let d(t,z) = u(t,z) —
u'(t,x) :

2

Eld(t, z)* < . Gis(x —y) [y(u(s,y)) — (' (s,y))] L(ds, dy)

2

Gt—s(w —y) [b(u(s, y)) — b(u'(s,y))] dy, ds

_— / / G2 (& — y)E |y(u(s,y)) — At (5,9)) [ dy. ds
T+ oory / / Gros(z — y)E [b(u(s, ) — b(t/ (s, )| dy, ds

< o / / (G2 (& — ) + Grosl — )] E|d(s, )| dyds,

where C = max(v,I'r). Suppose then H(t) = supE |d(t, z)|?, we have :
z€eR

Eldt o)’ < Cr / HGs) [ G20 =)+ Goosla = )] dyds,
= C’T/O H(s)g(t — s)ds

H(t) < Cr /Ot H(s)g(t — s)ds.

By applying Lemma 15 from [8] with k&, = ko = 0. We conclude that H(t) = 0. So

As a result

u(t,z) = u'(t,x) almost surely for each t € [0,7],z € R. O
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2.2 Examples

We will present two examples of the application of the previous result.

2.2.1 Heat equation

Let’s consider the stochastic heat equation from [7]:

p

%—?(t,x) = Au(t,z) + ’y(u(t,az))L(t,x), (t,z) € (0,T) x D,

u(t, z) = 0, for all (¢,z) € (0,T) x OD, (2.4)

u(0,x) = ug(x) for all x € D

0
we consider D to be the entire space R? or a bounded domain in R?. The function
v : R — R is a Lipschitz function, ug : D — R is a bounded continuous initial condition
that vanishes on the boundary 8D, and L represents a space-time white noise in the Lévy
sense. If D = RY, the boundary conditions on u and ug are considered to be non-existent.

A predictable random field u = (u(t,z) : (¢,z) € [0,T] x D) is called a mild solution to
(2.4) if for all (¢,x) € [0,T] x D,

u(t,x) = V(t,x) //GD —s;x,y)y(u(s,y))L(ds, dy) (2.5)

Where the homogeneous solution of (2.4)) is

V(t,x) = /DGD(t;x,y)uo(y)dy, (t,z) € [0,T] x D. (2.6)

Remark 2.1. In and (@, Gp is the Green’s function of the heat operator on D,
for D = R equals the Gaussian density

|2

glt,x) = (4mt)2e” 5 1,
while on a bounded domain D with a smooth boundary, it has the spectral representation
p(t,x,y) Z@ Ajt]ltzo, forall z,y e D,
7j>1

where (A\;)j>1 are the eigenvalues of —A with vanishing Dirichlet boundary conditions,

and (®;)j>1 are the corresponding eigenfunctions forming a complete orthonormal basis

of L*(D).
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2.2.2 The wave equation

Let us now consider the stochastic wave equation:

,
Ou(t,x) = L4(t,x) +y(ult, )Lt x) + blu(t,x)) t>0,z€R

u(0,z) = g(z), reR (2.7)

|5 (0,7) =h(x), weR,

~ and b are assumed to be globally Lipschitz continuous with a Lipschitz constant denoted
as Lg. Additionally, the function ¢ is continuous, bounded, and h belongs to the space
L'(R).

We note that the fundamental solution is given by:

1

Gi(x) = 51{|w\<t}

and its Fourier transformation by

sin(t |€])
€l

The solution of the homogeneous equation is given by:

]:Gt(g) =

witr) = [ Gule—yhtudy+ 3 [ Gila =ty
1 T+t

= 3/ )y g late )+ gla = 1)
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2.3 Some examples of SPDEs in infinite dimension

Over time there was a diversity of research for the study of the SPDFE), in this chapter we

study some different types of these equations while illustrating by numerical applications.

2.3.1 SPDE with respect to a square-integrable Lévy martingale

Within this particular section, we consider the real separable Hilbert spaces U, H, and
V. We use the notation L(U, H) to represent the space encompassing all bounded linear
operators from U to H. Additionally, we denote the subspace of Hilbert-Schmidt operators
within L(U, H) as Lus)(U, H).

Suppose L is a square-integrable Lévy process, where we have removed the large jumps,

and it takes values in U, then
M(t) = L(t) —tEL(1), t>0.

where M is square integrable martingale.
Let’s consider the assumption that a Hilbert space H is continuously embedded within

a Hilbert space V. Now, let us examine a (SPDE):
du = (Au+ F(u))dt + B(u)dM, u(0) = up € H, (2.8)

where (A, D(A)) acts as a generator from a Cy-semigroup S on the Hilbert space H. The
mapping F' is defined from H to V, and for any x € H, B(x) represents a linear operator

(which may not be bounded) from H to H. Here is a clear result of its existence.

Theorem 2.3.1. [18] Let’s assume that for any positive t, the semigroup S(t) can be
extended uniquely to a bounded linear mapping from V to H. Additionally, we assume

that
|S@E)(F(z) = F(y)|g <0@) |z —yly,
ISOB) ~ By o 0 < alt) 2 — vl

and

|S(t>F($>|H <b(t)(1+ |x|H)7

IS By, o ) < a1+ [2]).
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where

/ZMU+&%UM%<@, VYT > 0.

In that case, there exists only one adapted process u such that

sup E|u(t)|?, < oo, VT >0
0<t<T

and for allt > 0,
u(t) = S(t)ug + /0 St —s)F(u(s))ds + /0 S(t— s)F(u(s))dM(s), P — a.s.

Proof. Let’s set a specific finite time limit where T" > 0. Xr represents the set of all

adapted processes that are square-integrable X : Q x [0,T] — H such
te[0,T] = E|X(t)]} €R

is continuous. Consider the family of equivalent norms on A

”XHB = Oi%DTe_ﬁt\/E |X(t)|ip 8> 0.

Therefore, when Xr is equipped with the norm ||.|| 5 it forms a Banach space. Let’s

examine the mapping

T(t) = S(t)uo + /0 S(t — s)F(X(s))ds + /0 S(t — s)B(X(s))dM(s).

Hence ¥ : Xy — Xp. Furthermore, when f is sufficiently large it can be observed that
U is a contraction. Consequently, the desired conclusion can be derived from the Banach

fixed point theorem. O
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2.3.2 Example

Let’s look at the stochastic heat equation
du = (Au+ f(u))dt + b(u)dM, u(0) = up,

considered on a bounded region @ C R? with zero-Dirichlet boundary conditions. Under
the assumption that the reproducing kernel Hilbert space (RKHS) H of M is a subset
of H = L?(0), and the functions f and b are mappings from R to R, we can frame the
equation in the context where A represents the Laplace operator on H = L?(0)
with Dirichlet boundary conditions. Additionally, the operators F' and B correspond to
Nemytskii type operators

for ¢ € L?(0),¢p € H,x € O.

Note that if f : R — R is Lipschitz then the corresponding F : L*(O) — L?*(O) is
Lipschitz as well. As far as concerned, then B(u) is a bounded linear operator from
L*(0) to L*(0O) if and only if b(u) € L>®(0O). Therefore B is an L(L?(0), L*(O))—valued
if and only if b is bounded. Suppose that b is bounded. It is important to note that

B: L*(0) — L(L*(0), L*(0))
is continuous if and only if b is constant. For

1B(u) = B2y 020y = Sup /O(b(U(I))—b(V(w)))Q@DQ(I)dI

|w|L2(O)§1

= [lb(w) = b(@)II% -

Consider a; # as € R and let Oe be a subset of O with Lebesgue measure €. Define
ue(x) = a1xo:(x) and ve(x) = agxo:(z) for € O. Then |b(u.) —b(v:)|0o = |b(ar)—b(az)|.
However,

|ue — V8|L2(O) = |a1 — az| Ve

Note that B(u) is Hilbert-Schmidt if and only if b = 0.
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Let GG be the Green kernel. Then

ISOB) ~ BOsuopmen = W“pq / V@)SO(B() — BO) (@)
— [S((BW) = B0
— sup /O Gi(t..) b(u(y) ~ b(v(o)] dy
1/2
< )~ 0oy sup ([ i)

Let’s remember that d represents the dimension of the domain . By considering the

Arronson estimates for the Green kernel, see [4]

2
G(t,z,y) scltl/%xp{—cf ty| }

We can deduce the estimation

1/2
sup (/ G2(t,x,y)dy) < Oyt ™1,
0

zeO

Alternatively,

ISOBW) = B ez iz0n = / [ 16 b)) = b)) dya

< ) = b0y sup | G

< Cztfd/z\b(u)— (V)‘L2(O)

Therefore, if d = 1, then the existence of the solution follows from Theorem [2.3.1]
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2.3.3 SPDEs with respect to Lévy space-time white noise

The proposed method, combines the techniques used for solving SPDEs driven by Gaus-
sian noise in [6] with the method employed for solving ordinary SDEs driven by Lévy
processes in [11].

Let’s consider the following SPDEs of parabolic type with initial and Dirichlet boundary

conditions
(

(% — aa—;g)u(t, z,w) = a(t,z,u(t,z,w)) + b(t, z,u(t,z,w))F; . (w),
(t,z,w) € (0,00) x [0, L] x

u(t,0,w) = u(t, L,w) =0, (t,w) € [0,00) x Q

L u(0, 2, w) = uo(t,w), (z,w) €0, L] x Q.

We have an arbitrarily fixed positive value L. The process F' represents a white noise,
while a,b : [0,00) x [0, L] x R — R are measurable functions. The initial condition
ug is Fo—measurable and satisfies ug(0,w) = ug(L,w) = 0. Our aim here is to extend
the conventional framework, where F' is assumed to be Gaussian, to incorporate terms
controlled by a "space-time Poisson white noise." As a result, the noise we consider
exhibits a formal structure akin to that of a Lévy process. We refer to this noise as "the
Lévy space-time white noise".

Expanding on the discussion in [3], we can simplify the analysis by considering the

equations in the following form, without compromising generality

u(t, z,w) = /L Gi(z, z)uo(z, w dz—l—/ / Gis(x,2) f(s,z,u(s, z,w))dzds
/ / Gis(x,2)g(s, z,u(s, z,w))W(ds, dz)

t+
/ / /Gt s(z,2)h(s, z,u(s—, z,w); y) M(ds, dz, dy, w), (2.10)
where f,g:[0,00) x [0, L] xR — R, h: [0,00) x [0, L] x R x U — R are measurable, W is
a Gaussian white noise, N is Poisson white noise and M is the associated (compensating)

martingale measure.

We have the following main result

Theorem 2.3.2. [3] Suppose that for every positive T there exists a positive real function

Kr:[0,00] x [0, L] — [0,00) such that

/0 Gz, 2)]” K (s, 2)dz < const.(t — s)™° (2.11)
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with o € [%, 1) such that we have
|f(t,2,2)]° + [g(t, 2, 2) ] +/ |h(t, z, 2 y))* v(dy) < Kr(t,z)(1+ |2°) (2.12)
U
and
ft, z) = ftz, z) + 19t x, 21) — g(t, 2, )|
/ |h(t,x, 215y h(t,x,ZQ;y)|2u(dy) < Kp(t,z)(|z1 — 22|2 (2.13)

for all (t,x) € [0,T] x [0,L] and z,21,20 € R. Hence for every Fo—measurable ug :

0, L] x Q — R with fo (Juo(z,.)|P)dz < oo, there is a unique solution u to equation

, characterized by the following property

sup E(|u(t,z,.)[*) < oo, vVt e [0,T].
z€[0,L]

Proof. First, we will establish the existence by initiating the following iterative scheme:

L
ur(t, z,w) = / Gi(z, 2)up(z,w)dz
" t oL
Upt1(t, x,w) = ul(t,x,w)+// Gis(x,2) (s, 2, upn(s, z,w))dzds
0 Jo

t L
+ / / oo, 2)g(5, 2 tun(s, 2, w) )W (ds, d2)
0t+0 L
/ / / Goy(a, 2)h(s, 2 un(s—, 2, w)iy) X M(ds, dz, dy, w)
0 0 U

For every n € N, the function u; is continuous in (¢, z) € (0,7] x [0, L] almost surely. As
a result, given our assumptions, the three integrals in uy are well-defined. There exists
a cadlag modification of uy for ¢ € (0,7] for all x € [0, L] and for almost all w € Q. By
induction, the same holds for u,, for each n > 2.

From now on, we can assume that u,, is cadlag in ¢ € (0,7] for all x € [0, L] and for
almost all w € Q. Therefore, u, is a cadlag process with w, (0, z, w) = ug(z,w) for each
n € N. It is worth noting that for any fixed ¢ > 0, we can apply the Schwarz inequality,

we have:

E(|ui(t, z, )|°) < /0 [Gt(:v,z)]2dzE/0 [uo(z,.)]* dz
< C.t—%/o E([uo(z, .)]?)dz

This implication signifies that

sup E([ui(t, z,.)]?) < o0, Vte[0,T] (2.14)
z€[0,L]
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Furthermore,

¢
/ sup E([u (s, x,.)]?)ds < cont.t? < oo, Vi€ [0,7]
0

z€[0,L]

Moreover, by (2.11)) we have

sup E([ui(t, z,.)]) < cont.t_%(t% + t%_o‘) < oo, Vtel0,T]. (2.15)
z€[0,L]

Now we have

H,(t) = sup E{|unsi(t,7,.) —ua(t,2,)*}, neN.

z€[0,L]

Then by (2.13) and (2.14) we conclude that

Since {u,(t,z,.)}, oy converges to u(t,z,.) uniformly in L*(Q, F, P) for (t,z) € [0,T] x
0, L], we can take the L?(Q2, F, P)-limit as n — oo by integrating over the variable s
in the interval [0, 7] and taking the supremum over the variable z in the interval [0, L].

Consequently, we obtain the following result:
t L
u(t,z,w) = ul(t,a:,w)—i—// Gis(x,2) f (s, z,u(s, z,w))dzds
0 Jo
t L
T / / Gry(w, 2)g(s, 2, uls, 2, w))W (ds, dz)

+/t+//Gtsxz (s, z,u(s—, z,w); y)

x  M(ds,dz,dy,w).

Which completes the proof of existence.
The uniqueness is proved as follows. Suppose u and ' are two solution of (2.10)), let us
set

H(t) .= sup E [|u(t,a:, )=tz )P, telo,T],

z€[0,L]

then clearly H(t) < oo,Vt € [0,7]. Furthermore, we have

H(t) < %/g H(s)(t — s)ds, t€[0,T],

which implies that H = 0 and from which we obtain the uniqueness.



Chapter 3

Numerical analysis of SPDEs

Stochastic optimal control is a field of study that deals with decision-making in dynamic
systems under uncertainty. It combines principles from control theory and stochastic
processes to determine the optimal control actions in situations where both the system

dynamics and external influences are subject to random variations.

The goal of stochastic optimal control is to determine a control policy that optimizes
a certain objective function, often represented as an expected value or a utility function.
The control policy specifies the optimal actions to be taken at each point in time, based on
available information and the underlying stochastic dynamics. The policy may be time-

or history-dependent, meaning it can consider the entire history of observations.

To solve stochastic optimal control problems, various mathematical and computational
techniques are employed. These include dynamic programming, stochastic calculus, opti-
mization methods, and numerical approximation schemes. The optimal control problem
is typically formulated as a mathematical optimization problem, and the solution can be

obtained through analytical or numerical methods.
One of the cases that give us a SPDE is the study of stochastic optimal control (SOC)

in which the coefficient depend on w. This will produce a Hamilton-Jacobi-Bellman equa-

tion (HJB) with random coefficients means we will have SPDE.

38
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3.1 Stochastic optimal control

To initiate our discussion, we examine an ordinary differential equation (ODE) of the

following form:
#(t) = f(z(t)) (t>0)
z(0) =z

(3.1)

We are given an initial point o € R® and a function f : R® — R™. The objective is to
find a curve x : [0,00) — R”, which represents the dynamic evolution of the state of a
"system".

To generalize the scenario, we introduce additional "control" parameters belonging to
a set A C R™. This means that f : R® x A — R". Thus, if we choose a specific value

a € A and consider the corresponding dynamics, we have:

i(t) = f(z(t), a) (t>0)
x(0) = xo,

This gives us the system’s evolution when the parameter is fixed at the value a throughout
the process.
Another possibility is to vary the parameter value as the system evolves. For example,

let us consider the function « : [0,00) — A defined as follows:

aq O§t§t1

aft) =S ay, t <t<t

a9 to <t <tg etc.
\

In general, we refer to a function « : [0, 00) — A as a control. For each control, we analyze

the ODE given by:

#(t) = f(x(t), alt)) (t>0) (3.2)

3.1.1 Cost function

The cost function is defined by:

J(z, t;u) ::/0 r(z(t), a)dt + g(x(T)), (3.3)
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In the given problem, we consider the control () and the corresponding solution z(.) to
the ordinary differential equation (ODE). The functions r : R* x A - R and g : R* — R
represent the running cost and the terminal cost, respectively. The time horizon is denoted

by T > 0.

Definition 3.1. [10] Suppose for given o*(.), supJ(a(.)) = J(a*(.)).
acA
We want

Jla* ()] = Jla()]

where, a* called the optimal control of the problem .

3.1.2 Dynamic programming

Let consider the following SDFE

(SDE) (3.4)

Then
X(r)=xz+ /tT f(X(s),A(s))ds + o [W(T) — W(t)]

for all t < 7 < T. Additionally, we introduce the expected cost function functional as

follows: .
D lAO =B { [ r00(e), As)ds + 9(xX (1)}
The value function is
v(z,t) = sup Ju. [A()].
A()eA
Remark 3.1. To use the dynamic programming method, we need to

e derive a partial differential equation (PDE) that is satisfied by the function v.

e use this PDE to construct an optimal control A*(.).
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3.1.3 A PDE for the value function

Consider any control A(.), and assume that we use it for times ¢ < s < t+ h for some

h > 0. After that, we switch to the optimal control. In this case, we have the following :

t+h
v(z,t) EE{/t r(X(s),A(s))ds+v(X(t+h),t+h)}. (3.5)

Furthermore, the inequality in (3.5)) becomes an equality if we choose A(.) = A*(.), which
corresponds to an optimal control. From equation (3.5)), it is evident that for any control
A(.), we have the following relationship:

0 > E{/tt+hT(X(S),A(S))dS+U(X(t+h),t—f—h) —v(x,t)}
= E {/tHhr(X(s),A(s))ds} +E{v(X(t+h),t+h)—ov(z,t)}

By Ito’s formula:

n

dv(X(s),s) = wv(X(s),s)ds+ Z Ve, (X (5), 8)dX"(s) + % Z VUgia; (X (), $)dX"(5)d X7 (s)

,j=1

= uds+ Vu.(f(X(s), A(s))ds + UdW(s))(;Avds.

It follows that

2

t+h o
v(X(t+h),t+h)—v(X(),t) = / (v + V. f(X (), A(s)) + 7Av)ds
it
+ / oV udW (s);

and therefore, we can take expected values to deduce that
2

Ew(X(t+h),t+h)—v(z,t)] =E [/t i (v + Vv f(X(s), A(s)) + %Av)ds] :

We can then derive the formula

2

E [/t (r(X(s), A(s)) + ve + Vv f(X(s), A(s)) + %Av)ds} <0.

Divide by h:
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If h — 0, recall that X (¢) = z and set A(f) := a € A, we see that

r(z,a) + vz, t) + f(z,a).Vo(z, t) + %QAv(x,t) <0.

The identity presented above holds for all z, ¢, and a, and it is indeed an equality when

considering the optimal control. Consequently,

sup {vt(x, a) + f(z,a).Vyo(z,t) + J;Av(a:, t)+r(x, a)} =0.

acA

3.1.4 Stochastic Hamilton-Jacobi-Bellman equation

Theorem 3.1.1. [10] The value function v for the stochastic control issue solves the

following PDE.:

v (z,t) + %Av(x,t) + sup{f(z,a).Vov(x,t)+r(z,a)} =0,
(HJB) acA

v(@,T)=g(x)  (z€R"),
where x € R™, 0 <t < T, the stochastic Hamilton-Jacobi-Bellman equation corresponds

to the above semilinear parabolic PDE.

Remark 3.2. If the coefficients of the equation are random (depending on w) the PDE
that we will get will be a SPDE.

3.1.5 SDE driven by a Lévy process
Let’s consider the stochastic differential equation (SDE):

dY (1) = dY, (1) = b(Y (1), u(t))dt + o (Y (1), u(t))dB(t) + Juy(Y (1), u(t), QN (dt, d().
Y(0) = y € R,
(3.6)
with b : [0,7] x R* — R o : [0,T] x R — R™™ and v [0,7] x R" x R — R™! are

given functions, and let denote N (dt,d() the compensated jump measure of 7 defined:
N(dt,d¢) = N(dt,d¢) — v(d¢)dt

where N (dt, d(C) is the differential notation of the random measure N([0;¢]; U), and ¢ can
be considered as generic jump size.

The cost functional is :

Ju(y) = B [ / " F (), uls)ds + g(Y (7)) Lo |
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where f(Y(s), u(s)) is profit rate, g(Y (75)) is bequest function and 7, = inf {t > 0:Y(¢t) ¢ S}
with S is a given financial stability zone.

The problem is to find u* € A and ®(y) such that

d(y) = sggJu(y) = Ju(y).

Theorem 3.1.2. [16]

1. Assume that we can find a function ¢ € C*(R") such that
(1) Avp(y) + f(y,v) <0, for allv € V, where V is the set of possible control values,

and

82
Zb Y, v —l— ”Z o)y, )8%8@%
+ Z/R{sO(erv(’“ (,0,0)) = ¢(y) = Vo)™ (y, v, ) } v (dC)

(i) lim (Y (t)) = g(Y (7)) L7, <oc}

(11i) "Growth conditions:"
EY [\W(Tm - / {|Agp(Y(t))\ + |0—T(Y(t))w(Y(t))|2} dt}
2| [ {Z JECCRERL <t>,u<t>,<j>>—so(Y(t))fuj(dcj)}dt] o

for all u € A and all stopping time T .

() {p~(Y(7))},<,. is uniformly integrable for all u € A and y € S, where, in
general, v~ = max {—z,0} for z € R.

Therefore

p(y) = (y).
2. Suppose that for all y € S we can find v = u(y) such that
Aaye(y) + fy, a(y)) =0

and u(y) is an admissible feedback control (Markov control), i.e. u(y) means a(Y (t)).

Then u(y) is an optimal control and
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Remark 3.3. This result is useful because, in a certain sense, it fundamentally re-
duces the highly complicated theoretical stochastic control problem to a classical problem
of mazximizing a function of (perhaps several) actual variable(s), namely the function

v = Ayp(y) + fly,v);v €V,

3.2 Derivation of the SPDE corresponding to the stochas-
tic optimal control

Let’s consider the stochastic optimal control

dXs = (AX, + Bug)ds + BdW,
(3.7)

Xi=ux reR

A, B are two random variable in R, and W is a R—Brownian Motion. u(.) is a stochastic
process representing the control,

We consider the problem of minimizing, the cost functional
T 1
Htw) =B [ (X, o+ gud)ds + X3), (3.8)
t

such that wu is a stochastic process.

The value function for this problem is defined as follows:

v(t,x) =infJ(t, z, u).
ucA

As usual, we say that the control u(.) € U is optimal at (¢,z) if u(.) minimizes (3.8)) one
of the controls in U;.
We can write the (HJB) equation

dw(t,z) + inf {3B*2,v(t, ) + (Az® + Ba)d,vu(t,z) + ta? + 2} =0,
acA (39)

v(z, T) = g(x).

We take the following equation:

{3328;31)(@ r) + (Az? + Ba)o,v(t, ) + %ag + ZE} )

and we derive it with respect to .. After derivation we found B0O,v(t, )+« = 0, then we

take out v and substitute it into the equation (3.9)), Then we get the following (PDE) :

o(t,x) + %B%ixv(t, x) + Ar?0,v(t, x) — %(B@xv(t, z))?+x=0. (3.10)
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3.3 Numerical result

3.3.1 Finite difference method

Finite difference methods are widely used for the numerical analysis of partial differen-
tial equations (PDFE's). These methods approximate derivatives by using finite difference
approximations, which convert the continuous PDFE problem into a discrete problem that
can be solved numerically on a grid.

To illustrate the process, let’s consider a simple example of the one-dimensional heat
equation:
v 0%

where v(t, ) is the unknown function to be solved, « is a constant diffusion coefficient,

and z and ¢ represent spatial and temporal variables, respectively.

To apply the finite difference method, we discretize the domain of the problem. Let’s
assume that we have a spatial domain = € [0, L] divided into N equally spaced grid points

with a spacing Az = L/N. Similarly, the time domain ¢ € [0, 7T is divided into M equally

T
e

spaced time steps with a time increment At =
We approximate the derivatives using finite difference approximations. We can use
forward, backward, or central difference schemes for the time derivative. Let’s use the

forward difference scheme:
O Vig1; — Vi
ot At
where v; ; represents the value of v at the spatial grid point j and the time step ¢. For the
spatial second derivative, we can use the central difference scheme:
v i1 — 2055 + Vi
0x? Ax?

By substituting these approximations into the original PDFE, we obtain a finite difference

equation at each grid point:

At Az?

Viglj —Vij _ Viji1 — 2Vij + Vij
=

This equation relates the values of v at the current time step ¢ + 1 to the values at the

previous time step 1.



3.3.2 Examples 46

To solve the PDFE numerically, we start from an initial condition v(0,z) and itera-
tively compute the values of v at each time step using the finite difference equation. We
can use methods like the explicit Euler method or the implicit Euler method to perform

the time-stepping.

Once the time-stepping process is complete, we obtain the numerical solution of the

PDE at different grid points over the spatial and temporal domains.

It’s important to note that the choice of finite difference scheme (forward, backward,
central), the grid spacing, and the time step size can affect the accuracy and stability of
the numerical solution. Different PDFEs may require different types of finite difference
approximations and numerical methods to ensure accurate and stable solutions. Addi-
tionally, more complex PDFEs, such as nonlinear or higher-dimensional equations, may

require advanced techniques beyond simple finite difference methods.

3.3.2 Examples

Example 1. Let’s consider the partial differential equation (3.10) then we got from the
SOC:
1 1
Ow(t,z) + 5328350@(25, x) + Ax?0,v(t, x) — 5(38951)(15, 7)) +x=0.

after using the previous numerical method [3.3.1] we obtain:

Vit1,j5 — Uiy 1 2<Ui,j+1 - 2Ui,j + Uz‘,j—1) _ E(Bvi,j—&-l — Vi )2 _|_Ax2<vi,j+1 - Ui,j) Le=0

At 2 Az2 Az

Therefore
Vielg = Vgt oxs [=B?(vi41 — 205 + vij 1) + (B(vija — vij))?]
At
— A—xA$2(/Ui,j+1 - Ui’j) — Atz =0

where the initial condition of PDE ({3.10)) is v(0,z) = g(x), for all x € R.

Assume that A is a random variable follows the normal distribution and B is a ran-
dom variable follows the uniform distribution. for all € [—10, 10], Az = 0.1 and for all
t € [0,1], At = 1073, with the initial condition g(x) = x* — 100 and for five realizations

we have:
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Simulation of v for different realisations

Figure 3.1: Plot of the solution of Figure 3.2: Plot of the solution of
equation for the first realisation equation for the second realisation
of A and B. of A and B.

Figure 3.3: Plot of the solution of Figure 3.4: Plot of the solution of
equation for the third realisation equation for the forth realisation
of A and B. of A and B.

40

20

-20

-60

-80

-100

-120

Figure 3.5: Plot of the solution ofequation (3.10]) for the fifth realisationof A and B.

We remark that the five figures , , , and have the same form some-

thing almost linear then makes jump around z = 1 then decreasing then something almost
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linear.

Example 2. Let’s consider the following (SPDE):

Ow(t,r) = 02, v(t,x) + adL; + bdB
ot ) (t.2) ' ' (3.12)
v(0, ) = vy,

where L is the Poisson process, B is the Brownian motion, a and b are constant coefficients.
To numerically analyze the stochastic partial differential equation (3.12)) using finite
difference methods ({3.3.1]), we will discretize the equation in both the spatial and temporal

domains. Here’s an overview of the numerical analysis using the finite difference method:

1. Discretize the spatial domain:
e Divide the spatial domain €2 into a grid with /N equally spaced points, resulting
in a spatial grid spacing of Ax.
e Denote the spatial grid points as z; = j - Az for 7 =0,1,2,..., N.
2. Discretize the temporal domain:
e Divide the time domain [0, 7] into M equally spaced time steps, with a time

step size of At.

e Denote the time steps as t; =i - At for:=0,1,2,..., M.
3. Approximate the stochastic terms:

e For the Poisson process term dP, generate random numbers. The increments
AP; can be approximated using appropriate methods based on the properties

of the Poisson process.
e For the Brownian motion term dB, generate random numbers. The increments
AB; are N(0, At).

4. Construct the finite difference equation:

e Substituting the spatial and stochastic approximations into the original SPDE,

we obtain the following finite difference equation at each grid point:

Vig1j — Vij _ Vig1 — 2Vij + Vij
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This equation relates the values of v at the current time step ¢;,; to the values

at the previous time step t;.
5. Solve the finite difference equation:

e Start with an initial condition v(0,z) and apply the finite difference equation

iteratively in time.

e For each time step t;, solve the resulting system of algebraic equations to obtain

the values of v at each grid point.

Here is the result of the simulation of v for different realizations with different initial

conditions, where for all x € [—10,10], Az = 0.1 and for all ¢ € [0, 1], At = 1072,

Simulation of v for different realisations with ¢ =0

a4 44
1 x10 I %10

Figure 3.6: Simulation of v in (3.12)) with  Figure 3.7: Simulation of v in (3.12)) with
a = 0,b = 1 and initial condition is a = 0,b = 1 and the initial condition is

v(0,2) = 0.05. v(0,2) =0.1.

The figures (3.6) and (3.7)) are the plot of v(7, x,w;) where i = 1 : 5 with respect to

z € R.
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Simulation of v for different realisations with 6 =0

x10% <10

Figure 3.8: Simulation of v in (3.12) with  Figure 3.9: Simulation of v in (3.12)) with
a = 1,b = 0 and the initial condition is a = 1,b = 0 and the initial condition is

v(0, ) = 0.05. v(0,2) = 0.1.

The figures (3.8) and (3.9)) are the plot of v(7T,x,w;) where i = 1 : 5 with respect to
r e R.

Simulation of v for different realisations with a =1 and b =1

a4 44
1 10’ ’ 10

Figure 3.10: Simulation of v in (3.12]) with ~ Figure 3.11: Simulation of v in (3.12]) with
a = 1,b = 1 and the initial condition is a = 1,b = 1 and the initial condition is

v(0, ) = 0.05. v(0,2) = 0.1.

The figures (3.10]) and (3.11)) are the plot of v(T, x,w;) where i = 1 : 5 with respect to

r € R.

The behavior of the heat equation, namely equation (3.12) when a = b = 0. with the

given initial condition, is that the temperature in the border changes a lot and became



3.3.2 Examples 51

almost stable in the middle like in the case of the thermostat. Now when we added noise
like the Poisson process or Brownian Motion, the temperature even in the middle will
change. This is explained by: for example, the case where we added another liquid in the

thermostat with different temperatures.



Conclusion

In this master thesis, we have embarked on a comprehensive analysis of stochastic
partial differential equations (SPDEs) driven by Lévy noise. Our work has aimed to
deepen our understanding of the behavior and properties of these equations, we finished
our study with stochastic optimal control and a numerical simulation, and we presented
two examples of SPDEs one that came from stochastic optimal control and another one
with additive noises, Poisson process and Brownian Motion.

Furthermore, after a synthesis of most researchers carried out on SPDEs driven by
Lévy, we deduce that it is really necessary to generalize these results with other non-
Gaussian processes since there are currently more phenomena that are modeled by non-
Gaussian processes.

We investigated the well-posedness, regularity, and numerical approximation methods
of SPDEs, we have advanced our understanding of these equations and their practical
applications. Our research contributes to the existing body of knowledge in this field and
opens up avenues for further exploration, including the extension of these analyses to more
complex systems and the development of new numerical methods. Overall, this research
provides a solid foundation for future advancements in the analysis of SPDEs driven by
Lévy noise in finite-dimensional spaces, facilitating the understanding of complex systems

affected by random fluctuations and uncertainties.
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